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(@):Q = 2ak(y; — ‘Yw)[ 1 + ZEJO J o2 (xnp) e % ], @

w8 Llogp xn) — Jo2(znp)
0 — l p? 1 1 i
©):Q = 2nf """’2{log > T 200 p)2[2 55t 57108

_(log p\'| _ Jo¥(@np)e==w
( P ) :\ 2Exn2[J02($n) - Joz(an)]}’ (8)

upon introducing the dimensionless notation

Te Kt -
Pl = p; Onl'y = T, 2 =t (9)
For the purposes of numerical illustration, the physical
dimensions of the system will be supposed to have the values

re (““well”” radius) = 20 miles,
r. (external reservoir radius) = 100 miles.

In evaluating now Egs. (7) and (8), one must determine first
the roots a, of Eq. 10.3(5). In the notation of Eq. (9) the
first seven roots for the case p = 5 are:

4
3.1352

5
3.9210

2
1.5575

3
2.3470

6
4.7073

7

0.7632 5.4933

The values of the Bessel functions may then be read off from
tables such as those of Hayashi or Watson.! The final results

QBu
27!']6(7.,; - 710)

denoted by Q, are plotted against { as curves I and

are given in Fig. 249, where the quantities and

_9
2nfer,?
11, respectively.

As should be expected physically, curve I begins with infi-
nitely large values and asymptotically approaches the constant
é—5 = 0.62. This is the steady-state flux that will pass through
the system after the transient effects represented by the series
in Eq. (7), due to the compressibility, have disappeared. Tak-

ing k/u = 2, and B so small that v; — vu ~ vo(p. — pw»), the

1 Havasnar, K., “Tafeln der Besselschen, Theta-, Kugel- und anderer
Funktionen,” 1930; Watson, loc. cit.
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value @ = 1, for curve I, corresponds to about 200 bbl./day/ft.
of sand per atmosphere pressure differential (p. — p» = 1 atm.).

To get the numerical equivalent of the ¢ scale, values of the
compressibility 8 and porosity f must be chosen. Taking f = 0.2
and 8 ~4.5-10~% atm.”! (10 times that of water), one has
t ~ 1.85-10~% (days), so that { = 0.1 corresponds to approxi-
mately 134 years. This system will, therefore, possess very long
period transients, for even after six years the flux rate would still
be more than twice that in the steady state.

2-8\
24 \ /,)
/
2.0
\\ Pad
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\ >
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t
Fic. 249.—The production history of an oil field produced by a water drive
maintained at constant pressure. I. Field pressure suddenly dropped to and

maintained at pw; Q = Qu/2wkviAp, Q =1 ~ 200 bbl./day/ft. sand/atm.
differential. II. Field pressure decreasing continuously so that the fluid density

drops at a constant rate (¢); Q@ = Qu/2wfer,?, Q = 1 ~ 150,000 bbl./day /ft.
sand for a pressure decline of 2 1b./day. (From Physics, 5§, 80, 1934.)

In the case of curve 1I, one unit on the scale of ordinates
has the numerical equivalent of 4.0¢ - 10¢/ft. sand, or approxi-
mately 153,000 bbl./day/ft. sand for a pressure decline at
ro of 2 1b./day. However, if the initial pressure is 1,600 Ib.,
the rate of decline can be maintained for only 800 days, or to
t ~ 0.15, at which @ ~ 0.5. Hence the production rate by the
time the field pressure will have dropped to zero will have risen
to 75,000 bbl./day/ft. of sand. At the same time, § ~ 1.9 for
curve I, so that if Ap ~ 1,600 lb. the system in which the pres-
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sure has been suddenly dropped to zero will be producing at the
rate of approximately 41,000 bbl./day/ft. of sand.
With regard to the cumulative production, it may be noted that

Ap
(dp/di)

where Q(a) and Q(b) represent the expressions of Egs. (7) and
(8), re_spectively. Hence the cumulative production for case
(a) at £ = 0.15 is

P(a) = 800Q(b) = 6 X 107 bbl./ft. sand.

P(b), on the other hand, may be most readily obtained from
the area under curve 11, the result being 4 X 107 bbl./ft. of sand.
The general variation of P(b) with time will be essentially of the
form of £2, since after an initial short-period transient, Q(b)
increases approximately linearly with {. For the same reason,
P(a), in virtue of Eq. (10), will increase approximately linearly
in ¢ after the initial transients have passed.

Although the actual constants used in the above discussion
of Fig. 249 roughly correspond to the ‘‘East Texas” oil field,!
it should be observed that the curves of this figure are independent
of the absolute dimensions or numerical values for the physical
constants of the flow system. The brackets of Eqgs. (7), (8), and
the roots z,, depend only on the ratio r./r, = p. The absolute
values of r,, r,, and the actual values of 8, f, k, u, Ay, enter only
in determining the physical equivalents of the ordinate and
abscissa scales of Fig. 249. Unless a different value of pis chosen,
curves I and II may be used for any combination of geometrical
and physical constants.

10.5. The Limiting Case of Vanishing Internal Radius.—
Although in the derivation of Eq. 10.3(17) the numerical values
of r, and r, were left perfectly arbitrary, one may not proceed to
the limit p ~ o, r, ~ 0. For if the flux should be nonvanishing
with a well of vanishing radius, the well must be replaced by a
mathematical sink, with a negative infinite pressure. The specifi-
cation of finite fixed or variable pressures, therefore, becomes
meaningless as r, — 0. If, however, one does not require a
nonvanishing flux, the pressure or density at the well (r, ~ 0)

P(a) = J;Q(a)dt = —AgQ(b) = Q) = %?-Q(b), (10)

1 The detailed analysis of the production history of this feld will be given
in Sec. 10.8.
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becomes uniquely determined by that on the external boundary.
In a manner similar to that developed in Sec. 10.3 it may be shown
that the distribution in v is then given by

J o(an’l‘) ra? Te
T’ [L rg(r)Jo(anr)dr

+ kroond 1(anre) J; tfz(k)e““n’kdx]; (1)

where
Jo(anre) = 0,

fa(t) i1s the value of ¥ maintained at the external boundary
r = r,, and g(r) is the initial distribution.

10.6. The Rise of the Bottom-hole Pressures in Closed-in
Wells.—An application of Eq. 10.5(1) of some practical interest
may be found in the problem of taking closed-in bottom-hole
pressures in a producing oil field. The usual procedure is to
send down to the bottom of a producing well a recording or
maximum reading bottom-hole-pressure bomb, close in the well,
and after a certain period remove the bomb and record the read-
ing. This value is taken as the reservoir pressure in the field
about the well chosen, and the question arises as to the time
that is required after closing in for the pressure at the well to
rise to a value appropriate to its “vicinity.” The following
solution to this problem will not strictly apply to cases in which
there is free gas in the sand about the well, owing to the variation
in the effective permeability of the sand as the pressure builds
up and the gas is compressed. However, it will be valid in fields
producing entirely by water drive—as is the case in the ‘“East
Texas’ field—in which no gas is evolved from the oil until
it reaches the well bore; and it will give a qualitative description
of the pressure rise even in sands flowing both gas and oil, the
curve of Fig. 250 falling more steeply in these cases, owing to
the rise in the effective permeability as the pressure about the
well rises.

Supposing, then, that the well, before closing in, has been
flowing in a steady-state condition, its density distribution at
the initial instant,! g(r) in Eq. 10.5(1), will be given by

1Tt is to be understood, of course, that at the “initial instant” for the
pressure rise the well bore is filled with liquid.
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(e = vod) log r/re o\ e B 101013)] (1)

g(r) = log r./rw

where v, is the “reservoir density’ to be determined, and yu:
is the flowing bottom-hole density just before the test is made,
T» being the well radius. Since the field as a whole continues
flowing, f2(¢) may be given the value v..
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Fic. 250.—The establishment of the ‘“reservoir pressure’’ on shutting in a
well producing a compressible liquid. (Ap)/(Ap;)_= (pressure differential after
shutting in)/(flowing pressure differential). ¢ = kt/ufBr.? = dimensionless
time. (From Physics, b, 84, 1934.)

Under these conditions, Eq. 10.5(1) takes the form

o 2(ve = e ) Jolanr) e

Y= Te? log re/rw an2J12(aﬂre) (2)
The pressure differential between the well (at » = r,) and the

radius 7. is then given by

Pe = Pw Yo~ Yw _ 2 e , 3)
Pe — Pwi  Ye — Ywi log pied 2] %(2,)

where p = 7./Tu, T» = a.r. and t = «t/r,%, with p,, p, correspond-
ing to v., v». 'Thus the fractional rise in the pressure differential
at any time is independent of the absolute values of the pressures
and is determined only by the dimensionless constants in the
series of Eq. (3). Equation (3) is plotted in Fig. 250 for
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p = 2,000, and, except for the factor lo; > is a universal curve.

Thus for k/u = 0.2,f = 0.2, 8 = 4.5 X 10~ atm."?, r, = 500 ft.,
{=0.1~1¢=03 hr., so that 90 per cent of the original pres-
sure differential would be destroyed in about 14 hr. and 99 per
cent in 114 hr. These values are of the same order of magnitude
as those observed in the ‘“East Texas’’ field where the constants
within the field proper correspond approximately to those
chosen above.!

10.7. Radial Systems in Which the Density Is Specified over
One Boundary and the Flux over the Other.—The analytical
definition of radial systems in which the density is specified
over one boundary (r;) and the flux over the other (r:) may be
expressed by the conditions that

! A somewhat more practical representation of the pressure rise in closed-in
wells with, however, an analytical treatment much more approximate than
the above, is obtained by assuming the shutting-in process to be one in
which the fluid head simply rises from its initial flowing value, thereby
continually increasing the back pressure upon the sand face until equilibrium
is reached (M. Muskat A.I.M.E., 103, 44, 1937). Thus if A is the effec-
tive cross section of the well bore, h., the height of the fluid level above
the level of the sand face, vo the density of the fluid, g the acceleration of
gravity, p. the reservoir pressure, h the sand thickness, and p., p, 7, have
their usual significance, it readily follows on assuming instantaneous steady-
state-flow conditions that

0 2k e ™ Puw
ah —M; pw=-yoghw’

ot M IOg To/ Tw
with the solutions

hg"‘hw s w 2kh‘Y
P P =e_c¢; C = &l of

hy — h; = Pe — Puwi T uAlog r,/r.,,,

where p.i, h; are the initial well pressures and fluid heads, and k., is the
fluid-head equivalent of the reservoir pressure p,. If a plot of this equation
on semilogarithmic paper gives a straight line, and thus confirms the assump-
tion of ‘““dead” liquid flow upon which the derivation is based, the slope
will give the constant C and hence a means of determining the sand per-
meability k. At the same time the adjustment of the constant p, so that
the plot is straight, gives a very sensitive method for determining the
reservoir pressure without waiting for strict equilibrium to be established,
while the determination of C itself will permit the prediction of the maximum
production capacity of the well.
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v = f1(t): r=7
= f):  r=rs M

y=9@): =0,
where ¢g(r) is again the initial density distribution.

Following the procedure of Sec. 10.3, the solution satisfying
simultaneously all the conditions of Eq. (1) will be synthesized
from the simpler solutions (vi, 2, vs) which satisfy the conditions

(vy, v2, 1) = (1,0,0):  r=m
i}
r25;(71; Y2 73) = (0; 11 0): r=Ts (2)
(71; T2 73) = [0: 0) g(r)]: = 0.

Then, similarly to Eq. 10.3(3), the final solution satisfying

Eq. (1) may be written as

t — ——
¥ = vilr, £) + ﬁ [fl(x)"—’—“—(—"la——*‘t” +fz(x)"—"1(”a‘t———3‘)]dx. @)

Introducing now the new function

Ulaar) = Yi(anra)Jolaar) — J1(anrs) Yo(aar), 4)
so that
U'(atare) = 0 (5)
and choosing a, such that
U(anrl) = O, (6)

and then applying again Eqs. 10.2(8) to 10.2(11), the values of
Y1, Y2, vs may readily be shown to be given by the expansions

Jo(anr) S 1(anrs) Ua,r) e

nm=1l+n Joz(anrx) - J12(a1,,7'2) ’ (7)
— 4 : T Joz(anrl) U(anr)e—mn!t
72 = log T + Ty ed [T 02 (1) — J1(tnT2)) (8)

w? an?J o2 anr) Ulapr)eea [

Y = 5 2 e — Tianrs)Jn, I U @ndr. (9)
The resultant solution is then, by Eq. (3),

_ an?J o(anry) Ulaur)e—e « f T
reT Jo2(anr1) - le(anr2) —Z-Jo(a,;h) r rg(r) U(a,,r)dr

— «Ja(crs) j; T e=d) — x‘—,—ggf”—‘f—l) J; tfg()\)'ew.”‘dk} (10)
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10.8. The Pressure Decline in the “East Texas” Oil Field.—
Perhaps the most striking practical application of the theory of
the flow of homogeneous fluids through porous media, and the
nonsteady-state flow of liquids in particular, is that of Eq. 10.7
(10) to the question of the pressure decline in the ‘“‘East Texas”
oil field. Whereas the original reservoir pressure in the field was
1,620 Ib., tests! of the oil have shown that it was saturated with

OKL AHOMA
d LLEGEND
" EEZEIWoodbine Outcrop
WA East Texas Field
5
ARKANSAS
/{: LOUISIANA
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> —-4 \Georgeto
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- . ‘:z\g—_ i \ <°<900 )\'
l‘};{y”o&"\f\lz)@fjb"“e\ A N %
,’éqzl/' /. ‘.\'\ '.)v ~ .l ;'r
. < -7 . EdtN N !
7\ Agplodmote - ENERN

F1a. 251.—Structure contours on top of Woodbine sand in northeast Texas.
(After Schilthius and Hurst, Oil Weekly.)
gas to a pressure of only 755 1b. Evidently, then, until the pres-
sure within the sand has fallen to 755 lb., there will be no free
gas evolved, and the oil will necessarily flow as a homogeneous
““dead” liquid. Now in order that a porous medium carrying a
homogeneous liquid discharge that liquid into outlet wells it is
necessary that either the liquid itself expand on lowering the
reservoir pressure, or that it be “driven’ into the outlet wells
by means of some external mobile agency. In the case of the
“East Texas’ field, the observed performance has been that

1 Linpsuy, B. E., U. 8. Bur. Mines, Rept. Investigations, 3212, 1933.
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the reservoir pressure has dropped approximately 375 lb. during
the course of some 500 million bbl. of oil production. Using
for the fluid content of the field the estimated value of 7-10° bbl.,
it is readily seen that this fluid content would have to have a
compressibility of 0.0028/atm., which is 20 times that which has
actually been measured for the oil of the ‘“East Texas’’ field with
its dissolved gas,! if one is to attribute the oil produced from the
field to the expansion of the fluid within the field itself. Although
even the theory given below will require the assumption of an

WEST, . , EAST
- -2000F7T.
? GRITTY SANDY MARL & CHALKY SAND

TAYLOR PECAN GAP ANNONA CH LKL

GREENISH GRAY GLAUCXNITIC SHALE

-3000FT,

e v e B, e

UPPER CRETACEOUS

AUSTIN

eatil

Section A-A—Producing sand 60-100' thick
at this point.

LOWER CRETACEQOUS

Fi1c. 252.—West-east cross section of the ‘“East Texas’ oil field. (After Reistle,
* Drilltng and Production Practice,”” 1934, Amer. Pet. Inst.)
abnormally high—by a factor of 12—compressibility for the
fluid within the adjacent water sand, it is impossible to justify
the high value for the oil within the field, since it is known to be
undersaturated and hence cannot have dispersed through it any

free gas masses.

It is therefore necessary to suppose that the oil is ‘““driven”
into the outlet wells by an external mobile agency or ‘“drive.”
This supposition is, however, well supported by the fact that the
west edge of the field, which produces from the Woodbine sand,
is flanked by a water sand extending westward for more than
100 miles before it outcrops, as shown in the map of Fig. 251.
A vertical east-west section through the field is shown in Fig.
252. It is natural, then, to attribute the produection from the

1 LaINDsLY, loc. cil.
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field to the drive of the water in the Woodbine sand, which
expands as the pressure is lowered. In fact, in comparison to
the expansion of the tremendous volume of this water reservoir,
the expansion of the oil within the field—it would contribute
only about 20 million barrels during a pressure drop of 20 atm.—
can be neglected, and the wells within the field may be lumped
together into the equivalent of a single large well with a flux
equal to the sum of those of the individual wells. In particular,
the field will be replaced by an arc of 120 deg. along a circular
sink or well of radius 20 miles. It will furthermore be supposed
that at a radius of 100 miles the pressure is maintained at its
original value of 1,620 Ib., the sand between the two boundaries
having an average thickness of 130 ft.! These conditions may
be expressed analytically as

Y = ve = i (Pe = Pt 1 = T.(r) = 100 miles} (1)
v =g{) =i p=p): t=0.

When these two conditions are applied to Eq. 10.7(10), the
density difference between the two boundaries takes the form

2« Jo2(anre) e f ‘e ?
Ay = 9 — vp = _T_IFEJoz(aire) — J12(a"rw)J;f2()\)e WM,
(2)

where fu(t) is proportional to the production rate from the field
at the time ¢. While this production rate is, in general, to be
considered as a function composed of continuously varying
segments, it is sufficient for practical purposes to take f.(f) as
composed of segments of constant value over finite time intervals.
That is, it may be expressed as

0
M0=”G9m=a: 0<t< h
= b: -t1 S 4 S tz
= ¢: t: <t <t ete. 3)

Introducing the dimensionless notation of Eq. 10.4(9) and the
function F(¢) defined by

1 These values are, cf course, very much idealized. However, they are
actually effective averages of data derived from a detailed analysis of well
logs in the water reservoir adjacent to the “East Texas” field.
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-~ Joz(xnp)e“’n"-
FO =22 oyt ] ®

Eq. (2) can be written out more explicitly as

0t Ay = alog p + aF (1),

h<t<t: Ay =blogp+aF®@)+ (b—a)F(—1),

ta LEStr Ay =clogp+af(O) + b —a)Ft—t)+{ (5

(c — BF({ — &3), ete.

To get the numerical values of Ay, specific values must be
chosen for the various physical constants of the system. These
are

k/u = 2.12; f=0.2; B = 5.3-10"%/atm.;
re = 20 miles; r, = 100 miles, 6)!
so that
p=25; {=1.6686-10"% (days).

Observing now that

Ay == voBAD; a= r‘”(%%)rw = —2‘%%; (7)
where h is the thickness of the water sand (130 ft.), and @ is
the flux that would enter the field if it substended an angle of
27, Eq. (5) may be used to compute directly the pressure decline
in the field as a function of the production rates a, b, etec. The
function F() may be calculated from Eq. (4), after finding the
roots of Eq. 10.7(6) for p = 5.

The decline of the pressure versus the age of the field and the
cumulative productions, as calculated by means of these equa-
tions, are plotted in Figs. 253 and 254, the production data used
being averages of monthy values published in the oil-industry
trade journals;? these are indicated in the lower discontinuous

1 The value of k/x used here was obtained from an average of the per-
meabilities of cores from ‘‘East Texas’’ wells, combined with an estimated
effective viscosity for the water in the Woodbine sand taking into account
its probable temperature at the depth of the sand.

¢ The cumulative production shown in Fig. 254 for Jan. 1, 1937, is some
50 million barrels less than the value which is now generally accepted.
This discrepancy arises from changes that have been made, since the
calculation of the curves of Figs. 253 and 254 was completed, in the
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curves of the figures. These production data have been multi-
plied by 1.18, before applying Eq. (7), to take account of
the shrinkage of the oil from its volume within the sand to
that measured at the surface after the release of its dissolved
gases.

It is to be noted that the pressures computed here must be
considered as “effective’’ field pressures, due to the fact that the
whole field of some 4 to 6 miles width has been lumped together
as a circular sink concentrated over the 120-deg. arc of a circle
of 20 miles radius. While the details of the actual disposal
within any circular boundary of the flux that passes through
it can have no effect upon the pressure variation on the boundary
or in the medium beyond it, provided the time variation of the
flux is the same as that originally preassigned, the theoretically
calculated pressure variation will only be comparable with that
observed in the immediate neighborhood of the boundary.
Thus since the eastern edge of the ‘“East Texas” field derives
its production by virtue of the migration of the oil across the
field from the west, the pressures observed within the field will
decrease in going from west to east. Furthermore, in addition
to the gradient across the field associated with the migration of
the fluid from west to east, there will be a pressure gradient arising
from the fact that the producing sand of the field is wedge-shaped
and tapers off toward the east (¢f. Fig. 252), so that the effective
resistance of the sand as a whole to migration increases toward
the east. It follows, therefore, that the calculated pressures
will correspond only to those observed on the western edge of
the field,! and hence will be higher than the pressures which are
averaged over the whole field and which are universally quoted
as the ‘““field pressure.” And when changes in the flux rate are

estimates of the actual withdrawals from the field in its early life. It
should be noted further that since these calculations were made in the
summer of 1934, it was assumed that the production rates after Aug. 1, 1934,
would be maintained at 450,000 barrels per day, although the actual rates
turned out to correspond approximately to those indicated in the lower
halves of Figs. 253 and 254.

1 The effective internal boundary representing the field cannot be placed
somewhere along the interior of the field, as this system would involve a
removal of some of the fluid in the sand between the two boundaries—at
20 and 100 miles—whereas the theory given here explicitly implies that no
fluid leaves the sand until it has passed through the internal boundary.
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made, the eastern edge of the field will show much more pro-
nounced pressure changes than will the western edge, so that
the averages taken over the whole field will show larger fluctua-
tions than those calculated theoretically. These will also involve
time transients in the establishment of the pressure distributions
over the field to correspond to the changed total flux rate at
the western boundary, which again are not taken into account
in the theoretical decline curve calculated above. Finally, it
is to be noted that the field-production rates are not known with
any great accuracy, owing essentially to the fact that a consider-
able amount of ‘“hot” oil—oil produced illegally in violation
of the proration allocations, and hence not officially reported
and on record—has been produced at various times in the field
and in varying amounts. The data used here, which are those
gathered from trade-journal reports, appear to be the most
reliable, although it is difficult to estimate precisely their
accuracy.

It is for these reasons that the theoretically predicted pres-
sure-decline curve does not, and should not be expected to, agree
exactly with the reported pressure-decline data, denoted by the
broken line in Fig. 253, which are averages referring to the field as
a whole. The agreement to within some 50 1b. over most of the
plotted history of the field and the close parallelism between the
computed and observed pressures are, however, significant, and do
confirm the theory unambiguously. For practical purposes of
predicting average pressures to be observed in the future, one may
approximately correct for the effects discussed above by assuming
that the pressure distribution across the field is essentially linear,
with a total west-east pressure differential proportional to the pro-
duction rate from the field! so that the predicted western pressures
should equal the observed averages plus half of the west-east
differentials across the field. Taking as an average of the dif-
ferentials indicated by the field pressure contour maps, a total
differential of 7 lb. per 100,000 bbl. daily-production rate, the
‘““corrected’ observed data are indicated by the circles in Fig.
253. The agreement now is clearly as good as could be desired.

1 In fact, this linear variation can be derived theoretically if one assumes
the velocity over the vertical sections of the sand to be uniform, and the
production from the field to be uniformly distributed over its width.
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It is to be noted that this agreement has been attained with
a calculation involving only a single essentially arbitrary con-
stant, the compressibility, its value having been so chosen as to
make the effective field pressure calculated for April 1, 1933,
agree approximately with that observed at that time along the
western edge of the field. While this value—some 12 times that
of gas-free water—is indeed abnormally high, it may be explained
on the assumption that there are gas pockets dispersed through
the water horizon to the extent of 4.9 per cent of the total pore
volume of the sand [¢f. Eq. 10.1(6)]. Although there is no evi-
dence at present either for or against such an explanation, it
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Fia. 255.—Calculated radial pressure distribution for July 1, 1934, in the water
reservoir adjacent to the ‘“East Texas’ oil field.

may be noted that it does not seem to be inherently impossible,
in view of the fact that there are other known oil fields in the
Woodbine sand west of the ‘“East Texas’ field; it may therefore
well be that the Woodbine basin actually does contain small gas
fields which are as yet undiscovered.

The pressure distribution in the Woodbine sand as of July 1,
1934, computed by means of Eq. 10.7(10) together with Egs.
(1) and (3) is given in Fig. 255. It will be seen that although
520 million barrels of oil had been produced from the field—
occupying a space of 613.6 million barrels in the reservoir—
the pressure in the water reservoir has been appreciably affected
only within a radius of 20 miles from the field. Beyond this
radius the original pressure of 1,620 lb. may be considered
for practical purposes as unaffected. While this result is at first
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thought surprising, an elementary calculation readily shows that
the whole production could be accounted for by a uniform drop
in pressure of 20 atm. extending for only 8.8 miles beyond the
western edge of the field. The accurate theory shows indeed
that such a rough estimate is quite close to the truth, and that
the production until July 1, 1934 was due entirely to the expan-
sion of the water within a relatively short distance from the field,
the component of mass fluid motion from the distant parts of the
reservoir being for practical purposes entirely negligible.

The pressure distribution given in Fig. 255 is also of interest
in showing that for practical purposes the Woodbine sand
reservoir can be considered as effectively infinite for what will
probably be the complete life history of the field, and certainly
until the internal gas drive due to the evolution of gas within
the sand becomes of appreciable magnitude. In fact, from the
above type of elementary computation it is readily seen that
if the pressure drop extends over the whole of the reservoir to the
radius of 100 miles, the expansion alone will produce a displace-
ment of 580 million barrels per atmosphere of average pressure
decline.

10.9. A Single Well in a Closed Reservoir.—Although it is
not of great practical interest, Eq. 10.7(10) can be used to find
the decline in flux from a single well in a closed reservoir. We
shall briefly derive the appropriate formulas, omitting, however,
a numerical discussion of the problem. The specific case treated
will be that in which the flux at the external boundary, r = r.,
is zero—a closed reservoir—and the internal boundary radius
is kept at a fixed pressure (density). As Eq. 10.7(10) is valid
for any problem in which a flux is specified on one boundary
and the density on the other, it may be adapted to the present
case by setting

r, = re (reservoir radius);  fi(f) = 0
r1 = 1y (well radius); f1(t) = Yo (1)
g(r) = v: = const.
Equation 10.7(10) then takes the form
o o Jo(anrw)d 1(aare) Ulanr) e
Y = Yu 7r(71 ')'w) Joz(anrw) __ J12(Otn7'¢) (2)

for the density distribution within the sand at any time ¢.
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The density decline at the outer reservoir boundary, v(r.),
and the decline in the flux from the well will, therefore, be given
in the notation of Eq. 10.4(9) by

= ('Yi - ’y“') ']U(a;'n,)Jl((17np)(3—1’1-.22
Ye = Yu + 2 P TalJ o2 (@n) — J12(Zp)] (3)
and:
_ 4mkh(vi — ) J12(zap) et
Q B us EJOZ(xn) - J12($np)’ (4)

where the z, are to be determined as the roots of
Yl(an)JO(xn) - Jl(xnp) Yﬂ(xn) = 0) (5)

p having a value of the order of 2,000 to 3,000.

10.10. A Well of Infinitesimal Radius.—When the flux at a well
of practical dimensions is specified, one may replace the well by a
mathematical sink and thereby simplify the analysis. Restating
the problem in the form

lim (rg—}) = fu(®)

r—0

v = f.(t): r =T,
y=g(): t=0,

(1)

the effect of the sink can be represented by a single term
logarithmic in r, so that the Bessel functions of the second kind
which also vary in a logarithmic manner for small r can be
omitted from the series. The general solution is then easily
shown to be given by

_ 2 M[ﬁ crg(r)Jo(a,,r)dr

re2 J 1 2 (aﬂre)

<2

where
Jo(an're) = (. (3)

For the special case where

fo(t) = const. = qp;  f(t) = const. = v;; ¢(r) = const. =+,
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Eq. (2) reduces to

2q0 Jolanr) e e’
v=Evih Iog o 1o} dd 00,20 *(tnle)

(4)
Although the roots of Eq. (3) may be readily found from

available tabulations, the present case is not of great practical

interest, and hence will not be treated here numerically.

10.11. Radial Systems in Which the Flux Is Specified over
Both Boundaries.—A final type of radial-flow problem is that in
which the flux rate is specified over both boundaries of the system.
It may be generally defined by the conditions

r— = f1(t): r=r

= foft): r= Ty
v = g(r): t = 0.

(1

Once more it is convenient first to derive preliminary and
simpler solutions corresponding to constant boundary conditions.
Thus in terms of the solutions v, ye, 73, salisfying the conditions

I

d ~
7"5;(.717 Y, 73) = (1) 0) 0): r

= (0, 1, 0): r
(v1, 72, vs) = (0,0,g(r)): l =

(2)

I

o

134

that corresponding to Eq. (1) will be given by

=0 4[| roEE=N 4 @G )

For the Bessel-function expansions, the same form for U(a,r)
will be taken as in Eq. 10.7(4), but it will be required that the
a, are the roots of

U'layry)) = 0 (4)

rather than of Eq. 10.7(6). By using this definition, and
applying Eqgs. 10.2(8) to (11) once more to find the expansion
coefficients, it is found that
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(4 k)
Y= 2(7’22 - 7"12) + 7'22

[(7'22 — 113 (ri? + 3re? )
4

T22 1
log T + '(———-‘:‘7'—2?

+ 72(ri? log ry — 722 log T2):l

— _"_r__ Jl(anrl)Jl(a,,’rg) U(anr)e—xa“?t (5) .
71 an[le(a,;rl) — J1%(anrs)] ’
(Tz + 4Kt) 7,2

Y2 = 2(7’22 -— 7'12) - ?"22 - T

[(7‘12 — 192 (ry? + 3r.?)

1
2 log r + (re? — 112)2

+ 712(r2? log ro — 712 log 7“1)]

T J12(aary) U(a,,r) e—a,t
7y e Q[ J12(0tnt1) — J12(0nt2)] (6)

4

2 r2
Y3 = m . rg(r)dr +

an 2 nT U T et [T2
—2_ aleza(z"l)l)"— ‘(}(’112()“"7'2) " rg("') U(anr)dr, (7)

so that finally

re

v = 2 [0 = 500+ 2 [ ot

oy, J 1) Ulaar)e™ e
+”E JiHaars) — J1¥(cr) [ 5/ 1(“n"1)f rg(r) U (awr)dr

L Jilery) f Fiemnd — K f fz(k)exa,.’*d)\]. ®)
anTy 0 anls 0

10.12. The Limiting Case of Vanishing Internal Radius.—
Equation 10.11(8) might be applied to the problem of the pressure
decline in a field producing artesian water or an oil field driven by
a water drive in which the flux into the water reservoir, such as

1 The constant terms in Egs. (5) to (8) and 10.12(2) to (6) enter here
because of the vanishing of U’(ar) on both boundaries. For Egs. 10.12(2)
to (6), the expansions are Dini-series expansions which take on a constant
term for the zero-order Bessel functions when the derivatives at the limiting
radius vanishes. Equations (5) to (8) are generalizations of the Dini series
expansions and take on constant terms when the derivatives of the Bessel
functions vanish at both boundaries. This phenomenon is similar to the
entry of the constant term in the Fourier series expansions (¢f. Sec. 4.3 and
Watson, ‘“Theory of Bessel Functions,” p. 597).
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that due to rainfall, is known or assumed. Of more practical
interest, however, is the case where the sand is closed off at the
external boundary, and the internal boundary represents an
actual well of radius small as compared to that of the external
boundary. Here again the well may be replaced by a mathe-
matical sink, and for the more general case where the external
boundary flux is not taken to be zero, 7.e., where

lim < o ) fu({) <'%},’Z) = fc(.t); Y= g(?'): { = 0; (1)

r—0
the functions (v,, vs, vs) take the form

_3 0+ 4xt) 2 Jo(a,r)e v, ,
M= T T s i) @

R 2 o) e

2r,2 e ) 73 an'JO(an" e)

2 Jolay
Ts = Tﬂ radr + 1 D L g o(er)dr,  (4)

where

(3)

Jl(anre) = 0; (5)
so that

v = 2 [ 1000 = 2ln + 5 [ Trotyar + 53 e

[ f " rg(r)Jo(anr)dr — « f Fo(N) e\ +
0 Jo

Kk o{@nte) ﬁ fe(k)e"“ﬂd)\}. (6)

10.13. A Well in a Closed Sand.—If the sand is closed off
(fe = 0), and the pressure, and hence density, is initially uniform
lg(r) = vi], Eq. 10.12(6) reduces to the form

2« ¢ ESJ (apr)ere,™ A
- 7'_32[ j(\)fw(x)dk + OJ 2(anr;) ffw()\)e dk]
(1)

If now the flux at the well, f,(f), has the constant value g, v is
given by

Yy =7+ Q[ + log 7 — —(r2 + 47) + ZEJO(::}?ZI;:)M]’ @
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where

- {
: Tn = Qnle; t = ;—2 3)

=
i
Sl

Even without any numerical assumptions it is clear that
Eq. (2) involves two distinct types of transient. The first, repre-
sented by the series, will disappear at an exponential rate as the
time increases. The second, however, represented by the term
linear in #, will persist indefinitely (since ¢ has been assumed to
be maintained indefinitely), and gives a constant rate of variation
of the density with the time after the first transient has become
of negligible magnitude. Furthermore, this linear term is
independent of r, so that it will not affect the density, and hence
pressure distribution. That is, the density gradients will remain
fixed, except for the series transient, although the absolute value
of ¥ will decrease linearly with the time.

From a numerical point of view, however, the series transient
turns out to be of such short duration, for cases of practical
interest, as to be of no importance. Thus, assuming that

;Ij_ =1; [f=02; g=45X10"atm.™"; 7 =

500 ft., (4)
so that

t = 4.133t (days),

and applying Eq. (2), the drop in pressure at the well (r, = 14 ft.)
from its initial value, for a production rate of 1 bbl./day/ft. of
sand, will be given by the expression

e—-zﬂ’t

Pi— po = 0.1412(6-8509 +2%- 225?.762_(?))’ ®

where Jy(z.7») has been replaced by 1, owing to the small value
of 7» (34000), and p; — p. has the units of pounds.

For the pressure decline at the external boundary of the sand,
r = 1,(F = 1), Eq. (2) gives

! The compressibility is taken here as abnormally high so as to give what
may be considered as an upper limit to the length of the initial transient
in single-well systems of moderate dimensions. For a liquid of normal com-
pressibility this transient will evidently be of still smaller duration.
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- —x“’z )
pr—po = ().1412(—0.25 + 27 ~ 22;%7(}.9 (6)

Equations (5) and (6) are plotted in Fig. 256. Because of the
extremely short life of the series transient, the time scale has been
taken as hours. For as appears from the curves, after a period of
only 1 hr. the system settles down to an effectively steady-state
drainage by the well, and hence a uniform pressure decline over
the whole reservoir, always maintaining a pressure differential
of 1.00 1h. between the reservoir boundary and the well. The
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Fia. 256.-—The pressure decline due to a single well at the center of a closed

reservoir producing 1 bbl./day /ft. sand of a liquid of compressibility 4.5 - 1074/atm.
I. Pressure drop at the well (}4 ft. radius). I1. Pressure drop at the external
closed boundary (500 ft. radius). k/u = 1; sand porosity = 0.20. (From
Physics, 5, 88, 1934.)
very rapid pressure decline at the well and the lag in the decline
at the external boundary are, of course, to be expected.
Although the pressure distribution after the initial transient is
clearly not a strictly steady-state distribution, the logarithmic
term, characteristic of the steady state, does predominate every-
where except very near the external boundary. Using the same
constants as in Eq. (4), the pressure variation after the series
transient has disappeared may be expressed as

() — po = 0.1412(7.6009 — 2’7 — log i)-> (7
Equation (7) is plotted in Fig. 257. In general appearance it
resembles the strictly steady-state logarithmic distribution and,
in fact, approximates it very closely as the well is approached.
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At the external boundary, however, the gradients vanish in Fig,
257, since the reservoir is closed, whereas in the steady-state
system they are of the order of 1/r.. As the result of these
smaller gradients, the total pressure drop p. — p» = 1.00 lb.
is less than the corresponding value of 1.07 lb. required to give
the same production rate in a strictly incompressible steady-
state system.

One may nevertheless derive from these results a rather
simple physical approximation of the description of the decline
in the system. For as has been seen above, after the series
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Fi1g. 257.—The pressure distribution about the well with the decline curve
of Fig. 256, after the passing of the initial transient. (From Physics, 8, 88,
1934.)

transient has passed, the density decreases uniformly over the
whole reservoir and at a rate proportional to ¢. And, in fact,
if Q is the actual production rate, it is readily seen from Eq.
(2) that

0= 27rk< gf),zo 2;729 —far ( ): —fwr}vﬁ(%?)- (8

Thus the produgtion from the reservoir is supplied by the equiva-
lent density or pressure decline distributed uniformly over the
reservoir, the instantaneous pressure distribution differing only
slightly from the steady-state type. One is therefore led quite
naturally to the representation of the dynamical behavior of
the system as a “continuous succession of steady states.” We
are thus provided with at least an indirect analytical justification
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for the basic hypothesis, underlying the whole treatment of
Part II, that continuous sequences of the various steady-state
solutions, derived there, would give very close approximations
to the actual time variations of normal liquid-flow systems of
moderate dimensions (¢f. Sec. 10.1). Furthermore, it will be
convenient explicitly to use such a hypothesis in the theory of
gas flow where the rigorous solutions cannot be obtained in
analytic form (¢f. Part IV).

10.14. Nonradial Flow. Well Interference. Green’s Func-
tion.—Thus far we have treated problems involving single wells
placed at the centers of their reser-
voirs. In practical cases, however,
the reservoir will be covered by a
number of wells, and the question
arises as to the extent of their mutual
interaction and their interference re-
lations. Although only a simple case
of such interactions will be treated
in detail, we shall present the funda-
mental element by means of which
the solutions for more general problems Fia. 258.
may be synthesized. This element is
essentially the Green’s function of the circle which, for the present
purposes, may be defined as the function y having a unit
logarithmic singularity at (#/, ¢), with a vanishing normal
derivative at the circle r = r,, and which is identically zero at
t = 0. Physically, this Green’s function gives the density dis-
tribution within a closed circular reservoir, initially at ‘“zero
density,” containing a well of unit “strength” at (+/, ¢).

With the notation of Fig. 258, the constant-strength well or
sink may be represented by the term

14 2 / - /9
'Yo=log-r——=%log[r —(21{‘)0050+£3]- (1

Te T2 T

As is readily verified, a solution of Eq. 10.1(7)! with a vanish-
ing normal derivative (at r = r.) will be obtained by adding

1 While «, itself may be considered as a solution of the radial-flow Eq.
10.2(1), the problem considered here is essentially of a nonradial character,
governed by Eq. 10.1(7), the elementary solutions of which, in polar coor-
dinates, are the terms in the series of Eq. (3).
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the function

/ ’2 2
vo = Jrog |1~ (Z7) con 3+ 70 | - (L) + 4. @

For the final solution, or the Green’s functlon, one may, therefore,
write

Y = Yo+ Ve +2A nm n(Qnm?) COS NBe—*@n® 4 const., (3)

nm

where
J (@amte) = 0, (4)
and
Yo + v.(t = 0) + zAnmJn(amr) cos nf + const. = 0, (5)

so that Eq. (4) determines the parameters a,., and Eq. (5) the
coefficients A.». Expanding v, and vy. as Fourier series, and

equating first the coefficients of cos nd, it is readily found that

2\n
zAnmJn(anm w

bn=£7;/£—)—: r<rin>0 (6)
4 n
=(r1/lr): r>r.
T2
EA()rnJO(aﬂmr) = ‘2T§ + bO — const.
bo = loggi,’: r<r (7)
= log %: r>r

In virtue of Eq. (4), the Bessel equation, and recurrence
relations, which the J,(annr) satisfy, namely,?

dz? z dz

2HIE) = S Ta@); e eal) = @) ®)

J(@) = Tale) = Tua(e) = —2Ja(@) + Jaa(a),

! WHaiTAKER and WaTsoN, ‘“Modern Analysis,” Chap. XVII.
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it may be shown that

Te 2
J; 1 (e mr)dr = [(a"mztm )]J *AnmTe)

f trn+1J1‘ (anmr)dr = ('_’,2,_7:—6—) (anmre)

0 anm

f bard w(cnmr)dr = < 1 2)[2J,.(anmr') - (1> Jn(anmre)] ©)
0 Anm Te

f TsJo(aomr)dr = (2Te )Jo(a()mrc)
0 o

m

j; ’bOTJo(ao,,J')dT = [Jo(aomr ) - 2Jo(a0mre)J'

Aom

Setting now

Opm¥e = Tnm, S = t; — = F, - =p, (10)

Eq. (3) may be finally expressed as

vy = llog[rz-—2'rpcos(f) -0 +p ]+1(§_ 2)+

? 2\2
%108 (1 — 27p cos (¢' — 6) 4 72p%
JO(ZOmP)Jo(.’IJOmF)e —Zom?l
— (72
(1‘ + 4) + 22 o 02 (@om)

4SS et = et

This expression gives the density distribution in a closed unit-
radius [in the units of Eq. (10)] reservoir initially at density 0,
which is drained by a unit strength well at (p, 8’). As might be
expected, this Green’s function is symmetrical in (7, 6) and (p, 6');
i.e., the density at (7, §) at a time {, due to a source at (p, 6),
is the same as that at the same time at (p, 6’) due to a source at
(7, 0).

If the initial density has a distribution given by g(r, ), the
function
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1 1 27
Yi = -f fdf‘f g(F, 6)dé —+
mJo 0

~ —x m2~ 1 2
I o(@onT)e™ "™ f fJo(:vo,,f)dFL g(7, 6)d6 +
0 )

T “Jo2(x0m)

P 2 o = "‘-‘l"'nmz‘t 1 2r -
2N e Lnlund) 05 nle f P (B dF ﬁ g(7, 0)
s JO

(Tnm® — 1) 2 (Tnm)

n>0

cos %‘?do (12)

should be added to the right side of Eq. (11).

If, finally, it be supposed that the well has a flux strength?
q(¢) instead of the permanent unit value, the resultant density
distribution will be

y = v, D) + fq(x)‘?l‘(—f*’;f—?‘)ax, (13)
0

where v, is the function of Eq. (11).

By adding together a number of functions as in Eq. (13)
with different values of 7/, 6, and ¢(?),
the density and therefore pressure
distribution due to the corresponding
group or network of wells in a closed
reservoir will be obtained. A study
of such distributions will give the
interference effects and mutual inter-
actions among the wells due to their
simultaneous drainage of the same
Teservoir.

Fic. 259.—Diagrammatic As an example of such an interfer
representation of a two-well opce problem indicating in more detail
interference system.

the method of treatment, we shall
consider the simplest case of interference, that of two wells in a
closed circular reservoir. Asis shown in Fig. 259, well No. 1 will
be placed at the center, and well No. 2 at a radius 7/, this radius
being taken as the polar axis. 1t also will be supposed that No. 1
has been producing at a uniform rate of ¢; units since the initial

instant, and that No. 2 is opened after a time ¢;, and is produced

! The “strength’ is here taken as the value of the actual flux per radian.



Sec. 10.14] THE FLOW OF COMPRESSIBLE LIQUIDS 665

thereafter at the rate of ¢ units, the flux of well No. 1 being
maintained at ¢;.

Up to the time ¢,, the pressure at well No. 1 will evidently
decline without any interference, and according to curve I of
Fig. 256 which corresponds to this case. The opening of No. 2,
however, will clearly accelerate this decline, and it is this reaction
of well No. 2 on No. 1 that shall be computed. One could also
compute the interaction of well No. 2 on itself, 7.e., the effect
on the normal decline at the position of No. 2 as caused by the
production of the central well, owing to the drilling of No. 2;
but to show the method the reaction of No. 2 on No. 1 will
suffice.

As just mentioned, for ¢ < #, the pressure at No. 1 (at r = 7,,)
will decline as in a radial system. Hence, by Eq. 10.13(2), to
which Eq. (11) reduces for this case, the density at (1) will be
given by

e xa%t
t< s v(1) = +q1{§ - log — 2+ 22 2J02(x”)}
(14)
where (r,/r.)? has been dropped, and Jo(x.r./r.) has been
replaced by unity, v; being the initial uniform density.

This contribution will continue for { > #;, but upon it will now
be superposed the effect due to well No. 2, which by Eq. (11) is

v2(1) = q2log p + 92—2@3 - pz) — 2¢:( — 1) +
Jo(Zomp) e—zom(i—01) .
ZTom2J 02(270m)

This is to be added to the v(1) of Eq. (14). For the case where
g1 =q: = q, p = 34, and r./ry, = 2,000, the density drop at well
No. 1 may be expressed numerically as

Pgh: Wl "(1)] = 6.851 + 20 — 2 > 2}:;(22) (16)

(15)

2Q2

[ %1

S i L__?(_”] = 6.919 + 2025 — &) —

Slalie s} o

These equations are plotted in Fig. 260 with ¢, chosen as 0.3.
The dotted curve indicates the pressure decline if No. 2 well had
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not been drilled. It will be seen that after the initial transient,
in which the original decline is altered, the rate of decline assumes
a value twice as large as its original or extrapolated value. This
is, of course, to be expected since for ¢ > 0.3 twice as much
fluid is being taken from the reservoir as before.

10.15. The Use of Sources and Sinks in the Solution of Prob-
lems Involving the Nonsteady State Flow of Compressible
Liquids through Porous Media.—We shall close this chapter
with a brief outline of the method of sources and sinks for treat-
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F1g. 260.—The pressure decline at a well at the center of a closed circular
reservoir which produces at a constant rate, as affected by the drilling of another
well at I = 0.3 at a radius 4 of the reservoir radius, which is produced at the same
rate as the first. Ap = pressure drop at the central well from its initial pressure.
! = dimensionless time = kt/uf8r,2. q = flux rate from each well (per radian).
(From Physics, 5, 91, 1934.)

ing transient-flow problems. This method is in principle analog-
ous to that frequently used in Part II in the representation of
wells by permanent sources or sinks. It is of particular inter-
est in the treatment of systems in which the porous medium may
be considered to be infinitely extended, at least along one direc-
tion, although by synthesizing independent solutions it can
also be applied to systems of finite dimensions. Only the case
of most practical interest in which the system may be taken as
two-dimensional will be discussed explicitly, as the modifications
required for one- and three-dimensional systems can be made
without difficulty.

The principle element in the method is the instantaneous
“line-source’’ solution of Eq. 10.2(1), namely,
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r?

q Tdxt

y = Infx y—n lef. Eq. 10.2(5)]. (1)
This solution vanishes everywhere at { = 0 and represents an
instantaneous emission of ¢ mass units of fluid at the origin,
r = 0, at the initial instant, { = 0. If the strength of the
source 1s “permanent’’ and of magnitude ¢(t), the corresponding

solution 1s
1 (T) 4x(t T)
41rij(;t [ =1 ar. 2)

Finally, if there is an initial density distribution given by
g(z, y), the complete solution will be

1 + o + o [(z—82+@—m3
v =3 {— f ds f dug(e, me W+
TK

fftQ(:)r (- r)dT} (3)

If the initial density (and hence pressure) distribution has the
uniform value +v;, the first term reduces to v;, and Eq. (3) wili
give the density distribution at any later time due to a well
at the origin with a production rate of —¢(f) units. When the
actual production rate has the constant value @, Eq. (3) reduces

to
Y=o 41%&,]; e?w =v 4fo< <_r~>’ @)

4xt

where the function E7 can be read from tables such as those of
Jahnke and Emde.! The density (and hence pressure) decline
at the well can be readily obtained by evaluating Eq. (4), after
setting r = r,, the well radius. Physically, of course, Eq. (4)
becomes meaningless when the density v falls below the ““zero
pressure value” v, This clearly means that the production
rate Q can no longer be obtained, so that the assumption of a
permanent flux rate of @ breaks down.

Just as in the case of the steady-state flow of incompressible
liquids the individual logarithmic terms due to a number of
separate wells can be added together so as to give the resultant
pressure distribution appropriate to the several wells in the

1 JAuNKkE, E., and F. EMpE “Funktionentafeln,” 1928,
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groups, so here to find the density distribution in a multiple-well
system, one need only add together terms as in Eq. (2) with the
appropriate values of @ and r. Thus if the wells, of fluxes Q;,
are located at the points (z;, y;), the resultant density distribu-
tion, for an initial uniform density, will be

-z (y— i)Y
— 4x(t —71) 13
v =i g o s E:Q (e (5)

These wells of flux @; may be real wells or only ‘“images’’ set
at appropriate points (z;, ;) in order to satisfy particular bound-
ary conditions. Or, the wells may be distributed continuously
over an area or curve to give a continuous flux distribution.
Thus for a finite line sink of length L along the z axis, of flux
density ¢(t) per unit length, draining an infinite reservoir of
initial uniform density v, the density distribution at any later
instant will be given by

L

‘J(T) 4x(f2—1) 2 ’4(:0(:51; 1
47rfxft e dr _Le d§. (6)

2

In a similar manner the flux density ¢({) may be distributed
over a circular boundary to give a representation of a single
well or a field lumped together as a single well. For this case,
the density distribution at the time ¢ and distance r from the
center of the well of radius a will take the form

2 r2 +a2—2ar cos 0
Y=Y 47rf:<f tq—(j)rd f R de
— (T) if(j_f?) ar 2
=i 2ij;t R Y A

where I, 1s the zero-order Bessel function of the third kind.?

<2
|

1 This is equivalent to the representation used by Schilthuis and Hurst,
(O3l Weekly, Oct. 18, 1934) for computing the pressure decline of the “East
Texas’ field, the results corresponding closely to those derived by another
method in Sec. 10.8.

2 Bquation (7) could also be used to give the pressure decline in such a
field as “East Texas,” and would correspond exactly to the theory of Sec.
10.8 except for the assumption that the reservoir is effectively infinite,
whereas there a finite external boundary radius was used.

3 Watson ‘‘ Theory of Bessel Functions,” p. 79.
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Although we shall not enter here into a numerical study of the
above equations, it should be observed that the assumption—
on which they are based—that the flow system is of infinite extent
is of no serious consequence from a practical point of view,
except in the later stages of the pressure decline in the system.
For until the effective “radius of drainage’ has actually receded
to the real boundaries of the system, it may be treated as effec-
tively infinite without appreciably affecting the computed course
of the decline. On the other hand, most of the problems that
appear now to be of practical interest can be treated just as easily
by means of the theory developed in the previous sections,
the method of sources and sinks being given here essentially
for completeness! in illustrating the more familiar analytical
procedures for solving problems governed by Eq. 10.1(7).

10.16. Summary.—Although almost all problems of the flow of
homogeneous fluids through porous media of practical interest
are inherently of a time-varying character, owing either to
natural or artificial variations in the boundary conditions, it is
important to distinguish carefully between those in which the
time transients play only a minor role in determining the physical
behavior of the system and those in which the variations in the
system with time are the predominating features of significance.
Such a distinction can be made without difficulty once the exact
manner in which time variations can physically enter a problem
is clearly understood. Now the velocity of propagation of
disturbances within a fluid medium, which evidently determines
the time required for variations in the boundary conditions to be
transmitted to the internal points of the system, will in general
be very high as compared to the velocity of the fluid particles,
as the former, being equal to the velocity of sound in the fluid,
will be of the order of 10° cm./sec., while the latter will usually
be limited to values of the order of 1 cm./sec. The transmission
of pressure disturbances in a liquid-bearing porous medium
may, therefore, be considered as effectively instantaneous. In

1 Tt may also be observed that quite analogous to the use of source or sink
distributions in representing boundary flux values, one may develop a theory
of “doublets” by means of which arbitrary boundary density distributions
may be attained (¢f. Byerly “Fourier Series,”’ p. 94). For still other methods
of finding solutions of Eq. 10.1(7), see “The Conduction of Heat,” by H. S.
Carslaw, (1921).



670 THE NONSTEADY-STATE FLOW OF LIQUIDS [Cuar. X

fact, the analytical theory of the steady-state behavior of
flow systems in porous media implicitly assumes that the velocity
of transmission of the pressure variations is really infinitely
great.

A far more significant question with respect to the transmission
of pressure disturbances in a fluid-bearing porous medium,
however, is that of the time required for the internal points to
adjust themselves to the new boundary conditions. Thus if
the complete readjustment of the internal pressures should
require a finite change in the fluid content of the system, it will
clearly take a finite time for the re-establishment of steady-
state internal conditions appropriate to the new values of the
pressures or fluxes at the boundaries of the porous medium.
Now the actual change in the fluid content of a system necessary
to bring it in equilibrium with the new pressures at its boundaries
will be proportional to the compressibility of the fluid and the
area (porous) of the system, whereas the rate at which this fluid
mass can be removed or absorbed (for decreases or increases in
the boundary pressures) is directly proportional to the per-
meability of the medium and inversely proportional to the
viscosity of the fluid. The resultant times of readjustment of
the pressures within the porous medium will, therefore, be
proportional to the quantity fBur.2/k, where f and k are the
porosity and permeability of the medium, B and p the compressi-
bility and viscosity of the fluid, and r, one of the significant
dimensions of the system.!

Another representation of the time lags involved in the read-
justment of the internal-pressure distribution is obtained by a
consideration of the rate of change of mass content of the reservoir
due to the variations in the boundary conditions as compared to
the steady-state carrying capacity of the system. If the former
is small as compared to the latter, it is clear that the times of
readjustment of the internal-pressure distribution, so as to follow
the instantaneous conditions at the boundaries, will be small,
and conversely.

1 These considerations can also be interpreted in terms of the attenuation
of the pressure wave as it is transmitted through the system, as the time lag
in the readjustment of the internal pressures may be considered as the
result of the attenuation of the pressure wave originating at the boundaries,
so that its initial amplitude at interior points is but a small fraction of the
exciting boundary-pressure variation.
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Assuming now that a given system which is in a steady state—
in static or dynamic equilibriumn—is subjected to a change in
the pressure at its boundaries, it is clear that if the time of read-
justment of the internal pressures is small, there will be quickly
established another steady-state distribution appropriate to
the new boundary conditions. The history of such a system may
then be described by a continuous succession of steady-state
distributions following the variations in boundary conditions
without lag. It is this type of treatment which has been applied
to the various problems discussed in Part II, the justification
being that the fluids under consideration have been taken as
-normal liquids for which g is very small (of the order of
5 X 107%/atm.), and that the problems have in all cases, except
those of Chap. IX, referred to systems of small or moderate
dimensions! (of the order of 500 ft.). And even in Chap. IX|
where the porous media were taken as of large or infinite dimen-
sions, the features of particular interest were the mutual inter-
actions of wells which were individually separated by relatively
small distances, so that the areas of porous medium associated
with each well were in most cases of the same order as those for
the single-well systems. The results derived in Part II may,
therefore, be considered as physically applicable to the practical
equivalents of the systems discussed there as long as they carry
normal liquids, with the understanding tbat the significant
transients of these systems are to be obtained by simply replacing
in the steady-state solutions the constant boundary values by
their appropriate variable values.

When, however, the liquid has a particularly high compressi-
bility, or when the poreus medium is of large dimensions, the
times of readjustment will become correspondingly high, and
the pressure distributions within the medium will lag behind the
changes that may take place at the boundaries. While a high
compressibility is indeed in itself an unreasonable hypothesis
when considering a normal liquid, an equivalent effect in the case
of extended media may be obtained if there is a dispersion
throughout the medium of a small amount of free gas in the form

1 Of course, the assumption in the case of two-dimensional systems that
they are infinitely extended along one direction does not invalidate their
representation as systems of small dimensions, since they involve no transg-
fers of fluid across the planes defining the fluid motion.
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of gas masses of moderate dimensions. Thus a normal compressi-
bility of 5 X 1073/atm. can be raised to an effective value 10 times
as great by a distributed gas volume of only 414 per cent, at 100
atm. Furthermore, when the area of the system is very large,
the times of readjustment even for a liquid of normal compressi-
bility may become so large as to lend practical interest to the
time transients of the system, as given by a rigorous treatment
of the nonsteady-state problem.

The types of problems involving compressible liquids in non-
steady states of flow may be conveniently classified by means of
their boundary conditions. For radial systems these are: (1)
Those in which the pressure (analytically, the density) is specified
over both the internal and external radial boundaries; (2) those
in which the flux is preassigned for one boundary and the pressure
over the other; and (3) those in which the fluxes are given for
both boundaries. In all cases the solutions take the form of
infinite series of Bessel functions with the radial coordinate as
their arguments, multiplied by exponentials in the time and
constants so adjusted that the initial state of the system is
reproduced by the solution.

The first case, in which the pressures are specified over both
boundaries, will give solutions from which one may derive not
only the internal pressure distribution at any time after the
initial instant, but also the fluxes passing through the system
under the given boundary conditions. As a particular example
one may consider an oil field, lumped together as a single equiva-
lent well, produced by a water drive, and thus study the produec-
tion history of the field to be expected for various types of
variable field pressures (assuming the pressure at the effective
external boundary or the water-o1l interface to have known
values). Examples of such systems in which the field pressures
are either suddenly dropped from their initial uniform values or
decrease approximately linearly (the densities decrease in an
exactly linear manner) with the time are treated in detail in
Sec. 10.4. Another example of this type of problem is an
idealized representation of that of the pressure rise in a well upon
shut-down. Thus, using constants corresponding to the ‘‘East
Texas” field, it is found from the solution developed for this
problem (Sec. 10.6) that only about 6 per cent of the original
pressure differential in an “East Texas’ well should remain after
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14 hr. of shutting in, which is of the same order of magnitude as
has been observed in that field. While such solutions will not
apply if there is an appreciable amount of free gas in the sand
about the well—due to the simultaneous change of the effective
sand permeability with the rise in pressure—it should give at
least the qualitative features of the effect of the compressibility
even in the case when free gas is present in the sand.

The second type of radial-flow problem involves the situation
in which are preassigned the flux rate at one of the boundaries
and the pressure at the other. Thus if the sand forms a closed
system the flux at the external boundary will be zero, and if the
pressure at the internal boundary, defining a well bore for
example, is known, the solution to the problem will give the fluxes
passing through the internal boundary. Or, the pressures at
the external boundary might be preassigned together with the
fluxes at the internal boundary, the solution then giving the varia-
tion with time of the pressure at the latter.

A very interesting practical application of this latter type of
problem arises in the interpretation of the pressure variations of
the “East Texas” oil field. Analyses of the oil having shown that
the oil of this field is saturated with gas only to the pressure of
755 1b., the production from the field until its pressures have
fallen to 755 lb. must evidently be attributed to the “drive”
exerted on the oil by the water from the adjacent Woodbine
sand. The tremendous area of this water reservoir immediately
suggests that the time transients in the system must play a signifi-
cant role in determining the instantaneous pressures in the field,
and indeed the very fact that the pressures in the field have shown
declines even while the production rates have been kept constant
proves that the water in the Woodbine sand is really a compressi-
ble liquid. Furthermore, the total pressure drops in the water
reservoir are considerably too low to induce a flow of water into
the field sufficient to replace the oil removed from it, if the pres-
sure distribution in the reservoir were simply the steady-state
distribution.

By lumping together the individual wells of the field into an
equivalent well of a radius (20 miles) approximating the general
contour of the field, and representing the water reservoir of the
Woodbine sand as a radial sector of 120 deg. extending from a
constant (original) pressure external boundary at a 100-mile
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radius and converging into the well, the pressure decline at the
internal boundary—the western edge of the field—becomes
determinate, once the production history from the field is pre-
assigned. Choosing for the latter the observed production rates
for the field since its discovery, the computed pressure decline
is almost exactly parallel to and higher than the recorded pres-
sures as averaged over the individual wells of the field. The dif-
ference between the computed and observed pressures are readily
explained—and indeed to be expected—when it is noted that
the theoretical calculation gives the pressures to be found at
the western edge of the field, whereas the reported field pressures
are averages taken over the whole width of the field and include
not only the pressure drop over the field inherently associated
with the fluid migration from west to east, but also the accentua-
tion of this pressure drop due to the fact that the producing
section of the sand is wedge-shaped, pinching out toward the
east. When the observed average pressures are corrected by the
addition of a term proportional to the field production rate—
7 Ib. per 100,000 bbl./day—the resultant pressures agree with
the calculated values as closely as can be expected—5-10 1b.—
in view of the uncertainties in the real production rates from the
field due to the unknown extent of the illegally produced and
unreported oil taken from the field. This agreement, over a
period of six years during which the production rates have
fluctuated from extremely high values to zero values during
shut-down periods, is particularly significant when it is noted
that all the physical constants chosen for the system, excepting
only the water compressibility, were actual averages of data
derived from well logs in the Woodbine sand.

The single adjustable constant, the effective compressibility
of the water, had to be taken as 12 times that of gas-free water.
While this may at first appear surprising, such an effective value
can be explained by supposing that there are gas pockets dis-
tributed throughout the water horizon to an extent of only
4.9 per cent of the total pore volume of the sand, an assumption
contradictory to nothing at present known of the Woodbine
reservoir.

The fundamental role played by the nonsteady-state character
of the flow in the Woodbine sand is shown in a striking manner
by the computed pressure distribution in the sand for July 1,
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1934, some 314 years after the discovery of the field. For
although 520 million barrels of oil had been removed from the
field, the calculations show that the pressure distribution at that
time was still far from that of the steady state. In fact, instead
of the pressure rising uniformly in a logarithmic manner to the
original field pressure of 1,620 lb. as the external boundary at
100 miles is approached, the actual pressure distribution, of that
date, rises rapidly to the pressure of 1,620 lb. within a distance
of 25 miles from the field. Thus the whole production of the
field to that time had actually been replaced by the expansion
of the water in the Woodbine sand within the 45 miles radius,
rather than by the bodily movement of the water throughout
the whole of the water reservoir, as would be implied by a steady-
state representation of the flow system.

This concentration of the pressure drop within a short distance
of the field even after 314 years of production shows that the
placing of the external boundary at a 100-mile radius will be of
no significance with respect to the pressure decline at the field
until the latter has been entirely depleted. In fact, the whole
estimated oil content of the field of 7 billion barrels could be
replaced by a simple expansion of the water (assuming the high
compressibility) involving a drop in pressure over the whole
reservoir up to the radius of 100 miles of only 177 lb.

The same analytical procedure applied to the calculation of the
pressure decline in the ‘“East Texas’ field can be used to compute
the variation of the flux from a well or field draining a closed
reservoir (¢f. Sec. 10.9) for preassigned well or field pressures,
However, this problem does not at present seem to be of great
practical interest except in the case of actual oil production from
wells penetrating lenses of limited volume, when the internal
drive due to the evolution and expansion of the dissolved gases
will in general be the significant feature. Such a treatment,
however, is beyond the scope of this work.

This case of a well producing from a closed reservoir may,
however, be used as a convenient illustration of the final type of
radial-flow problem, in which the flux is specified over both
boundaries. The solution of this problem, in which the initial
pressure in the sand is taken as uniform and the production rate
from the well is preassigned to have a constant value, shows
two types of transient in the pressure decline both at the well and
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the external boundary. The first, of extremely short life-—about
an hour for the constants chosen in the numerical example—
disappears exponentially with the time. It is then followed by a
linear decline in both the well and external-boundary pressures
in which the system assumes an effectively steady-state drainage
with the pressures declining uniformly over the whole reservoir.
The actual pressur> distribution is almost exactly logarithmic
except at the external boundary, where the gradient is neces-
sarily zero owing to the closure of the reservoir. The decline
of the system here naturally assumes a continuous succession of
steady states in which the flux through the outflow well is
supplied by a uniform depletion of the fluid content at all
points of the reservoir.

In addition to strictly radial-flow systems, those involving
nonradial flow can also be treated analytically. Such problems
arise in the consideration of the interference between wells
draining the same reservoir. For in closed systems the pressure
decline must evidently be approximately proportional to the
total flux from the system. A specific calculation on the effect
on the pressure decline at a well producing at a uniform rate at
the center of a closed sand, owing to drilling another with the same
rate midway between the center and the external circular bound-
ary, shows indeed that the decline at the center becomes doubled
after a short-period transient. From a practical point of view,
however, it should suffice for most purposes to study the inter-
ference effects in nonsteady-state systems by neglecting the
local short-period transients and replacing the nonsteady-state
pressure distributions by continuous sequences of steady-
state distributions with density declines distributed uniformly
over the system in such a manner as will supply the total flux from
it.

In addition to the method of solving directly the fundamental
partial differential equation [¢f. Eq. 10.1(7)] for the nonsteady-
state flow of liquids, solutions can be obtained by the synthesis
of particular solutions representing fluid sources or sinks giving
instantaneous or permanent fluxes entering or leaving the flow
system. These are particularly suited to the analysis of problems
in which the reservoir may be taken as effectively infinite,
although one may apply the method of images, outlined in the
discussion of steady-state flow systems, to construct solutions
corresponding also to regions of finite extent.
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CHAPTER XI

THE FLOW OF GASES THROUGH POROUS MEDIA

11.1. Introduction.—It was seen in Chap. II that Darcy’s law
that the velocity of a homogeneous fluid at any point in a porous
medium is, under viscous-flow conditions, proportional to the
pressure gradient at the point, and which was originally estab-
lished for the case of liquids, holds also for the flow of gases.
Hence the dynamical law of motion can here, too, be written as

k
il = — — 1
7 VP, (1)

where k is the permeability of the medium and p is the viscosity
of the fluid. Furthermore, it was shown in Sec. 3.4 that on
applying the equation of continuity to Eq. (1), the density ¥
of a gas flowing in a homogeneous porous medium must obey
the fundamental differential equation

1

14+m m
14 3

where the equation of state of the gas has been defined by
Y = Yop™, (3)

and f is the porosity of the medium. The exponent m determines
the thermodynamic character of the expansion of the gas as it
moves from the high- to the low-pressure regions; in particular,

= 1 corresponds to isothermal expansion, while the case of
adiabatic expansion is given when

_ (specific heat at constant volume) .
(specific heat at constant pressure)

Equation (2) governs both the steady- and unsteady-state
conditions of flow of a gas in a homogeneous porous medium,
in complete analogy to Eq. 10.1(7) for the case of a compressible
liquid. However, whereas the latter is linear and permits explicit

679
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solutions, Eq. (2) involves powers of y—in derivative form
—other than the first, and hence is nonlinear. Furthermore,
for the type involved in Eq. (2), it has not been thus far possible
to derive explicit solutions for general boundary and initial
conditions, thus necessitating the use of an approximate method
of analysis, as will be developed later.

11.2. The Steady-state Flow of Gases. Linear Systems.—
For steady-state conditions of flow, on the other hand, the
analysis can be carried through rigorously. For then, setting

the right side of Eq. 11.1(2) equal to zero, the equation reduces
1+m

to Laplace’s equation in the dependent variable v ™ or pi*m,
namely,

14m

VLY_;; — V2p1+m = (), (1)

As this is the same equation as that in the dependent variable

p, governing the flow of incompressible liquids, the various

solutions derived in Part 1I for the latter case may be directly

applied to the solution of the corresponding problems in the case

of gases. In particular, the pressure distribution in a linear
system 1s given by

prm = (p,i+m — p21+m)% + pyttm (2)

where ps, p1 are the boundary values of the pressure at z = 0, L.
The rate of mass flow for the system per unit cross section is,
therefore,

_ _kyop _  kyo opitm .
Q= w oz A+ mp oz (3)

which, applied to Eq. (2), takes the form

kvo 1+ 1+
= m— pyttm), 4
Denoting by @, the value of @ for isothermal flow (m = 1),
with the same density at the pressure ps—so that yo ~ ps™™ in
Eq. (4)—Eq. (4) may be expressed as

! It may be noted that here and in all the formulae for @ to be given below,
(}/vo will give the volume flux as measured at atmospheric pressure.
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Q = 20, 1 — (P1/p2)1+’".
L4+m 1 — (pi/p2)*

(5)

It follows that the flux rate for nonisothermal flow (m < 1)
exceeds that for isothermal flow, @/@ increasing as m decreases.
Furthermore, for a given type of flow, fixed m, @/Q; increases as
p1/pe decreases—as the pressure differential and the flow rates
increase.

As a specific example, one may choose p;/p. = 0.1 and
m = 0.71, which, for air, corresponds to adiabatic expansion.
It follows then from Eq. (5) that @/@, = 1.16, so that 16 per cent
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FiG. 261.—The pressure distributions in a linear channel flowing an ideal gas
under isothermal conditions (curve I) and adiabatic conditions (for air, curve 11).
z/L e fractional distance along channel. p/p: = (pressure- at z)/(pressure
at z = 0).

more air will pass through a linear system if it expands adia-
batically (and pi/p: = 0.1) than if its expansion is isothermal.
It is to be noted that this excess is due essentially to the higher
outflow density, for equal inflow densities, for the case of adiabatic
expansion than for the isothermal flow. In fact, this difference
in densities more than compensates for the lower outlet-pressure
gradients in the nonisothermal flow system. This may be scen
from the pressure-distribution curves plotted in Fig. 261 for a
linear system for m = 1 and m = 0.71.

11.3. Two-dimensional Systems in the Steady State.—For a
radial flow system, the pressure distribution, by analogy with
Fiqs. 4.2(8) and 10.1(13), will be given by
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(pt™ — pu't™) log /7.
14+m — 14+m
log r./7y T Pt 1)

D

The associated mass flux through the system, of thickness h,
will be
_ 2wrhky dp _ 2wrhkyo op*t™
Q= g or (A+mpu or
_ 2rhkyo(pltm — pott) 201 1 = (Po/p)M o
(1 + m)u log 7./7w 14+m 1 — (po/pe)?

where @, is again the flux for isothermal flow (m = 1), namely,

_ whkyoAp®
@ = Log ru/m ®

In a similar manner one may write down the solutions to other
steady-state problems in the flow of gases in porous media cor-
responding to those treated in Part II for incompressible liquids
by simply replacing the pressures occurring there in the pressure
distributions by p't™ to get the pressure distributions for the
case of gas flow, and the Ap occurring in the expressions for the
flux by? yeAp'*t™/(1 + m). Thus it may be shown that, even
though the pressure distribution over the circular boundaries of a
radial system is not uniform, the simple radial-flow formula for
the mass flux may still be used, provided for the boundary values
of p the average values of p'*™ are substituted. In such cases,

therefore,

_ 2mhkyo(p.t™ — pu't™)
@ = (1 + m)p log re/rv l¢f. Eq. 4.5(12)] 4)

On the other hand, if the external boundary enclosing a well is not
circular, the flux may in general be expressed in the form

2Rk, Apttn
Q= (T & m)n log o/re’ [¢f. Eq. 4.16(6)] (5)

2wrhkyAp
plog ri/rw
algebraic mean density in the system, so that @,/%, the volume flux at the
mean pressure in the system, is given by the same formula as that applicable
to a liquid-flow system.

2 For isothermal flow one need only multiply the expression for the flux
(volume) as given in Part II by the algebraic mean density 7 to find the mass
flux in the corresponding gas-flow system (¢f. preceding footnote).

! This may also be evidently written as @, = » where % is the
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where ¢ is a constant depending on the shape of the external
boundary, and which may be approximated by an average dis-
tance of the well from the external boundary.

11.4, Three-dimensional Systems in the Steady State.—The
solutions for the three-dimensional systems presented in Chap.
V may also be transposed without further analysis into their
equivalents for porous media carrying gaseous fluids. Thus the
potential distributions for partially penetrating wells as are shown
in Figs. 81 and 82 will also apply for wells partially penetrating
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F1c. 262.—The relative production capacities of partially penetrating wells
producing either gases or liquids. @/Q¢ = (production capacity of partially
penetrating well) /(production capacity of completely penetrating well in same
sand). h = sand thickness; well radius = 14 ft.; reservoir boundary radius =
500 ft.

gas horizons, of only the pressures or potentials there are inter-
preted as p'*™. The production capacities of partially penetrat-
ing wells as funetions of the well penetration or sand thickness,
plotted in Figs. 83 and 84, cannot be used directly, as the pro-
duction capacities of these figures are expressed in barrels per day
per atmosphere. However, the ratios of these production
capacities for partially penetrating wells to those for completely
penetrating wells will be identical for the flow of liquids and
gases. These are plotted in Figs. 262 and 263. The absolute
values of the mass-production rates of the gas wells, which may
be obtained from these figures by multiplying the ratios by the
absolute mass fluxes for a completely penetrating well, as given
by Eq. 11.3(2), depend not only on the type of flow—value of
m—Dbut also on the absolute pressures. Thus for the isothermal
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flow (m = 1) of methane (u = 0.012 centipoise) into a l4-ft.
well at atmospheric pressure, from a 50-ft. sand with a permea-
bility of 1 darcy and ‘““reservoir’’ pressure of 7 atm. (~103 1b.) at
a distance of 500 ft. from the well, Eq. 11.3(3) gives a flux rate of
2.52 X 108cc./sec. (at atmospheric pressure) or 7.68 X 10%{t.%/day.
From Fig. 262 it is seen that if the well penetration is 75 per cent
the flux rate will be only 87.3 per cent of that of the completely
penetrating well, and 66.9 per cent if the well penetration is 50
per cent. Hence the absolute production rates for the wells

I I 1 T
0 Well Penetration =100 %
NN
i —ep=sgmes oo 1T [Well Penetration =75 %
08 l‘\ \\\ ------ e e S e
i \\\‘\\
N ==t ] Well Penetration - 50%
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\ \"\\T ~~~~
04 \ e SR i T 8 WQU_Eg)n_e_?rmion-257°
1. — bud nbinhs chuiuks St VR VO R
| i
02 koL L Well Penetration =10 %
o)
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Sand Thickness {in ft)

Fra. 263.~—The variation of the relative production capacities of partially
penetrating wells with the sand thickness. Q/Q¢ = (production capacity of
partially penetrating well) /(production capacity of completely penetrating well
in same sand). :well radius = 14 ft.; ....._: well
radius = 14 ft.; reservoir boundary radius = 500 ft.

of 75 and 50 per cent penetration will be 6.71 X 10% and
5.14 X 108 cu. ft./day, respectively.

For gas wells partially penetrating an anisotropic sand, one
may again take over the results derived in Part I1 for incompressi-
ble liquids (¢f. Sec. 5.5). Thus from Fig. 87 one may get
directly the production rates (in volume at atmospheric pressure)
from a 125-ft. sand for various well penetrations and vertical
sand permeabilities by simply multiplying the ordinates by
{%7%})%;; h being 125 ft. Tigure 88 remains strictly valid
without any change whatever.

11.6. The Effect of Gravity on the Flow of Gases through
Porous Media.—Owing to the very low density of gases, even
when under such pressures as ocur inc underground gas reservoirs,
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the effect of gravity may be entirely neglected in the discussion
of the flow of gases through porous media, insofar as direct
effects on the gas itself are concerned. Furthermore, as a gas
will ill completely any space into which it can enter at all, there
will be no free surfaces in a gas-flow system, even though gravity
is permitted to act freely upon the gas.! The problems of
gravity flow of liquids treated in Chap. VI are, therefore, of no
interest in the study of the flow of gases through porous media.

11.6. The Steady-state Flow of Gases within Systems of
Nonuniform Permeability.—When a porous medium through
which a gas is flowing in the steady state is not strictly homo-
geneous, the procedure of simply solving the Laplace’s Eq.
11.2(1) as outlined in the previous sections must be modified. If
the permeability of the medium varies continuously, Eq. 11.2(1)
must be replaced by

b ap1+m —‘2— apl-l-m) -_a— ‘apl+m _
%kax>+ay<k 9y v+3zkaz =9, (1)

neglecting the effect of gravity, and may be treated in the same
manner as the corresponding Eq. 7.2(2) for the case of liquids.

If the permeability varies discontinuously, one may again apply
the methods of Chap. VII. The Laplace’s equation in p+=,
Eq. 11.2(1), must then be solved for each region of uniform
permeability, and the individual solutions connected at the
“surfaces of discontinuity’ so that the pressures and normal
velocities are continuous there. To get the actual solutions, one
need only replace p in the pressure distributions of Chap. VII
by p**™. In particular, the effects on the production rates of
local inhomogeneities are, for gas wells, exactly the same as given
in Chap. VI1I. Thus for radial systems Eq. 7.3(11) and Fig. 150
are valid without change. For limestone-fracture systems
producing gas, the analysis of Secs. 7.4 and 7.5 may be carried
over by simply changing p to p!*™ as already indicated.

The theory of acid treatment of limestone wells producing oil,
developed in Secs. 7.6 to 7.8, is equally valid for the case of

1 To be exact, there will be some density variation with height owing to
the action of gravity, such as exists in the atmosphere; however, this will be
of infinitesimal magnitude as compared to the density variations associated
with the dynamical-pressure variations in any system of practical interest.
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limestone reservoirs producing gas, Figs. 157 to 159 remaining
true without change.

The theory of partially penetrating gas wells in stratified
horizons may also be taken over directly from that given in Chap.
VII. Figure 162 giving the production capacity of a well
just tapping a sand underlain, at a depth of 25 ft., by an infinitely
thick sand of different permeability, will also apply to a gas vell
in giving the production capacities relative to that in an infinitely
extended homogeneous sand, if the ordinates of Fig. 162 are
reduced so that for k2/k1 = 1 becomes unity.

Finally if the well bore of a gas well becomes partly filled with
sand, the relative effects on the production capacity of the well
will be exactly the same as if the well produced liquid. Equa-
tions 7.10(8) and 7.10(19) and Fig. 164 remain valid without
change, while the ordinates of Fig. 165 must be taken as those
Of (pl-l-m — pwl+m)/Apl+m.

11.7. Two-fluid Systems. Water Coning.—Although gas is
almost universally associated with the oil in underground oil
reservoirs, this association does not necessarily imply that the
flow of the gas and oil is that of a two-fluid system of the type
considered in Chap VIII. For aslong as the gas stays in solution,
the oil will flow as a homogeneous liquid, the effect of the gas
coming into play only in the reduction of the viscosity of the oil.
And this is indeed the basic implicit assumption underlying the
whole treatment in this work of the flow of liquids in porous
media as that of a homogeneous fluid, insofar as the liquid is
taken to be an oil flowing through its underground reservoir.
On the other hand, if the gas has come out of solution and is
more or less uniformly disseminated through the oil, it is still
not to be considered as a two-fluid system of the type discussed
in Chap. VIII, but rather the gas and oil must be treated as a
mixture or single heterogeneous fluid, the nature of which—as
defined by its equation of state—will in general vary from point
to point, and the discussion of which is beyond the scope of this
work.

The two-fluid systems treated in Chap. VIII up to Sec. 8.10
involved an approximately vertical separation between the two
liquids, so that one fluid was considered as ‘‘encroaching”
on the other. While this situation will never be strictly realized
in isotropic media as long as the two fluids are of unequal density,
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it may be taken as an approximation to the physical problem
if the density difference between the two fluids is small, as is
the case in the encroachment of waterinto an oil sand. However,
if the water is encroaching into a gas zone, the assumption of a
vertical interface will clearly be entirely inadmissible. TFor
the water will evidently flow to the bottom of the porous medium,
and will form an interface with the gas that may be more closely
described as a horizontal than a vertical interface.

If the water does come into a gas sand, along the bottom of the
pay, and if the sand is not completely penetrated by the well,
there will arise a problem of water coning quite similar to that
when the upper part of the pay is carrying oil. The physical
analysis of the problem will be identical with that given in
Sec. 8.10 for the coning of water into an oil sand. However,
in the analytical treatment account must be taken of the fact
that the unperturbed potential distributions derived in Sec.
5.3 and used in Sec. 8.11 give the values of p'*™, rather than p,
in the gas-flow system. The pressure distribution itself will,
therefore, show more concentrated gradients about the well in
the present case than in that of Chap. VIII, and as the funda-
mental condition for equilibrium, Eq. 8.10(1), involves p linearly,
it is clear that water coning will be more difficult for a gas
well than for ene producing oil. Furthermore, as the total pres-
sure differentials in the system required to bring the water into
the well are proportional to the density difference between the
two fluids, the critical-pressure differentials for water coning
will, on this account alone, be some three to four times as high
for a gas well as for an equivalent oil well. It follows, therefore,
that water coning will be much more readily suppressed and
will involve less serious difficulties for wells producing from gas
zones than for wells producing oil. If the water does cone into
the well, the methods of suppression by pinching in or plugging
back the well as discussed in Chap. VIII should be equally
successful for the gas well as for an oil well. Finally the genera
nature of the curves of Fig. 187 giving the critical-pressure
differentials for coning will also apply to gas wells, although
the absolute values of the pressure differentials will probably
be greater than those shown in Fig. 187 by a factor of at least 4.

11.8. Gas-oil Ratios in Porous Media Carrying Gas and Oil as
Homogeneous Fluids.—While the problem of analyzing theoreti-
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cally the gas-oil ratios to be expected of wells producing both gas
and oil must ultimately be treated from the point of view that the
gas and oil within the underground reservoir form a single
heterogeneous fluid, the limiting cases where the gas and oil
zones are essentially separated due to the segregation and
migration of the gas to the upper strata of the pay, or where the
gas and oil flow in two distinet noncommunicating but parallel
zones penetrated by the same well, may be discussed at least
approximately by the laws of flow of homogeneous fluids. The
significance of the gas-oil ratio—defined as the volume of gas,
measured under atmospheric conditions, produced for each
volume of oil—is that it is a direct measure of the efficiency of
the production, and determines the ultimate recovery of oil
to be expected from the oil reservoir. For if R; is the initial
reservoir gas-oil ratio, p; the initial reservoir pressure, and if 2
is the average gas-oil ratio until the average field pressure has
fallen to p, the fractional recovery of oil P from the sand at
the time corresponding to $ is given by the relation

Rpi

The equality applies to cases where there are no free-gas sands,
whether or not in communication with the oil sand, which are
exposed by the well bore and are contributing to the observed
average gas-oil ratio B. If there are such free-gas sands produc-
ing gas through the tubing, the inequality in Eq. (1) is to be
applied.! Except for this qualification, Eq. (1) is true regardless
of the details or method of the production. No assumption is
implied as to the presence or absence of a water drive, that the
gas does or does not obey Henry’s law, that the field is produced
wide open or with back-pressure control, that the well spacing
is wide or close, that the sand is thick or thin, or that the permea-
bility is high or low. A consistently high gas-oil ratio will, there-
fore, necessarily imply a low ultimate recovery, and any method
which will, in a given situation, give the lowest gas-oil ratio must
represent, for that case, the most efficient method of production.
In view of this fact, the importance of noting carefully and
controlling the gas-oil ratio during the course of the production
becomes self-evident.

LIf R; is also taken to include the gas in any such free-gas sands, then
the equality will, of course, still be valid.



Skc. 11.9]  FLOW OF GASES THROUGH POROUS MEDIA 689

As the only control, available at the surface, upon the details
of the flow within the reservoir is that of varying the bottom-hole
pressure by controlling the production rates from the wells, the
essential question with respect to the gas-oil ratio is its depend-
ence upon the back pressure or bottom-hole pressure maintained
at the sand face. It is this variation which will be investigated
here.

11.9. Gas-oil Ratios for Communicating Gas and Oil Zones.—
As is indicated in the diagram, Fig. 264, it will be supposed that
the gas was originally separated

or has been segregated in the well

course of the production in the Gas

upper part of the producing 0

horizon, so that the gas and oil "¢|’e : h y v ¥
. .. l O|| l WL

flow individually as homogeneous { E

fluids with a common interface. o .

. 1G. 264.—Diagrammatic repre-
Although there will be a tend- sentation of communicating oil and
ency for the gas to cone down free-gas zones exposed by the same

. . well bore.

and induce a gravity flow and
vertical velocities in both the gas and oil zones, we shall, as a first
approximation neglect them, and take the horizontal velocity
components as uniform over the cross section of the flow channel.
Furthermore, since the oil and gas have a common interface, the
pressures in the two fluids must be the same on the two sides of
the interface, and hence by the above approximation the fluid
heads will be the same over any vertical cylinder in the sand
(coaxial with the well) whether one refers to the gas or oil zone.
Denoting now by y(r) the height of the interface at r, and by
Q,, Q,, the rates of gas and oil production from the two zones,
it follows from the fundamental laws of gas and liquid flow
through sands, that of the former being under isothermal condi-
tions, that under steady-state conditions

Q ’f@-i";l@f‘g'i [ef. Eq. 11.3(2)] 8

_ 2xwkry op
Qo - o 5;? (2)

where h is the total sand thickness, u,, u, are the viscosities of
the gas and oil, respectively, p is the pressure at r, and @, gives
the gas volume at atmospheric pressure.
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Although in addition to the flow, @, due to the radial
pressure gradients, there will also be a gravity component, it
can be shown by a separate calculation that its effect on the gas-
oil ratio will be entirely negligible. One may, therefore, take
Q,/Qo for the gas-oil ratio, or

_ Q_{( — I“o(h _ y)p
k= Q, oY (3)

As this ratio, under steady-state conditions, must be evidently
the same for all values of 7, R may be computed from the value
of p and y at the back of the sand, 7.¢., at a large distance from the
well. Hence,

_ mope(1 — y./h)

k= ﬂﬂye,/ h <4)
where p. is the reservoir pressure, and y./h is the fraction of the
total sand thickness saturated with oil at a large distance from the
well. As Eq. (4) does not involve the well pressure p., it is
seen that for the present case the gas-oil ratio is directly pro-
portional to the reservoir pressure but is independent of the back
pressure.

As the sand is depleted, however, p. and y. will decrease and
R will change, although at any given time R will remain fixed
regardless of variations in the back pressure or production rates.
If it be assumed that y. decreases linearly or even more rapidly
with decreasing p., R will increase as the sand becomes depleted.

To complete the physical picture for this type of production,
we shall compute the shape of the gas-oil interface and pressure
distribution under the approximations already indicated. Thus
multiplying Eq. (1) hyp, and Eq. (2) by wp and adding, 1t is
found that

3122 - QONO Qal‘u,
or wkh p wkh

the solution of which 1s

7

re _ Y _a, p.+Fa/b}
IOg 7 - bl:pe D b IOg D F a/b] (5)
where

a = Qa#a . b = QOﬂo (6)

= oxkh’ " onkh
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The ratio a/b may be found from the relation

a 1 —y./h
b~ gk P
which follows at once from Egs. (4) and (6); and b may be com-
puted by setting r = r,, the well radius (where p = p.), in
Eq. (5).
Assuming for a practical example that

% =0.9; p.=T70atm.; p.= 10 atm.; i- = 2,000,
and computing the pressure distribution from Eq. (5), and then

the shape of the gas-oil interface by means of Eq. (3), the results
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Fic. 265.—The shape of the interface (y/h) and pressure distribution {(»/ps)
in communicating oil and free-gas zones. y = height of gas-oil interface above
the bottom of the sand. A = total thickness of gas and oil sands. I:y/h;
11: p/pe; I11: p/p. for gas zone if isolated; IV: p/p. for oil zone if isolated. p. =
reservoir pressure (at r) = 70 atm. y./h = 0.9; well pressure = 10 atm.

are those shown in Fig. 265. It will be seen that the coning
effect of the gas is very localized about the well, although the oil
surface at the face of the well is depressed to 62 per cent of its
height at the back of the sand. This pressure distribution in
the composite system may be compared with those of the dotted
curves giving the distributions that would exist in the gas and
oil zones if they were not connected.

These curves show the physical reason for the coning of the
interface when the gas and oil zones are interconnected. For
owing to the higher pressures in the gas zone it would naturally



692 FLOW OF GASES THROUGH POROUS MEDIA |[Crar. XI

tend to depress the oil surface if it were permitted to react with
it freely. In the equilibrium state the resultant distribution
should evidently be an average between those for the isolated gas
and oil zones, as curve II actually proves. The fact that this
resultant pressure distribution lies closer to that of the liquid is
clearly due to the assumption that the oil zone is nine times as
thick as the gas zone (y./h = 0.9), so that the effect of the latter
is essentially like that of a small perturbation upon the oil zone.
11.10. Gas-oil Ratios for Noncommunicating Gas and Oil
Sands.—As in the present case the gas zones and oil zones may
lie in entirely unrelated sands, though penetrated by the same
well, the reservoir pressures for the two zones need not neces-
sarily be the same. Denoting

Peg Gas kg lhg Pw the reservoir pressure for the
SCoressostaisrosesessse s oassesorses gas by p., and that for the oil
, Deo, One may distinguish be-

Peo oil ko Mo Pu tween three possible cases,
"' namely, Doy > Peo; Peg = Deo;

F1a. 266.—Diagrammatic representa- and p,, < p.. In all cases, of
tion of noncommunicating oil and free h 1 1 will
gas zones exposed by the same well bore. COUISE, the well pressures® wi

be taken the same, and will be
denoted by the symbol p,,. The thickness of the gas and oil zones
will be denoted by h, and h,, and their permeabilities by %k, and k,
(¢f. Fig. 266).
Applying, then, the formulas for steady-state gas and liquid
radial flow, the gas and liquid volume-production rates will be
given by

— wkoh, (p692 - pwz)
Q(l - Lo lOg 7_e/rw + ROQO; (1)
- 2 koho e0 — Pw
Q. = 2FFohe (Peo — Pu) )

po log re/ry ’

where R, represents the gas-oil ratio due to any other gas in the
system besides that in the noncommunicating zone, assuming
that this gas does not destroy the validity of Eq. (2) for the flow
of the oil, and that the gas-oil ratio R, is independent of the back
pressure.

1To be exact, the well pressures minus the fluid heads from the top of the
sand will be the same in both zones, but since the reservoir pressures also

involve these corrections there will be no net error in using simply the
pressures.
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The resultant gas-oil ratio will, therefore, be

Q, - c(Peg® — Pu?)
k= =R+~ 3)
Qo 0 Peo ™ Puw ’ (
where ¢ is the constant: k,uoh,/2k.usho.

Since, however, B, has been assumed to be independent of the
back pressure, it may be omitted in the discussion of R as a
function of p.; only the last term nced, therefore, be considered
as

A
2 __ 2
R = C(peg Pw ) (4)
Peo — Puw R
The detailed variation of R with p, ©

may be seen from the slope of the R
versus p, curves, which is given by )

- —— — ————— — - ——

Peg?/Peo

R g — Peo® ‘>pw
5---==c[14—%%___—1’—)—2 NG Peo

Du DPeo Pw Fi1g. 267.—Diagrammatic

. representation of the varia-

It follows at once that if tion of the gas-oil ratio (R)

with the back pressure (D)

(@) Peg > Deoy if the reservoir pressure in

the free-gas zone (pg)

oR exceeds that in the oil zone

Eyey > 0 and increases as the back (p.). ¢ = kouohg/2kopgho,
Puw L. where the subscripts g, o
pressure is increased to the value of the refer to the gas and oil zones

reservoir pressure in the oil zone. The of thickness s, k.
gas-oil ratio curve will be of the form given in Fig. 267.

() Doy = Peoy

gﬁ—c—-cont
0P St
R = c(p. + pw).

The gas-oil ratio here, therefore, increases linearly with the back
pressure, as shown in Fig. 268.

(€) Py < Peoy

OR

0Pw

to the gas-reservoir pressure, the gas-oil ratio due to the free gas

zone finally going to zero as p., is reached. The shape of the
curve is given in Fig. 269.

> 0, for p, ~ 0, but changes sign before p, is raised
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Under no circumstances will there be a minimum in the gas-
o1l ratio.

i
. R
R | c
[+ ]
1 2
Pe | Peg/Peo
1 - I
Pe Pw Peg Pw
Fig. 268.—Diagram- Fia. 269.—Diagrammatic repre-
matic representation of the sentation of the variation of the gas-
variation of the gas-oil oil ratio (R) with the back pressurc
ratio (RB) with the back (pw) if the reservoir pressure in the
pressure (p,) if the reser- free-gas zone (p.y) is less than that in
voir pressure in the free- the oil zone (p,), the notation being
gas zone (pe) equals that the same as for Fig. 267.

in the oil zone (pe), the
notation being the same as
for Fig. 267.

With respect to the variation of the gas-oil ratio with the rates
of oil production, one need only reverse the scale of p,. The
above results will then take the form:

(a) pey > Pwo: R increases (more rapidly than linearly) as the
production rate decreases. It becomes infinitely
large as the back pressure is increased to the oil-
reservoir pressure, corresponding to a bleeding
off of the gas while the oil is not being produced
at all.

(b) pey = Peo: R increases linearly with decreasing production
rates.

(€) Pey < Peo: As the production rates decrease the gas-oil
ratio slowly rises to a maximum, and then decreases
to a value lower than that for wide-open flow as
the production rate is still further decreased.

It is to be understood, of course, that the assumed constant
gas-oil ratios R, due to the other gas in the system are to be added
to the ratios indicated above. Furthermore, it is to be noted
that since the pressures in free-gas zones will in general tend to
decline more rapidly than those in oil zones, gas-oil ratio curves
which are initially of the form of Fig. 267 will tend to change
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to that of Fig. 268 and possibly also to that of Fig. 269 as the
sand as a whole becomes depleted.! The details of this trans-
formation will depend essentially on the relative permeabilities
of the free gas and oil sands, their relative reservoir volumes, and
on the differences in original reservoir pressures.

It may be also noted that insofar as Eq. (4) remains valid, the
numerical value of the gas-oil ratio will decrease with decreasing
reservoir pressures as the sand is depleted, provided the ratio
Peg/ Peoy f < 1, remains fixed or decreases. This means that for
corresponding bottom-hole pressures the gas-oil ratios should
ultimately decrease with the life of the field. Since the only
change that can take place in the flow in the free-gas zone is
that due to the decline in its reservoir pressure, a rise in the gas-
oil ratio as the oil production declines must be attributed to
changes in the character of the oil sand. These will involve
either or both the decreasing of the liquid permeability due to
the development of gas bubbles in the sand and the development
of a free-gas horizon within the oil sand. These effects will
evidently increase the gas-oil ratio contribution due to the oil
sand, and if the increase more than counterbalances the decline in
the contribution due to the free-gas sand, the resultant gas-oil
ratio will rise as the sands are depleted. In fact, it is usually
observed that the gas-oil ratio of a field does increase during both
its natural flowing life and later pumping stage. This charac-
teristic must, therefore, be due to the effects just mentioned, and
without doubt the most important single factor is the formation
of the free-gas zone overlying the oil horizon, 7.e., the by-pass
zone.? This zone is characterized not by a complete depletion
of the oil and the formation of a ‘‘dry’’-gas channel, but rather
by a higher proportion of free gas than exists at lower levels in
the sand so that it will permit by-passing much as if it were such
a channel.

1 The development of a large differential between p., and p., will, however,
be counteracted by the tendency of the oil zone to “‘repressure’”’ the gas zone
through the well bore, if p., should fall appreciably below pe..

t In fact, recent studies of the flow of heterogeneous fluids through sands
(M. Muskat and M. W. Meres, Physics, T, 346, 1936) show definitely that
both the empirically observed minima in the gas-oil ratio versus production-
rate curves and the monotonic rise in the gas-oil ratio with the age of a field
can be explained as consequences of the variations in the permeability of the
sand with changes in its liquid and free-gas contents.
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11.11. The Effect of the Tubing on the Gas-oil Ratio.—The
analysis of the last two sections was based on the assumption
that the gas-oil ratio was determined only by the bottom-hole
pressure and not by the apparatus in the well bore. Further,
it was explicitly assumed that the bottom-hole pressures p.
were always the same for the oil and gas sands. Although the
results obtained on this assumption will still remain valid, for all
practical purposes, when the
sands are thin and the produc-
tion rates are high, they do
need some modification when
applied to thick sands produc-
: ing at low-pressure differentials

ey Fr——————  and when the tubing is set below
<7 dNg zone  the top of the producing sand.
Py "’?*7 777,77 Pe To see the nature and mag-

/ho, Oil zoné  nitude of the modification, we

A
////A//i é W %// ///7 shall consider again in some
. detail the calculation of the

F16. 270.—Diagrammatic representa- il ratio f d d
tion of adjacent oil and free-gas zones gas-ol ratuio 1or a sand prodauc-
producing through tubing set above the ing gas and oil from adjacent
top of the gas zone. .

gas and oil zones.

Thus if the pressures at the interface between the oil and gas
zones be denoted by p., and p., the differential pressure acting
on the oil zone will be p. — p.,, whereas in the gas zone it will have

an average value of p, — (pw — ‘Y'(’;h") where v is the density

of the oil-gas mixture and &, is the gas-zone thickness (¢f. Fig.
270).! Now if the bottom-hole pressure be kept fixed, the above
pressure differentials, and hence the oil and gas-production rates
and their ratio, will be independent of the position of the tubing
as long as it is kept above the top of the sand.

If, however, the tubing is lowered below the top of the sand,
even though p, is kept fixed, there will be a change introduced
in the relative pressure differentials acting on the gas and oil
zones. For simplicity it may be supposed that the tubing
is lowered just to the top of the oil zone (¢f. Fig. 271). The
total pressure differential acting on the oil will then still be

! Here, as in all the discussions of this work, the dynamical-friction drop

along the producing sand face due to the flow of the fluids into the flow
string is neglected.
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Ps — Pw. But in the gas zone there will now be the same
differential of p. — pw, since the sand face opposite the gas zone
must now be exposed to gas (of negligible density) at pressure
Pw. The rate of gas flow, @,’, with this lowered tubing will,
therefore, be less than that with the higher tubing, @,. And,
in fact, their ratio will be

! 2 . 2 14
I'g 2 . ’yghg
pe - (pw 2 “‘)

which will also represent the ratio between the gas-oil ratios after
and before lowering the tubing.

b,

; /// /7)”,%//// 7

h0 Oil zone

//////7//,1///////

F1g. 271.—Diagrammatic representation of adjacent oil and free-gas zones pro-
ducing through tubing set at the bottom of the gas zone.

;pe

Lowering the tubing will, therefore, lower the gas-oil ratio by
effectively increasing the back pressure on the gas zone as
compared to that in the oil zone. The quantitative features of
the effect of lowering the tubing may be seen from Fig. 272,
which gives R'/R, of Eq. (1), plotted as a function of the pressure
differential p, — pw, the reservoir pressure being taken as 1,000
1b. and the gas zone thickness as 25 ft. As should be expected,
the effect decreases as the pressure differential increases, since
the fluid head of 25 ft., which gives the increased back pressure
on the gas zone when the tubing is lowered, becomes a small
fraction of the total pressure differential when the latter exceeds
about 100 Ib. As to the effect of the absolute value of the reser-
voir pressure, R’/R remains practically constant down to values
of p. of 100 lb., when it begins to increase appreciably over the
values of Fig. 272.
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When the tubing is not set exactly opposite the gas-oil zone
interface, the expression for R’ becomes more complex. As
long as it does not reach below the top of the oil zone, the back
pressure on the latter will be unaffected and only that on the
gas zone will be raised. When, however, the bottom of the tubing
is opposite the oil zone, there will be effective back-pressure
increases on both the oil and gas zones. Denoting by k, and &,
the thicknesses of the gas and oil zones, respectively, by 5. and
D the reservoir pressure and bottom-hole pressures, as reduced
to the level of the gas-oil interface with the tubing set above the
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Fii. 272.—The effect on the gas-oil ratio of lowering the tubing as a function
of the flowing pressure differential. R’/R = (gas-oil ratio after lowering the
tubing to the bottom of the free-gas zone) /(gas-oil ratio with tubing set above the
free-gas zone); gas-zone thickness = 25 {t.; reservoir pressure = 1,000 lb.; oil
density is taken as 0.8 g./ce.

gas zone,! and by h, the total depth of the bottom of the tubing
below the top of the gas zone, and neglecting the drop in pressure
along the gas column within the well bore, it may be readily shown
that

for hy < hy,:

(hy — ho{fm ~ [p - M]} + hipe —
[pw — 'Yg(ha —“ ht)]z} .

R ’

|

2)

1 B, Pw are therefore the true pressures p., p» at the base of the oil zone
minus the oil-zone head vgh,, neglecting the difference between the density
of the fluid in the flow string and the oil within the sand body.
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for hy > h,:
R _ ho(Pe — Pu) (et — [Pu + vg(hs — hy)]?) (3!

[ha(ﬁe ~ Pu) — 3/ég(h, -~ hg)?:l[i)ez _ (ﬁw _ 'yg2hg> ]

where R’ and R are again the gas-oil ratios after and before the
lowering of the tubing, it being assumed throughout that the flow
takes place in horizontal planes.
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F1a. 273.—The effect on the gas-oil ratio of lowering the tubing as a function
of the depth of the tubing below the top of ihe free-gas zone. R’'/R = (gas-oil
ratio after lowering the tubing) /(gas-oil ratio with tubing set above the free-gas
zone); reservoir pressure = 1,000 lb.; bottom-hole pressure = 980 lb.; free-gas-
zone thickness = 25 ft.; oil-zone thickness = 50 ft.; oil density is taken as
0.8 g./cc.

The effect of lowering the tubing as a function of the depth
below the top of the gas zone is shown graphically in Fig. 273, as
computed from Egs. (2) and (3) with the constants p. = 1,0001b.,
P = 980 Ib., h, = 25 ft., h, = 50 ft., and v = 0.8 gm./cc.
It will be seen that if the tubing is lowered to the bottom of the
sand, the gas-oil ratio under the above conditions will be lowered
to less than one-fifth of its original value. And it may be noted
that since the gravity flow in the oil zone that will be induced

! For this case where the fluid level in the well bore is depressed to the
bottom of the tubing, and hence below the top of the oil zone, the flow in
the latter will be a composite radial and gravity flow and should strictly
be computed by the formulas of Chap. VI; to show the general nature of the
effect, however, the simpler formula of Eq. (3), based on two-dimensional
flow in both the oil and gas zones, should be adequate.
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when the tubing is set below the top of the oil zone was neglected
in deriving Eqs. (2) and (3), the actual lowering of the gas-oil
ratio will be even somewhat greater than that given by Fig. 273.

As a final point concerning the effect of the tubing on the gas-
oil ratio, which may be studied by means of Eqgs. (2) and (3), it
is of interest to examine the relation of R'/R to the total gas- and
oil-zone thicknesses. For this purpose one may suppose that
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Fig. 274.—The effect on the gas-oil ratio of tubing lowered to the bottom of the
producing sand as a function of the total sand thickness. R’'/R = (gas-oil ratio
after lowering the tubing)/(gas-oil ratio with tubing set above the free-gas
zone); jreservoir pressure = 1,000 Ib.; oil-zone thickness = 2 gas-zone thick-
negs. I. Flowing pressure differential at the level of the gas-oil-zone inter-
face = 20 lb. II. Flowing pressure differential at the level of the gas-oil-zone
interface = 50 lb.; o1l density is taken as 0.8 g./cc.

the tubing has been set to the bottom of the producing sand,
i.e., hy = h, + h,. Equation (3) then reduces to

R _ (Pe = PP’ — (P + vgho)?] (4)

I AV _ ho)’
(.- 7= (- )

Taking again p. = 1,000 lb. and supposing that the gas-zone
thickness h, is always half of the oil-zone thickness ko, Eq. (4)
is plotted in Fig. 274 as a function of the total sand thickness,
for pressure differentials of 20 1b. (§, = 980 Ib., curve I) and
50 1b. (. = 950 lb., curve II). These curves show clearly the
increasing effect of lowering the tubing for the thicker sands.
Curve I further brings out the fact that if the sand is so thick
that its equivalent fluid head equals the pressure differential on
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the sand, the added back pressure due to this fluid head may
completely stop the flow of gas from the gas zone and reduce the
gas-oil ratio to zero. Of course, this vanishing of the gas-oil
ratio, as well as the ordinates of all the plots of this section, refers
only to the free gas coming from the free-gas zone immediately
above the oil zone, for it is only this gas flow which can be
affected by the tubing position.

It should also be observed that all the above discussion has been
based on the assumption that the gas has no avenue of escape
from the sand except through the tubing, so that as the latter is
lowered below the sand face the fluid level between the tubing
and casing is depressed to the bottom of the tubing as illustrated
in Fig. 271. If, however, the casing is not gastight and
permits the gas to escape, the fluid head in it will not necessarily
be depressed even as low as the top of the sand. In such cases
no effect upon the gas-oil ratio on lowering the tubing should be
observed. As a corollary to these considerations, it follows that
if the casing is gastight the casing-head pressure should always
be equal, except for the weight of the gas and variations due to
surging, to the pressure at the bottom of the tubing, even if it is
above the sand face; hence it should increase as the tubing is
lowered. If this is not the case, and the casing-head pressure
corresponds to a fluid head above the sand face even when the
tubing is lowered below the top of the sand, any changes—for
the same oil-production rate—that may be observed in the gas-
oil ratio must be regarded as spurious and attributed to a redis-
tribution in the same total amount of gas leaving the gas zone
between the components leaking out through the casing and that
leaving the well bore through the tubing. There appears to be
no other alternative, if one is to retain the fundamental principle
that the flow of oil or gas from producing sands of given geometry,
permeability, and reservoir pressure is determined only by the
back pressure maintained at the sand face exposed by the well
bore.

11.12. Gas Coning in Tubed Wells.—The discussion of the
last section, leading to Eqs. 11.11(2) and 11.11(3), implied that
even though the tubing was set below the bottom of the gas zone
the gas would flow down against the differential action of gravity
and escape from the sand at the bottom of the tubing. Such a
condition of flow is evidently equivalent to that in the case of



702 FLOW OF GASES THROUGH POROUS MEDIA [Crar. XI

water coning discussed in Secs. 8.10 and 11.7 in which the water
rises against the differential action of gravity. While the analysis
for the problem of water coning was rather involved owing to
the necessity of taking into account the pressure distribution
immediately below and surrounding the well bore, the fact that
the well bore penetrates also the zone of the coning fluid con-
siderably simplifies the analysis of the problem of gas coning,
so that one can give not only the critical conditions for the
suppression of the cone but also a good approximation to the flow
conditions after the cone has broken through.

Thus by neglecting the pressure drop along the gas column in
the well bore, the pressure along the sand face opposite the gas
zone may be considered as uniform, so that the flow in the gas
zone after the cone has broken through is still essentially radial,
except for the depression in the oil-gas interface, which is highly
localized about the well bore (¢f. Fig. 265). Similarly, the flow
in the oil zone may be approximated by that in two adjacent
radial systems (except for the correction indicated in the footnote
on page 699). Indeed, it is by means of these representations
that Eqgs. 11.11(2) to (4) have been derived. The gas-oil ratio
(the gas being that only from the gas zone) under the condition
of gas coning therefore will be, by Eq. 11.11(3),

R = #okaha{ﬁez — [Pw + vg(he — hd)lz} , (1)
2#0"70[”'0(1-’6 - T’w) - :Yéq(ht - ho)z]

in the notations of Eq. 11.11(3), k, and %, being the permeabilities
of the gas and oil zones, respectively.

The vanishing of R’ clearly means that gas coning is not taking
place, and that the fluid level between the tubing and sand face
lies statically above the bottom of the tubing. This condition
will occur when

Po — Pv = Pe — Du £ vg(he — hy), (2)

where the equality gives the critical condition, and the inequality
implies the existence of stable gas cones lying statically above the
oil zone. Since p, and p, are the reservoir and well pressures, as
measured as the bottom of the oil zone, it is seen that there will
be no gas coning as long as the total pressure differential in the
system (p. — p») does not exceed the equivalent of the fluid
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head between the top of the oil zone and the bottom of the tubing.
When this fluid head is exceeded, the gas zone will contribute to
the total gas-oil ratio of the well by an amount approximately
given by Eq. (1).

As the distance between the bottom of the tubing and the
bottom of the well bore (h, + h, — h;) represents the effective
well penetration with respect to the production of the gas from
the upper gas zone, Eq. (2) shows that the critical-pressure
differential for gas coning decreases linearly with increasing
effective well penetration, assuming that the real penetration
through the oil zone is complete. This may be compared with
the case of water coning in which this pressure differential falls
much more rapidly for high and low penetrations than for
moderate penetrations (¢f. Fig. 187). Thus while the critical-
pressure differentials for water coning may be some ten times as
large as the fluid head of an oil column of height equal to the
thickness of the oil zone—the maximal differential possible with-
out gas coning—this differential will be much more sensitive to
the effective well penetration in the case of water coning than
for gas coning.

These differences are clearly due to those in the details of the
pressure distribution in the immediate vicinity of the well bore.
For in a real partially penetrating well underlain by water the
pressure distribution below the well is approximately spherical,
and the pressure gradients are highly concentrated about the well
bore, thus leaving only a small fraction of the total pressure
differential to lift the water into the well. In the present case,
however, where the well actually penetrates both the gas and
oil zones, the pressure distribution is almost exactly radial, and,
except for the fluid head of the oil column, the same total dif-
ferential pressure acts on the gas zone as on the oil zone. Hence
it is only necessary for the total pressure differential to exceed
this fluid head to make the gas cone down and enter the well
through the bottom of the tubing. If, on the other hand, the sand
face is packed off to the bottom of the tubing,! so that the
gas of the gas zone must force itself through the oil zone to enter
the tubing, the problem becomes essentially identical with that of

1 If the packer is set only opposite the gas-oil interface, there will be but

little effect in suppressing the cone, as a short packer will not appreciably
concentrate the pressure gradients about the well bore.
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water coning studied in Chap. VIII, and all the results for the
latter problem will be applicable to the case of gas coning, with
the only change that the critical-pressure differentials and
production rates of Figs. 187 and 188 must be multiplied by the
density of the oil divided by 0.3.

11.13. Multiple-well Systems.—Just as in the case of artesian
or oil wells, so also in the study of wells producing gas, one
cannot always restrict oneself to the consideration of single wells,
but must also frequently take into account the mutual inter-
actions between the various wells distributed over a given area.
For the steady state these interactions will in general have
exactly the same effect upon the individual well capacities as
in the case of wells producing from water- or oil-bearing sands.
Thus for small groups of wells, the theoretical results are those
already derived in Secs. 9.2 to 9.6, where again the relative
preduction capacities, such as given in Eqgs. 9.3(7), (11), or (15),
are strictly applicable also for gas wells, while the pressure dis-
tributions as given in Egs. 9.2(1) or 9.2(5) must be modified by
the substitution of p**™for p. In a similar manner one may take
over the results derived in Chap. IX for problems involving
linear arrays, including the theory of offsetting, again noting
that in the pressure requirements for the latter—as given in
Sec. 9.14—the pressures must be replaced by the corresponding
values of pi+™.

While the theory of the regular well networks developed in
Chap. IX may be applied to gas wells as well as to those producing
liquids, there is, of course, no practical interest in the problem of
water flooding. For although the pressure in an oil sand may
decline to the atmospheric value after only 15 to 35 per cent of
the original oil content has been taken from the sand, the com-
plete depletion of the pressure in a gas sand necessarily means a
recovery of all but 1/p of the gas originally in the reservoir,
p being the original reservoir pressure in atmospheres. Thus if
the original reservoir pressure is 50 atm.—corresponding to a
depth of some 1,700 ft.—the recovery will be 98 per cent when
the sand is depleted. Artificial recovery methods as that of
water flooding are, therefore, of no interest whatever in the
production from gas fields.

11.14. The Nonsteady-state Flow of Gases through Porous
Media,—Strictly speaking, there are probably no cases of actual
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field production from gas reservoirs in which the conditions of
flow are exactly those of the steady state. For if the gas reser-
voir is limited in extent, the removal of the gas through the
producing wells will deplete the sand pressure so that the fluxes
from the wells will continually decrease if the pressures at the
wells are kept ‘““steady.” And if the reservoir is bounded by a
water sand, it will still be unlikely, in most cases, that the
encroachment of the water will suffice to maintain the reservoir
pressure. For assuming a gas-production rate per well of 105
bbl. (at atmospheric pressure)/day (~ 5.6-10° ft.3/day) it
would require a water encroachment rate of 100,000 bbl./day to
maintain the pressure (~ 100 atm.) in a field drained by only
100 wells. Such encroachment rates, however, are probably
considerably higher than those usually encountered in practice,
and, as is actually observed, the pressures in most gas fields do
decline quite rapidly.

Of course, the same considerations apply in principle to the
production of liquids from porous reservoirs. There, however,
the transients in the system (due to the fluid compressibility)
are inherently of longer life, and furthermore the rates of fluid
depletion are considerably slower owing to the small production
capacities—of the order of 1,000 bbl./day—compared to those
of gas wells. In fact, the relative rates of decline in transients
in gas and liquid systems may be readily estimated as follows:
Taking the particular case of isothermal gas flow (m = 1), it
is seen from Eq. 11.1(2) that the time will enter in the expres-
sion for y? essentially as ki/fy.u. Now for a given sand, f and
k will be independent of the fluid, and for ideal gases v, = w/RT,
where R is the gas constant per mol, w the molecular weight, and
T the absolute temperature. Hence, for isothermal gas flow,
¢t will enter in «? essentially as tRT /wu, so that the time rate of
change in the system will be proportional to RT /wu. For com-
pressible liquids, on the other hand, it follows similarly from
Eq. 10.1(7) that the time rate of change will be proportional to
1/Bu [¢f. also Eq. 10.1(5)].

Now for a gas such as methane, RT/w ~ 1,500, whercas B
has a value for water and mineral oils of the order of 5. 1075
The viscosity, however, for water or mineral oils is of the order of
10 — 10% times that of methane. Hence from the resultant of
these two factors, it follows that the rate of decline in a gas
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reservoir under isothermal conditions will be of the order of
10-100 times as large as in one containing a gas-free but com-
pressible liquid. Apparently, then, the low viscosity of gases
more than counterbalances their high elasticity in giving rise to
very rapid transients.!

Thus while one may justifiably approximate many of the
problems of liquid flow by those of the steady state, this approxi-
mation will in general be invalid in the case of gas-flow systems.
For these the transient behavior will in all practical cases be the
predominating feature. Unfortunately, however, the exact
treatment of such transient states necessitates the solution of the
nonlinear Eq. 11.1(2), for which it has as yet not been possible
to construct analytic solutions. We shall, therefore, introduce
some physical approximations which will simplify the analytical
problem and make it tractable.

Returning to Sec. 10.13, it will be recalled that if a closed sand
containing a compressible liquid is pierced by a well of a given
(uniform) flux, the pressure distribution in the system first
undergoes a very short-period transient, during which the pres-
sure about the well develops an essentially logarithmic distribu-
tion and that at the external boundary assumes a linear rate of
decline (¢f. Fig. 256). After this period—of about an hour in
Fig. 256, where the constants are such as to give relatively long
transients—the system enters a transient state in which the pres-
sure decreases uniformly over the whole sand at a rate propor-
tional to the flux rate from the well, the distribution within the
sand being, for practical purposes, identical with the steady-state
distribution except very near the external boundary. In fact,
the total pressure drop between the closed external boundary
and the well is only 7 per cent less than what it would be in a
steady state-flow system with the same flux. Thus as pointed
out in Sec. 10.13, the production from the reservoir after the first
transient has passed may be considered as supplied by an equiva-
lent density decline distributed uniformly over the reservoir, the
instantaneous pressure distribution differing only slightly from

! The fact that Eq. 11.1(2) involves y? (for m = 1) whereas Eq. 10.1(7) is
linear in v does not invalidate this comparison. For if Eq. 10.1(8) is approx-
imated by ¥ = vo(1 + 8p), it is found that the equation for v for compres-
sible liquids takes exactly the same form as for gases, i.e., it also involves
V24?2 rather than v2y.
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that of the steady state. Formulated more precisely, the real
system may be approximated by one which undergoes a ‘con-
tinuous succession of steady states,” the time entering only as a
parameter in the boundary conditions which are taken to vary
in such a manner as to give the preassigned flux in the system.

Although there are available no rigorous solutions of the non-
linear Eq. 11.1(2) to use as a test for this approximation in the
case of gas-flow systems, there seems to be no reason why the
approximation of the continuous succession of steady states
should not give as good a representation of the actual flow condi-
tions in the case of gas flow as for the flow of a compressible
liquid. On the contrary, owing to the higher pressure gradients
in the gas-flow system about the output well, and correspondingly
lower gradients at the external boundaries, than in a compressible-
liquid system—for equal total pressure differentials—the error
due to the extrapolation of the logarithmic steady-state dis-
tribution to a closed external boundary should, therefore, be
even less in the former case than in the latter.! Furthermore,
this long-period fundamental transient of the succession of steady
states will be more quickly established for gas-flow systems—
the short-period transient immediately following a change in
the boundary conditions dying off more rapidly—than for
compressible-liquid systems, thus giving relatively smaller errors
when neglecting the finer details of the early short-period
transients.

In view of these considerations, the problem of the nonsteady-
state flow of gases through porous media may be reduced—approx-
imately, of course—to that of finding the steady-state pressure
distributions, and then the time variation of the boundary condi-
tions complementary to those originally preassigned in such a
way that the latter are satisfied. It is because of this reduec-
tion of the rigorous problem of solving Eq. 11.1(2) that we have
outlined in the preceding sections of this chapter the nature of

1 Even so, the approximation will probably be unsatisfactory if applied to
linear systems, as then the gradients in the steady state fall off much more
slowly with increasing distance from the outlet surfaces, so that it will
afford a poor approximation at an external closed boundary where the actual
boundary requirement would be that the gradient be zero. In most prac-
tical problems, however, the outflow surfaces are of appreciably smaller

area than the external boundaries, so that the flow systems may be repre-
sented geometrically as radial rather than linear systems.
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the steady-state solutions corresponding to the various types of
problems treated in Part II, although these steady-state solutions
are not of great interest in themselves. Now that they are avail-
able, the problem that remains is that of forming the proper
continuous sequence of these steady-state solutions so as to
correspond to the particular transient problem of interest.

Because of the essentially transient character of all gas-flow
problems of practical interest, the only external boundary condi-
tion of practical significance is that of vanishing flux, correspond-
ing to a closed reservoir. With respect to the outlet wells, the
conditions may be either that of preassigned flux or pressure.
In the following we shall present the solutions for the case where
the gas reservoir is drained by a single well, either at a constant
pressure or with a constant production rate. The methods
given for solving these problems may be applied to the more
complex cases involving the other steady-state solutions discussed
in Secs. 11.2 to 11.13.

11.16. A Closed Gas Reservoir Drained by a Well Producing
at Constant Pressure.—Although, as pointed out in the last
section, the initial transient during which the system adjusts
itself to a uniform drainage in a continuous succession of steady
states is of very short duration—less than an hour in the example
discussed numerically below—we shall show for the present case
how even this transient can be treated to essentially the same
approximation as the later and fundamental transient decline
of the system. For this purpose it is convenient to introduce
the concept of a “radius of drainage,” which recedes to the
boundary of the reservoir as the steady-state condition is estab-
lished. That is, the ““radius of drainage’ gives the distance from
the well to which the approximately steady-state distribution
has been established, and the production during the initial
transient is simply the rate at which gas is removed from the
system in the establishment of this steady-state distribution,
it being assumed that no gas is removed from any point until the
radius of drainage has passed that point.

Considering, then, the specific problem of a closed reservoir
of radius 7, and a central well of radius r,, and assuming that
the initial reservoir pressure is p; and that the well pressure is
permanently maintained at p,, the production rate per unit sand
thickness at a time { when the ““radius of drainage’ has receded
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to the radius ro will have the value [¢f. Eqgs. 11.3(2), 11.1(3) and
Fig. 275]

. wkAy?
Q HYo log 7O/Tw ZWfatl:f ‘Yrd, + f T d7 } (1)

vo = v(p = 1); Ay? = v — vu?; vi = vl =0), (2)

where

and where for simplicity m has been taken as 1, the value for
isothermal flow.
By introducing the notation

TQ == M -1: =
2 log = 2 log m 3) ‘ﬁ
. %
and applying Eqs. 11.3(1) and 11.1(3),
Eq. (1) may be rewritten as

’Yoﬂ-f Tw? yeydy 4)
0 (A‘yz/ 2)y + v»i% ( Fia. 275.

In principle, Eq. (4) permits the determination of ¢ as a function
of 2z, or of ry as a function of ¢, and hence the time variation of
Q, on the application of Eq. (1), until r, recedes to the reservoir
radius r.. To show the nature of the process, it will be sufficient
to choose the case where p, = 0(= v.), when Eq. (4) can be
reduced, by partial integration, to the form

_myvofrt (P, E 5
L= (e — e?)dy, (5)

which is rather convenient for graphical integration, giving,
when evaluated graphically,

0.4967
et =01 41, 068<4k t) 2('“7’3) (6)
w j%u s yj

except when { ~ 0.
With the constants

f=02; k = 1 darcy; ¢ = 0.012 centipoise;
p. = 100 atm.; e = 34 ft., (7)

Eq. (6) is plotted in Fig. 276 as curve I. It will be observed that
the “radius of drainage’ recedes extremely rapidly, growing to
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a radius of 100 ft. in about 1 min., and reaching the effective
reservoir boundary (r, ~ 500 ft.) in less than half an hour, thus
confirming the conclusion stated in the last section that the
initial transient is of very short duration.

The production rate, which is given during this initial transient
by

_ 2rkyop,t _ 3.50 - 103
wz 2

Q

gm./sec./cm. =
(4.87 - 108/2)cu. ft./day/ft. (sand), (8)

is plotted as curve II, with the constants asin Eq. (7) and v, taken
as 6.68 -10~* gm./cc., the atmospheric density of methane
(at 20°C.).
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F1g. 276.—The production rates and recession of the “radius of drainage”
during the initial transient about a gas well under isothermal-flow conditions.
1. Extent of the ‘“‘radius of drainage” in feet. II. Production rate in 105 cu.
ft./day/ft. sand. k = 1 darcy; p = 0.012 centipoises; f = 0.20; initial reservoir
pressure = 100 atm.; well radius = 14 ft.

The total production during this period is evidently given by
the difference between the initial mass of gas in the reservoir and
that still left in the reservoir when the radius of drainage r, has
receded to the external boundary r.. Denoting this cumulative

production per unit sand thickness by @, it follows that

- T {1 " 12
O = myi(red — ro?) — 2mys f ] r{b—%-g/-’;—w} dr. (9)

If Q; is the initial mass content of the reservoir, §/Q; can be
expressed as
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a4 _ o (e

Qi 2\/z 0 ‘\/17

where, here and in the following, z = log ;—e—? and ;—i = 2,000.

R0

dy = 0.0338, (10)

This shows again that the initial transients following a dis-
continuous change in the boundary conditions represent only a
very minor part of the whole decline history of a gas reservoir,
After the initial transient has passed, i.e., after the ‘“‘radius
of drainage’’ has reached the reservoir boundary, we shall assume,
as explained in Sec. 11.14, that the reservoir pressure will decline
uniformly throughout, its instantaneous values following a
steady-state distribution. Hence @ will now be given by

2rkAvy? af"
= e = 27 E—J;'yrdz

_ 2 2 ol
- %?f v
0 [A’)’Zg + 'Yw2:|

Q

Again choosing the case v, = 0 = p,. this gives
1 9y, _ —2kz—%
2 - z
-2k T |

N o= 2,000,

so that, with the constants of Eq. (7), and recalling that v = yop,

1 » (13)

pe = ]
[2.039- 102t — to) + F}

where ¢ = {, is the time (in days) when the radius of drainage
reaches the reservoir boundary.
The production rate for the present case (p, = 0) is given by

2
Q = 7k ope = 2.301 - 10—2p,? gm./sec./cm. =

T plog re/Tw
3.201 - 10%p,? cu. ft./day/ft. sand. (14)

Equations (13) and (14) are plotted in Fig. 277. Here again,
the decline is very rapid, the pressure dropping to a tenth of its
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initial value in about 414 days. As to the relation of these
decline curves to those which are observed in practice, it should
be remembered that not only is the assumed permeability of 1
darcy considerably higher than that of most gas sands, but also
the effective reservoirs drained by each well in a field will in
general be appreciably higher than that of 500 ft. assumed here.!
Both these factors will tend to increase the lives of the wells over
that indicated by Fig. 277.
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F1G. 277.—The pressure and production rate decline in a closed gas (methane)
reservoir drained by a single well. I. Pressure (atm.) at the reservoir boundary
(500 ft.). II. Production ratein 2.5:10% cu. ft./day/ft. sand. Initial reservoir
pressure = 100 atm.; sand permeability = 1 darcy.

11.16. A Closed Gas Reservoir Drained by a Well Producing
at a Uniform Rate.—For this case we shall neglect the initial
transient following immediately upon opening the well and thus
disturbing the initial uniform pressure distribution. Rather,
it will be supposed that the ‘“radius of drainage’’ has already
receded to the external boundary of the system, so that the
pressure distribution is about to begin a continuous succession of
steady states. Each of these states will correspond to different
pressures at the well and the external boundary, and the problem
to he solved will be that of finding the decline in these boundary

' The average spacing in the Appalachian gas fields is of the order of one
well to 80 acres, which corresponds to a drainage area per well 4.4 times
as great as that assumed above.
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pressures which will correspond to a uniform flux rate from the
well.

Denoting the flux from the well by Q, it will clearly be given,
just as in Sec. 11.15 by

_ 2rkAyt N
= = 27rf6ter rydr, (1)

where again for simplicity the assumption of isothermal flow has
been made (m = 1), the notation being that used in Sec. 11.15.
Integrating, it is scen that

e ¢ .
JO (Yo — v)evdy = ;f%—y (2)¢

where v, is the density distribution at the initial instant-—after
the passage of the initial transient—and is given by

2

71:2 - w?' f : 27l'k 1.'2 - 'u'a2
Ya (_""_:Y—l‘l‘/ + 'Ywaz; Q = (7 Y ))

3

2 HRY0 ®)
~vi being the initial uniform density before the well is opened to
production, and v.. the density at the well at ¢t = 0. Ixpressing
now v by the relation

9 __ .u'YOQy_*_,Y 2

7T Tork (4)

Iq. (2) can be integrated (graphically) for various values of v,,
giving, when inverted, v, as a function of {. Setting y = 2 in
Eq. (4), the corresponding values of v, will be obtained. When
this process is carried out for the constants

f=0.2; k = 1 darcy; p = 0.012 centipoise;
Te = Y4 ft.; re = 500 ft.; p; = 100 atm.;
vo = 6.68-10~%gm./cc.; Q =5-10%gm./day/cm.sand ~
8.0 - 10* cu. ft./day/ft. sand,

(5)
and the results are converted into equivalent pressure declines,
the curves of Fig. 278 are obtained.

. t
LIf @ is not constant, one need only replace Q¢ by J; Qdt, which can be

considered as a known function of time,.
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It will be seen that for practical purposes the pressures decline
linearly with the time. However, it is to be noted that this
result is due not only to the constancy assumed for @, but also
to the high values of p, over most of the life of the well, so that
the total pressure drop in the system is very small and the internal
pressures are essentially equal

{00
to p. plus small correction
90 terms. Furthermore, it is for
this latter reason that the two
80 curves for the pressure p. at
the external boundary and that
70 at the well p, practically coin-
\ cide until the very last part of
3 60 the decline history of the well.
£ \ For as the flux in a gas-flow
£ 50 system is proportional to the
g \ differences in the squares of the
;éw \ boundary pressures, the pres-

sure differential required to
produce a given flux is inversely

11T

30
A proportional to the average
20 \ pressure in the system.
A In a similar manner more
10 \ complex cases can be treated
I\ | both with respect to the pres-
O 2585 o o5 0o Sure declines for preassigned

Time After Opening Of Well (in days)  flux rates and, as in Sec. 11.15,

Fic. 278.—The pressure decline in a for the production-rate decline
g;s:dsiiagsle(gvl:ﬁh:? et)h;esirx;r:gndrﬁ: e;g for preassigned well pressures.
8- 104 cu. ft./day/ft. sand 1. Pressure 11.17. Summary.—From a
B piho. cxtemal bousdury (00, 1 vical point of view all prob-
radius). Initial reservoir pressure = lems of gas flow of practical
100 atm.; sand permeability = 1 darcy. interest are fun damentally of
the nonsteady state, in which the gas content of, and pressures in,
a closed reservoir continually decline as the wells draining the
reservoir are produced. A strictly accurate treatment of the
gas-flow systems would, therefore, involve the solution of
the nonlinear partial differential equation governing the density
decline in such systems [¢f. Eq. 11.1(2)], and which is analogous

to the linear equation in the density [¢f. Eq. 10.1(7)] for the
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nonsteady flow of liquids, which was solved rigorously for a
number of specific cases in Part III. Fortunately, however,
such a program which would require a numerical treatment of
the nonlinear equation—since there are as yet no general ana-
lytical solutions of this equation—can be reduced to a more
tractable form upon a closer analysis of the physical nature of
the transients in gas-flow systems.

In analogy to the results derived by a strict analysis of the
pressure decline in a closed liquid-bearing reservoir drained by a
single well (¢f. Sec. 10.13), it is to be expected that the transients
in a gas-flow system will in general consist of two types. The
first will be of a very short period, following immediately any
artificial change in the boundary conditions, such as the opening
of a well or a variation in its production rate. Such transients
will precede or be superposed upon the second type, which is that
giving the general decline of pressure in the reservoir or produec-
tion from it, due to its depletion. That the first type will actually
be of extremely short duration follows from the fact that, owing
to the relatively low viscosity of gases, rates of change in gas-
flow systems will in general be many times greater than in liquid-
bearing sands, and for the latter it was seen that the duration of
the initial short-period transients will be only of the order of an
hour. Furthermore, the change in fluid content of a reservoir
associated with this transient will in general be no greater than
about 3 per cent, even if upon opening a well it is suddenly
reduced to atmospheric pressure, the reservoir pressure being
100 atm. For practical purposes, therefore, these-short period
transients can be entirely neglected.

The second type of transient, on the other hand, does represent
the fundamental decline history of a gas-flow system. By
analogy with the result found by a rigorous calculation in the
case of liquid flow, it is reasonable to suppose that it may be
represented by a continuous succession of steady states, in which
the density declines everywhere uniformly at such a rate as to
provide for the instantaneous total flow from the system. In
fact, it is to be expected that such an approximate treatment
should be still more accurate for gas-flow systems than for those
producing liquids. For not only will the readjustments to the
approximately steady-state conditions take place more rapidly
in gas-bearing media, but, moreover, the actual approximation
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of the steady-state pressure distributions, after the passage
of the initial transients, should involve smaller errors in gas-flow
systems, owing to the naturally smaller gradients in the latter at
points distant from outlet surfaces which should strictly vanish
at the outer closed boundaries of the system.

The analytical treatment of gas-flow systems may, therefore,
be divided into a preliminary analysis of the steady-state behavior
of the system, and then a derivation of the continuous sequence
of these steady states appropriate to the particular boundary
conditions that are preassigned. While the steady-state charac-
teristics are thus involved only as a preliminary step in the
analysis, they should give even in themselves a fair representation
of the main features of the flow, especially if the reservoir is large
and the total flow from it not excessive, so that the general
decline in the system is not too rapid. Furthermore, they should
provide a good approximation for the comparative study of
various types of system.

In view of the fact that the steady-state flow of gases is
governed by Laplace’s equation in the dependent variable
p ™ [¢f. Eq. 11.2(1)], where m determines the thermodynamic
character of the flow, the analytical expressions for the solutions
for various problems can be simply taken as those already derived
for the corresponding systems of steady-state liquid flow, also
governed by Laplace’s equation, in Part II. The only change
that needs to be made with respect to the pressure distributions
is the replacement of the pressure p in the expressions for the
cases of steady-state liquid flow by p'*”. And the values of the
mass fluxes for the steady-state solutions for gas flow are to
be obtained from those for the volume flux for steady-state
liquid systems by replacing the p. — p, of the latter by
’Yo(]h”'"’ — pwH—m)

(14 m)
In the case of most practical interest, that of isothermal flow
(m = 1), the above change is equivalent to that of multiplying
the volume fluxes of the steady-state liquid flow by the mean
density in the gas-flow system to get the mass flux in the latter.

Reviewing briefly the types of steady-state liquid-flow systems
discussed in Parts I and II from the point of view of the above
considerations, it may be noted first that for linear gas flow the
pressure distribution will be given simply by a linear variation

, Yo being the gas density at unit pressure.
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of p¥*m.  As to the effect of the thermodynamic character of the
flow, the value of m, on the flow of a gas, it is found that the
isothermal flow (m = 1) will give the least flow, the flux increasing
as the value of m decreases, so that, for example, 16 per cent more
air will pass adiabatically (m = 0.71) through a linear system
(f pi/p: = 0.1) than if it flows isothermally. This result is
due to the higher outflow densities when m < 1, and more than
compensates for the lower outflow-pressure gradients in the
latter case.

For radial-flow systems the quantity p't™ varies logarithmi-
cally with the radial distance [¢f. Eq. 11.3(1)]. When the flow
is not exactly radial, the flux will still be given by the expression
for radial flow, provided only that the quantity (p.'*™ — p,'*tm)
in the latter—p., p» being the external boundary and well pres-
sures—is replaced by its average (p.'*™ — p,'*t™) [¢f. Eq. 11.3(4)].
Moreover, the effect of a noncircular shape of the external
boundary on the flow from the system may be corrected, as in
the case of liquid flow, by simply using for the radius of the
external boundary in the expression for the flux a reasonable
average distance of the well from the external boundary.

The same changes may be applied to give the results for three-
dimensional steady-state gas-flow systems from those developed
in Chap. V for liquids. Thus the pressure distributions for
partially penetrating wells derived in Sec. 5.3 may be applied
directly to wells partially penetrating gas reservoirs by simply
replacing everywhere p in the former by p!t™. The ratios of
the production capacities for various partially penetrating wells
will remain exactly the same as for wells producing liquids in the
steady state. The effect of an anisotropy in the sand permea-
bility for gas wells may be taken over directly from that derived
in See. 5.5 for liquid-producing wells.

Because of the low density of gases and the fact that gases
always completely fill any available space, the effect of gravity
is of no practical significance for gas-flow systems.

The behavior of gas wells draining sands of nonuniform permea-
bility will be formally identical with that for wells producing
liquids. The methods of Chap. VII may be applied to gas wells
both when the sand permeability varies continuously and when
its variation is discontinuous. Limestone-fracture systems bear-
ing gas will be governed by the same theory as those bearing
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liquids and will react to acid treatment in the same way. Like-
wise the effect of sand in the bore of a gas well on its production
capacity will be the same as that calculated in Sec. 7.10 for wells
producing liquids.

While ““two-fluid "’ liquid systems may involve, with reasonable
approximation, either essentially vertical or horizontal interfaces,
a gas in contact with a liquid in the same porous medium and
flowing as a homogeneous fluid will always be separated from the
liquid by an effectively horizontal interface, the gas occupying
the upper layers of the sand.! When the liquid lying below the
gas zone is water, and the well only partially penetrates the gas
zone, there will arise a problem of coning, in which the water
in the lower strata may be elevated into a static cone as the gas
is produced from the upper strata. The formal theory of this
coning problem will be exactly the same as that developed for
the case of water coning in oil production (¢f. Sec. 8.10), the only
changes being the recalculation of the pressure distribution about
the partially penetrating wells used for liquid-bearing sands by
replacing the pressures there by p!*™, and the correction for the
larger density contrast in the gas-flow system. The results of
these corrections will be that the critical-pressure differentials
for water coning for gas wells will be some three to four times as
great as those for oil wells (¢f. Fig. 187), so that water coning will
be more easily suppressed than in the latter case. The general
features of the coning problem, however, will be the same as
for wells producing oil.

A two-fluid problem in the flow of gases that has no analogy of
practical interest in the systems carrying only liquids, arises in
the treatment of the gas-oil ratios—volume of gas, measured
under atmospheric conditions, produced per unit volume of oil—
to be expected of wells producing oil from sands overlain by
gas zones. Idealizing the problem so as to neglect the gas dis-
persed in, and flowing with, the oil, and treating the flow of the
latter as that of a homogeneous liquid and that of the gas in
the gas zone as a homogeneous gas, the flow characteristics of the
combined system can be derived without difficulty. When the
gas zone is contiguous with the oil zone so that the two have a

! An exception is to be noted in the case of large-scale regional migrations
of gas up and down the flanks of an oil-bearing structure into, or out of, a
gas cap.
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common interface, the resultant gas-oil ratio will be directly
proportional to the reservoir pressure but independent of the back
pressure at the face of the sand. When the gas and oil zones are
noncommunicating, lying in different strata,! the gas-oil ratios
will depend on the relative reservoir pressures in the two zones.
Thus if the reservoir pressure in the gas zone exceeds that in the
oil zone, the gas-oil ratio will increase—more rapidly than
linearly—as the production rate decreases, until gas alone
will be bled off when the back pressure equals the reservoir pres-
sure in the oil zone. When the two zones have equal reservoir
pressures, the gas-oil ratio will increase linearly as the oil-produc-
tion rate is decreased, and when the reservoir pressure of the gas
zone is less than that of the oil zone, the gas-oil ratio will rise to a
maximum and then decrease as the oil-production rate is
decreased.?

The same type of analysis can be applied to give the effect of
the position of the tubing on the gas-oil ratio. Although it has
been a fundamental tenet throughout the preceding chapters that
the behavior of the fluids in a fluid-bearing sand is uniquely
determined by the pressures or fluxes maintained at the face of
the sand exposed at the well bore, and is entirely independent
of the equipment in the well bore, one is here concerned with
the question of the effect of the equipment on these sand-face
pressures. The answer to this question is the following: As
long as the tubing is set above the top of the gas zone, its exact
position does not affect the sand-face pressures, and the gas-oil
ratios will be governed by the results quoted above. If, however,
the bottom of the tubing is set below the top of the gas zone, the
sand-face pressure opposite the gas zone and above the bottom
of the tubing will be increased to that at the bottom of the
tubing. This will result in a decreased flow from the gas zone
and hence in a lower gas-oil ratio. 'This effect will increase as the

! Here the gas zone may, of course, lie between two oil-producing strata.

2 While it would be beyond the scope of the present treatment to enter
into details, it may be mentioned that in comparing the above conclusions
with actual field observations, account must be taken not only of the gas
segregation and development of upper gas zones and an associated rise in
gas-oil ratio as the oil sand becomes depleted, but also of the effect of varia-
tions in the oil velocity (production rate) on the gas by-passing within the oil.
When these effects are superposed upon the above results for homogeneous
fluids, they may entirely mask the latter.
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depth of the tubing is increased and may become of a very
appreciable magnitude if the pressure differential over the sand
is small and if the sands are thick. Thus if the gas zone is 25 ft.
thick, the oil zone is 50 ft. thick, and the well is produced with g
20-1b. pressure differential, the reservoir pressure being 1,000 1b.,
tubing set at the top of the oil zone will cut the gas-oil ratio to
83 per cent of its value when the bottom of the tubing is above
the gas zone. If the tubing be lowered to the bottom of the oil
zone, the gas-oil ratio will be reduced to only 20 per cent of its
initial value. If, therefore, the casing is gastight so that the
gas can escape from the gas zone only by flowing down around the
bottom of and through the tubing, one may very effectively vary
the gas-oil ratio by adjusting the depth of the tubing.

An extreme case of the effect of the tubing on the gas-oil ratio
is that when the gas-oil ratio (the contribution from the free-gas
zone) is simply cut to zero. This condition will obtain when the
tubing is set below the top of the oil zone, and the total pressure
differential in the system does not exceed the equivalent of the
fluid head between the top of the oil zone and the bottom of the
tubing. The gas will then evidently form an inverted static
cone overlying the oil zone. The nonvanishing gas-oil ratios
when the tubing is set below the top of the oil zone correspond
to the breaking of the static gas cone in exactly the same way as a
static water cone will break and rise into the bore of a gas or oil
well if the pressure differential over the sand exceeds the critical
value given by the coning theory. Because of the differences
in the pressure distribution immediately surrounding the well
bore the details of the gas-coning phenomena will be different
from those for water coning. The general physical basis of the
problem is, however, the same in the two cases.

The mutual interactions of gas wells can also be found simply
by reinterpreting the corresponding results for wells producing
liquids, derived in Chap. IX. With respect to the practical
significance of such problems, however, it is to be noted that
regular networks of gas wells of the type used in water-flooding
programs are of no practical interest, as gas reservoirs will
always naturally deplete themselves completely, so that artificial
methods of recovery are of no importance for gas production.

As mentioned at the beginning of this section, the various
steady-state solutions must be synthesized into sequences appro-
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priate to the real boundary conditions in order to obtain the
decline history of the corresponding gas-flow system. Thus in
particular, account must be taken of the fact that not only will
the fluxes or pressures (or both) at the wells decline, but at the
same time the external-boundary pressures occurring in the
steady-state formulas will also decline owing to the closure of
the reservoir at its external boundaries and its depletion. As
previously explained, this succession of steady states is to be
obtained by imposing a decline in density distributed uniformly
over the whole reservoir, the decline proceeding at such a rate as
to provide for the production from the outlet wells.!

This procedure may be illustrated by the problems of closed
reservoirs drained by single wells produced either at constant
pressure or constant flux. In such problems, in fact, one may
represent the initial transient following the opening of the well
as the period during which the steady-state condition of flow
spreads out from the well bore and recedes to the external
boundary. Such a calculation for isothermal flow with the well
pressure suddenly dropped from 100 atm. to 0, leads to a life
of the initial transient of less than 0.4 hr. and a total flux during
this period of 3.3 per cent of the reservoir-gas content, thus
confirming the conclusion stated at the beginning of this section
that for practical purposes the short-period transients in gas-flow
systems can be entirely neglected. The fundamental transient
giving the major decline history of the reservoir involves a
hyperbolic decline of the reservoir pressure with time, and a
corresponding decline in the flux. In the case where the flux
is kept uniform, a similar analysis leads to an essentially linear
decline of both the pressures at the well and external boundary
until the reservoir is entirely depleted.

1 Jf the system is a multiple-well system with the wells producing at
different rates, the density declines should be adjusted locally about the
various wells at rates proportional to their respective fluxes.
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CONVERSION FACTORS

LENGTH
1 cm. = 0.39370 in.
= (.03281 ft.
= 6.2137 X 107% mile
1in. = 2.5400 cm.
1 ft. = 30.480 cm.
1 mile = 160,934 cm.
AREA

1sq. cm. = 0.15500 sq. in.
1 sq. m. = 10.764 sq. ft.

1 sq. in.
1 sq. ft.

= 3.8610 X 107 mile?
= 2.4710 X 1074 acre
= 6.4516 sq. cm.
= 929.03 sq. cm.
= 2.2057 X 107% acre

1 sq. mile = 2.5900 X 10° sq. m.
1 acre = 4.0469 X 10% sq. m.

where u

= 43,560 sq. ft.

1 ce.

1 cu. ft.

1 gal.

1 bbl.

1 acre-ft.

= absolute viscosity in centipoises.
= density of oil at same temperature.

“Saybolt seconds” (Universal).

PRESSURE

1atm. = 76.0 cm. Hg at 0°C. (of density of 13.5951 gm./ce. under
normal gravity, which is 980. 655 cm. /sec.?)

VoLUME

= (.99997 ml.

= 3.5315 X 1075 cu. ft.
= 0.26417 X 1073 gal.
6.2900 X 107¢ bbl.
8.1073 X 10~1® acre-ft.
= 28.317 X 103 cc.

= 7.4806 gal.

= (.17811 bbl.

= 2.2957 X 1075 acre-ft.
= 3.7854 X 103 cc.

= 0.13368 cu. ft.

= 2.3810 X 102 bbl.

= 3.0688 X 107¢ acre-ft.
= 158.98 X 102 cc.

= 5.6146 cu. ft.

= 42 gal.

1.2889 X 1074 acre-ft.
= 1.2335 X 109 cc.

= 43,560 cu. ft.

= 7758.5 bbl.

i

I

= (0.226¢{ — !—tgé (for oils of 100 sec. Saybolt or less)!

1
0.220¢ — %’ (for oils of 100 sec. Saybolt or greater),

!An improvement over these conversion formulas, which are those
recommended by the A.8.T.M,, has recently been proposed by S. Erk and

) 1- (22)°
H. Eck (Phys. Zeits, 38, 469, 1937). It isg = 555 6-163 t
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1 atm. = 1.0133 X 10 dynes/cm.?
14.696 1b./sq. in.
33.899 ft. H,O at 4°C. under normal gravity
1033.2 gm./cm.2
0.98692 X 10~¢ atm.
14.504 X 10~¢1b./sq. in.
33.455 X 10t ft. H,O
.06805 atm.
.8948 X 10* dynes/cm.?

1 dyne/cm.?

11b./in.2

0

6

2.3067 ft. H.0

1 em. H,O (4°C.) = 9.6781 X 10~* atm.
980.64 dynes/cm.?

0.99998 gm./cm.

0.073554 cm. Hg (at 0°C.)

0.029500 atm.

29.891 X 103 dynes/cm.?

0.43353 1b./in.?

11{t. H.O

[ A NN

Rate

2.1189 X 10~2 cu. ft./min.
1.5850 X 1072 gal./min.
0.54335 bbl./day

63.090 cc. /sec.

0.13368 cu, ft./min.
34.286 bbl./day

1.8404 cc. /sec.

0.0038990 cu. ft./min.
0.029167 gal./min.

1 ce./sec.

1 gal. /min,

1 bbl./day

IS T T A A I |



APPENDIX II

LAPLACE’S EQUATION IN CURVILINEAR COORDINATES

Because of the fundamental role played by Laplace’s equation
in the study of the flow of homogeneous fluids through porous
media, we shall present a derivation of this equation in generalized
curvilinear coordinates. While more rigorous developments

might be attained by the procedure of a direct transformation
of the partial derivatives a—a; 6_6?7 éa—zl or by an application of the
calculus of variations,? or by the use of the divergence integral
theorem,® a more physical deriva-
tion* based on the development of
the expressions for the divergence of
a vector in curvilinear coordinates,
similar to that used in Sec. 3.1,

might be more appropriate here.
For this purpose we suppose a set of Q
orthogonal curvilinear coordinates: —43’0
2 '
a(z, y, 2) = const; Bz, y, 2) = \

const; v(z, y, 2) = const. i

3

to be defined for every point of
the region of interest. Their inter-
sections may be considered to define three mutually orthog-
onal directions as indicated in Fig. 279. The net flux cor-
responding to a vector velocity 7 out of a differential volume
element of sides dsi, ds;, ds;, or the divergence of the vector 7,
can then be shown, by the method of Sec. 3.1, to be

Fic. 279.

1 GoursaT, E., “Cours d’Analyse,” vol. I, 153, 1927.

2 R. CouranT and D. HiLsERT, ‘ Methoden der Mathematischen Physik,”
vol. I, p. 194, 1924,

$ WEBSTER, A. W., “Partial Differential Equations of Mathematical
Physics,” p. 301, 1927.

4 This derivation follows Riemann-Weber’s, ¢ Differential-Gleichungen der
Physik,” vol. I, p. 74, 1925.
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dsidsyds; div 7 = —(—a—(vldszds;;)dsl + —?—(vzd83d81)d82 -+
681 632
0
5:5—.-3-(1)3d81d82)d83_.

where vy, vs, v; are the components of # parallel to the directions
1, 2, 3. Denoting the ratios of the differential changes in the
coordinates «, B8, v, to the actual differential elements of length,
dsi, dss, dss, by hy, hs, hs, so that

da = hldsl; dﬂ = hzdSz; d'}’ = h3d83,

and dividing by the volume element ds,ds.ds;, the above expres-
sion for the divergence becomes

L 9 vy P Vg J V3
divd = hlhzha[-a—a(%) + @(E}Z) + 3;(5171_2)]

If now 7 be considered as the gradient of a potential function
®,

so that o = V&, we get

o d( h, 9® df hy 0P
= 2 - A\ 1 9. aR 38
div v = V& hlkzhs[ aa(hzhs aa) + aﬁ<hsh1 aﬁ) +

) ( hs aq>)]
3v\hihs v/ |
This expression set equal to zero represents the curvilinear-
coordinate transformation of the Laplace equation V@ = 0.
Thus for the Cartesian system (z, y, 2) it is clear that
hi = hy = hs = 1, so that the normal Laplacian form of Eq.
3.4(4) is obtained. For the cylindrical-coordinate system
(r, 8, 2) (c¢f. Fig. 22), (hy, he, h3) = (1, 1/r, 1), leading to Eq. 3.7(3).
And for the spherical-coordinate system (r, 6, x) (¢f. Fig. 23),
(hy, hqy, hs) = (1, 1/r, 1/7 sin 6), from which Eq. 3.7(6) follows
at once. In a similar manner the corresponding equation for

any other coordinate system may be derived, once the appro-
priate (hi, hs, hs) have been found.
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SOME TWO-DIMENSIONAL GREEN’S FUNCTIONS

To facilitate the application of the method of the Green’s func-
tion to two-dimensional problems other than that discussed in
Sec. 4.6, the following additional Green’s functions are listed:
Infinite half plane: y > 0. (Cf. Fig. 280)

AN (x =22+ @y +y)
G(x)yyx:y)—'élog(x_xr)g_*_(y__yr)g

Y
]Y [Y l a l Q l X
» X X

Fia. 280. Fia. 281. Fic. 282.
Infinite quadrant:y > 0; z > 0. (Cf. Fig. 281)

Gz, y; ', y) = %IOg
(@ =2+ 4+ 9y +2) + (y — y)7
[z —2)+ (y — ¥+ 20+ (¥ + y)%

Y
A AY
(a,b)
» X
(‘0,-b)
d
4ol x
Fia. 283. Fia. 284.

Infinite strip: —© <y < +®; —a £ z £ +a. (Cf. Fig. 282)

(y — ') x(z + 2')
————ee + Co8 ——
2a 2a

wy —y) wx—2)
COSh -—-—-2—0—— COS ~——--—-——‘2a

cosh

Gz, y; 2/, y') = 5 log
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Infinite half strip:y > 0; —a < z < +a. (Cf. Fig. 283)

G, y; 2, y) = —é—log
[cosh W = ¥) o TEF x’)][coshvr(y +y) w(x— x')_]

2a cos 2a

[cosh——(y—:—?il co W(x — x,)][coshr(y +y) 4+ co 7r(:l: + x’)_].
2a 2a

Rectangle: —b < y < +b; —a < ¢ £ +a. (Cf. Fig. 284)

o

;o 8 1 . nw(z+a
G(x;?ﬁx,y) :1';&*6 mSln—”r‘(—%——)
nm =1
. (@’ +a) . mrly + b) mr(y + b)
S5, T %
where
n? . m?

knmz'(?-l"—'b’i'
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THE TRANSFORMATION PROPERTIES OF THE
MODULAR ELLIPTIC FUNCTION 0O(q) = k*?

It is shown in Secs. 33 and 54 of ““Formeln und Lehrsitze zum
Gebrauche der elliptischen Functionen,” by H. A. Schwarz, that
if the modular elliptic function 6(g) = k*? of modulus k*(< 1)
is defined by

8(0) =1, O(1) =, O@Gx)=0 O6( +iw) =0,

the function G(m T q> will have the values

m -+ nq
I II 111 IV v Vi
9(g) 1 1 6(g) —1 _
o) 6(g) — 1 o(g |1 -6l 6(q) 1 -6l

when (m, n; m’, n’) arc given by the table

m n m' n'
I 1 0 1] 1
11 1 0 1 1
111 1 1 0 1
IV 1 1 1 0
v 0 1 1 1
VI 0 1 1 0

where the values of m, n; m’, n’' are expressed with respect to
the modulus 2, so as to equal 1 if the true values are odd, and 0
if even.

The inversion of the function O(g) = k*? is given by Eq.
6.5(15).

The use of these tables may be illustrated by their application
to the function A(¢) defined by Eq. 6.4(14). From this it follows
that
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68(g) —1 (g4 1Y, 1 o _ )
M@ =205t = o) = o = 06+ s
_ 1 q \. 1 _ i
120 = g5 = (). T = 00
M) _ (1) Mgy —1_ 1 _
@ —1- 1700 =08y) g TT-ew

1
ofl —— ).
(q + 1)
Hence to find the arguments ¢ for which
—o <ANL0,

one may set, since k*? < 1,

1

—1 A
*2 = = e—— *2 = =
k 0(q) = or k 9( 7 > 1

so that

iq = B L or S
="K\ 7  Ku=1/
where the arguments of K’'/K represent the values of k*2.
Likewise, for

0<AL ],
one may set

k*2=e(—-—q—>= 1—\  or k*z-—-e(i”—l) =,
1-—g¢ q

so that
g Ko f¢9—1y K
Ky e {2). Ky
and for

1< A< o,

one may set

k*2 = 0(g— 1) = %, or k*? = 6(-—~—1—> = A 1,
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so that

. K'(1 ) Ki{x -1
’L(q“‘l)‘—‘:‘—“—K}:) or i—"—TE:_—K—T

The values of K'/K as a function of k*? are tabulated in K.
Hayashi, “Tafeln der Besselschen, Theta, Kugel- und anderer
Funktionen,” 1930.
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PROOF OF THE GENERALIZED POISSON FORMULA
EQ. 6.4(15).

This formula states that the complex potential function 6 — =
(6, 7 being conjugate functions) which satisfies the condition that
6(x, y = 0) = 6(x) is given by

+ao
6z, ) — ir(z, ) = —iro +;§~ N <£ —:) E’vf)féézz)de,

where z = z + 1y.
We begin with the Fourier integral solution of the potential
problem referring to 6(x, y) alone, which may be expressed as!

8(x, y) = f daf e~ ¥0(e) cos ale — x)de
f ® y8(e)de
e T+ (@ — O
Splitting the integrand into two conjugate terms, so that

. +
- 1 1
bz, y) = -?:ff_w O(G)de[e — - 2]

where the bar denotes the complex conjugate, and noting from
the theory of conjugate functions (¢f. Sec. 4.8) that

al
T = —f—é—idy,
it follows that

Z. + 1 1
r = e<e>dff [<e = T = z)ﬁ]”’y

+no
=_—f G(e)de[ iz+€_1_2-0],

where the constant of integration C may be set equal to
2¢/(1 + €2) to make the integrals convergent. Adding now
—1r to the above value of 8, the Poisson formula is the immediate
result.

1 Cf. W. E. Byerly, “Fourier’s Series and Spherical Harmonics,” pp. 70,
73.
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TABULATION OF THE SPECIFIC QUANTITATIVE
RESULTS DEVELOPED IN THIS WORK, IN
FORMULA OR GRAPHICAL FORM

1. Darcy’s law: 2.3(3).

k d—i’ = volume rate of fluid per unit area of porous medium.

k ermeability of medium; u = viscosity of fluid.
dp _
dr

p
pressure gradient where pressure is p and velocity v,

2. Liquid flow through a horizontal linear channel, and
permeability formula for horizontal linear liquid flow experi-
ments: 2.5(4).

Q= Ak(Py — P)) b= pQL
uL ’ APy — Py)’
Q = liquid flux (vol./time) through a linear channel of area A

and length L, at the termini of which the pressures are
P,, P,.

3. Gas flow through a linear channel, and permeability
formula for linear-gas-flow experiments: 2.5(7), (8).

Qn = voAk(P,2 — P,?) b = 2uQ L )
" 2uL, ’ voA(P? — Py?)’
g=AKP1—P). WGl .
pL ’ AP, — P 2)’
Q- = mass flux of gas, of density v, at atmospheric pressure.

@ = volume gas flux reduced to the algebraic mean pressure in
column, (P + P,)/2.

4. Permeability formula for field experiments with a well
producing liquid by artesian flow: 2.11(1).
733
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L = ﬂQ lOg Te/rw

" 27h(P. — Pu)
re = ‘“‘external boundary’ radius (~ 500 ft.) where pressure
is P..

r. = well radius, where pressure is P,.
h = sand thickness.

5. Permeability formulas for field experiments with a gas
well: 2.11(2).

k= 1Q log re/rw - #Qum log re/ru .
" 2xh(P. — Py)  whyo(P.2 — Pu?)

6. Correction factors for well penetration of both pressure-
drive and gravity-flow wells. Figure 17.

7. Permeability formula for field experiments with a well
producing entirely by the action of gravity: 2.11(3).

p - Hlogr/re
WVg(he2 - hwz)
v = liquid density.
g = acceleration of gravity (980 cm./sec.?).
h. = fluid head in sand at r..
h.. = fluid head in well (at r,,).

8. Permeability formula for field experiments with a well
producing under combined effect of gravity and pressure drive:
2.11(4).

= u@ log 7./ .

wyg(2hhe — h® — hy,?)
h. = fluid head (> h) at r. in sand of thickness A.
h. = fluid head (< &) in well (at 7,).

9. Permeability formula for field experiments with artesian
wells in which the bottom-hole pressures are varied: 2.11(5).

p = #AQ log /1y,
2rhAP,,
AQ = change in liquid flux caused by a change AP,, in the bottom-
hole pressure.

10. Permeability formula for field experiments with gas wells
in which the bottom-hole pressures are varied: 2.11(6).
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5 = pAQ log Te/To.
- 2rhAP,,

11. Permeability formula for field experiments with wells
producing by simple gravity or composite gravity and pressure
drives, in which the fluid level in the well is varied: 2.11(7).

b = pAQ log r./Tw.
© wygAh,?

If in formulas (1) to (11), the various lengths are expressed
in centimeters, areas in centimeters squared, volume fluxes in
cubic centimeters per second, densities in grams per centimeters
cubed, p in centipoises, ¢ in centimeters per second squared
(980), and pressures in atmospheres, £ will be given as darcys.

12. Formula for determining total porosities by volumetric or
gravimetric methods: 2.13(1).
f= 100(1 — Kg) = 100( _ 11’) = porosity in per cent.
Vs Yo
Vs, v¢ = volume and density of the sand grains of the sample.
Vs, v5 = bulk volume and bulk density of the sample.

13. General form of Darcy’s law: 3.3(3) — (5).

_— . _ 9%, _ 0% _ 9%,
v = V‘I’, Ve = 79‘—2‘:, Vy = ay, v, = 3z’
k
o = vector fluid macroscopic velocity (of components v, v,, v.).
. . , Jd a9
v = differential vector operator of components 5%’ 3y 92
& = velocity potential; V = potential of body forces act-

ing on fluid, = =+gz if the body force is that of gravity,
and the vertical coordinate -z is directed upward (+)
or downward (—).

14. Fundamental differential equation governing the flow
of incompressible liquids: 3.4(4).
% . 0W . 9% o%p . 9%
2 = = = gip = —L _—
vie ax2+ 6y2+ 022 0=vp az?®
15. Fundamental differential equation governing the flow
of compressible liquids: 3.4(6).
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% | I | Iy _ fBudy
2 = e— R —_— TD e a————
vy 5 T =3 3
{ = time variable.
B = liquid compressibility, defined by: vy = v¢f?, or:
b =39
16. Fundamental differential equation governing the flow of
gases: 3.4(7).

) 14m 1-4-m 1+m 1
Gyt L Oy o ey oty (L4 mfuy” 0,
az? dy? 9z* k ot

the nature of the gas and the character of its flow being defined
by:v = vep™.

17. Analogies of fluid flow through porous media with other
physical problems: Table 13.

STEADY-STATE LIQUID FLOW SYSTEMS
18. Strictly radial flow into a well: 4.2(10).
27rkh(pe '— pw).

Q= ulog r. /1w
Notation as in 4.

19. Flow into a well with variable boundary pressures:
4.5(12).

Q — 27rkh(i)0 - f)u)
wlog 7./7e
P. = average pressure over external boundary (of radius r.).

P» = average pressure over well boundary (of radius r,,).

20. Flow into a well displaced from the center of the external
boundary: 4.6(10), Fig. 34.

27rkh(pe - pw)
Q = 7% — 82 )

TCT‘IU

u log

6 = displacement of well center from center of external bound-

aryg
ey .

21. Flow from an infinite line source (‘‘line drive’) into a

well: 4.7(8).
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.

o = 2rh(. = p.)
wlog 2d /74
d = distance of well from the line source.

22. Flow from a finite line source into a well: 4.9(16).

4y0 (02 — 7-02)2 + 4y0202
u log ——
Tw N ¢? — 1o + \/(02 — 1o2) 24 4y0202
2¢ = width of the finite line source.
ro = distance of well from center of line source.

yo = perpendicular distance of well from line source.

23. Pressure distribution underneath a dam without sheet
piling: 4.10(1), Fig. 44.

P2 — P1
T

2
p = cos™! —5 + p1.

P2, 1 = upstream and downstream pressures.
z = distance along base measured from its center.
w = width of base.

24. Upward force on a dam without sheet piling: 4.10(2).

F = (—132———'_2—?—1—)—7“—0 = total upward force per unit length of dam.

25. Total uplift moment with respect to the heel of a dam
without sheet piling: 4.10(3).

2
M=2Y (3p 212_ 5p1) = total uplift moment per unit length

of dam.

26. Pressure distribution underneath a dam with sheet piling:
4.11(11), Figs. 50, 51.

— P2 — D1 -1
p =" cos

[2\/012 + @ -3 = Vd+ w -2+ Vd* + :v] t oy

s 1.
Vi + (w — 2)? + V2 + &

depth of piling; 2" = distance along base from heel.
distance of piling from heel; sign of first radical is + for
z’ > %, and — for 2’ < Z.

Y
it
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27. Total uplift forces on dams with sheet piling: Fig. 52.

28. Total uplift moments with respect to the heel of a dam
with sheet piling: Fig. 53.

29. Pressure drops over the piling: 4.11(17).

op =

P2 = Pt g1 1
g [Vd* + (w=2)* + d* + 77
{VdE + (w — 2) — /d? + 322 — 4 + 43(w — F)].

30. Seepage flux under dams without sheet piling: 4.12(10)
and Fig. 61.

31. Seepage flux under dams with sheet piling: 4.13(5) and
Figs. 66, 67.

32. Pressure drops over piling if permeable bed is of finite
thickness 4.13(7) and Fig. 68.

33. Seepage flux under coffer dams: 4.14(9) and Fig. 71.

34. Differential equation giving the pressure distribution in
homogeneous anisotropic media: 4.15(2).

+k +kaz2—

6:1'2 ”ay2

35. General formula for the flow of a liquid into a well:
4.16(6).

Q= 2xkhAp

~ ulog c/re
¢ = an “effective’ average of the distance from the well center
to the external boundary.

36. Formula for the flux in a flow system as given by a
graphically constructed square network of the equipotentials
and streamlines: 4.17(9).

m
Q= ;l—ACI).

m = number of squares lying between two neighboring equi-
potentials extending from one bounding streamline surface
to another.

n = number of squares lying between two nejghboring stream-
lines extending from the high to the low-potential bound-
aries.

A® = total potential drop over the system.



APPENDIX VI 739

37. Flow into a spherical surface (‘“nonpenetrating’ well):
5.2(8).

_ 47 (P, — &,)
LA B
Tw Te

., ¥, = potentials [%(p - 7gz)] at spherical bounding surfaces
of radil r,, 7.
38. Production capacities of partially penetrating wells:
5.4(6) and Figs. 83 to 85.

2xkhAp/u

DY POV TN I(0.8752)1'(0.125h) ] g 4P
on| < "°8 1, & T(1 — 0.875R)T(1 — 0.125h) g
__ 2nkhhAp/u T wh

Q*W(1+7 mcos2>

h = sand thickness.

Q:

h = well penetration expressed as afraction of the sand thickness.
I' are gamma functions.

39. Production capacities of partially penetrating wells in
anisotropic sands: Fig. 87.
40. Fluid caught by a ditch on a sloping sand: 6.2(8).

@ _H
R

1
Q = fluid caught by the ditch.
Qo = normal flow through the sand (without the ditch).
drawdown of free water surface at the ditch.
hy = thickness of undisturbed layer of water-saturated sand.

N
f

41. Seepage flux through a dam with vertical faces: 6.5(16).

k'Yg(he2 - hwz)
he = fluid head on upstream face.
h,, = fluid head on downstream face.
L = width of dam.

= seepage flux per unit length of dam.
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42. The seepage of water out of ditches or canals when the
scepage stream does not merge with the water table: 6.7(20);
6.8(6); 6.9(5); Figs. 120 and 124.

Q = @[B + gﬁ—Kﬁkf—)] = gseepage flux per unit length of ditch
K'(k*)
or canal.

B = total width of the ditch or canal profile at the top of the

free-water surface.

H = depth of the free water at its deepest point.

K, K’ are complete elliptic integrals of the first kind with moduli
k* and /1 — k*2, the value of k* being determined by
the exact shape of the ditch (¢f. Fig. 121) and depth of
the highly permeable bed carrying the water table.

43. The extent of the lateral drainage out of a canal into a
coarse sand before seeping into an underlying bed: 6.13(2).

x, = \/ 2hl}:°k" = length of lateral drainage.

hy = fluid head at the face of the canal at the level of the coarse
sand (gravel).
h = thickness of coarse sand, of permeability k,.

k. = permeability of tight beds (clay) underlying the coarse
sand.

44. Angle of dip of top soil on a hillside required to carry away
the rainfall without flood erosion: 6.15(4) and Fig. 137.

cos f;
L
kg
8, = inclination of top face of soil bed.
6, = inclination of hillside.
¢ = rainfall intensity, per unit horizontal area.

cos 0;

45. Drainage spacing required to avoid water logging: 6.16(6)
and Fig. 139.

46. Artesian flow into a well under the action of gravity
alone: 6.18(6).
Q = WkTg(hez - hw2).
ulog re/rw
Notation as in 7.
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47. Flow into a well producing under the combined action of
gravity and pressure heads: 6.19(2).

Q = wkyg(2hh, — h? — huz)_
- u log r./r.,
Notation as in 8.

48. Equivalent nongravity potential drop over a sand pro-
ducing by gravity flow: 6.20(9).

k7g(h82 - hwz)

2uh.
h. = actual fluid head at inflow (external) boundary.
h. = actual fluid head at outflow (well) surface.

AD =

49. Equivalent nongravity potential drop over a sand produc-

ing under the combined action of gravity and pressure heads:
6.20(10).

kvg(2hh, — h* — hu®)

A% = o
h = sand thickness.
h. = fluid head (> h) at inflow (external) boundary.

h, = fluid head (< k) at outflow (well) surface.

50. Production capacity of a well in a nonuniform sand:
7.3(10) and Fig. 150.

Q = 2whk(p. — pw)/ﬂ_
o , k1 Te

log ;‘1-” + 75‘2' Iog 7'—0

ki1 = permeability in the annulus of radius re surrounding the

well bore (7).
ks = permeability in the remainder of the sand (up to r.).

51. The effect of acid treatment on radial flow systems:
Figs. 157 and 158.

52. Effective permeability of a fracture: 7.8(2).
1082

12
w = fracture width in centimeters.

k =

darcys.

53. The effect of acid treatment in highly fractured lime-
stones: Fig. 159.
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54. The production capacities of wells in stratified horizons:
Iig. 162.

55. Production capacities of wells with sanded liners: 7.10(7).
7.10(17), 7.10(19), and Fig. 164.

56. The history of the water encroachment in a linear system:
8.3(5) and Fig. 169.

57. The history of the water encroachment in a radial system:
8.4(5) and Fig. 172.

58. The history of a line drive water encroachment into a
single well: 8.6(9) and Fig. 174.

59. Maximal pressure differentials over a sand without water
coning: Fig. 187.

60. Maximal production rates from partially penetrating wells
without water coning: Fig. 188.

61. Production capacities of wells in a well pair within a
given area: 9.3(3).

Q= 2rkh(pe — Dw)
"~ ulog R*/r.d

R = radius of external boundary.

d = separation between wells (< R).

= production capacity per well.

62. Production capacities of wells in a group of three wells
in a triangular pattern: 9.3(4).

Q= 2xkh(p. — pu).
p log R3/r.d?

63. Production capacity of wells in a group of four wellsin a
square pattern: 9.3(5).

2rkh(pe. — Pw)
Rt

w log A/ 2r,.d?

64. Production capacities of wells in a circular battery:
9.3(18) and Fig. 198.

2xkh(p. — Pw) = production capacity

n—1
n . 1.
y.[ log _@fﬁ; — 2 log 2 sin Zr;? per we
1

Q =

e

n = number of wells in battery of radius .
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65. Production capacities of linear groups of wells supplied
by infinite line drives: 9.6(2).

66. Production capacities of wells on an infinite linear array
supplied by a parallel line drive: 9.8(9).

Q = 2rkhAp = production capacity per well.
p log sinh 2rd/a
Trw/a
Ap = pressure differential between the line drive and well
surfaces.

d = distance from line drive to the linear array of wells.
a = well spacing within the array.

67. Relative production capacities of wells in two infinite
parallel arrays supplied by a line drive: 9.9(2).

log s}nh T/ a si'nh w(d: + di1)/a

Q, sinh 2xd./a sinh 7w(d; — d1)/a

Q: log SR 77w/a sinh #(ds + di)/a '

® sinh 2xd,/a sinh 7(ds — d1)/a

Q: = production capacity per well in line array at distance d;
from the line drive.

Q. = production capacity per well in line array at distance
d2(> dy) from the line drive.

a = well spacings within the line arrays.

68. Shielding and leakage characteristics of two-line arrays:
Figs. 205, 206, and 207.

69. Shielding and leakage characteristics of three-line arrays:
Fig. 210.

70. Pressure requirements for single-line offsetting: 9.13(9).

Pur — Puwz = P2 — P1.
Pw1 = bottom-hole pressures in offset wells of line 1.
Pwz = bottom-hole pressures in offset wells of line 2.
p1 = average ‘‘lease pressure’’ of lease 1.
p2 = average ‘‘lease pressure’’ of lease 2.

71. Pressure requirements for multiple-line offsetting: p. 555,
556.

72. The flooding history of the direct line-drive flood: Fig. 223.

73. The flooding history of the five-spot flood: Fig. 225.
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74. The flooding histories of the seven-spot floods: Figs. 228
and 230.

75. Conductivity of direct line-drive flooding networks as a
function of the line and well spacings: 9.23(7) and Fig. 241.

Q = sinh“zjr](ci};ﬁpsinh 3rd/a = production capacity per
k108 Ghhe wr./a sinh?® 27d/a
well or per network element.

d = spacing between the input and output lines.

a = well spacing within the lines.

76. Conductivity of the five-spot flooding network: 9.24(4)
and Fig. 243.

Q = wkhAp = production capacity per network
» <1og £ - 0.6190)

element.
d = distance between neighboring.input and output wells.

77. Conductivity of the seven-spot flooding network: 9.25(4)
and Fig. 243.

Q = 4rkhAp = production capacity per network

element.
d = length of hexagon sides.

78. Conductivity of the staggered line-drive network: 9.26(3)
and Fig. 241.

. 2xkhAp _ .
Q= cosh* x#d/a cosh® 3xd/a = production
& sinh? mrw/a sinh* 2wxd/a sinh 4wd/a

capacity per network element.
d = spacing between the input and output lines.

a = well spacing within the lines.

u lo

79. The efficiency of the direct line-drive flood: 9.28(5) and
Fig. 246.
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1

7r(—ll(cosh2 7—'1{ — 2)
a a

= fraction of area of network element flooded by water
when 1t first reaches output wells.

80. The efficiency of the five-spot flooding network: 9.29(3).
Efficiency = 0.723.

I

Efficiency (cosh‘~’ 7—2—1 log cosh zrg —

0.6932 sinh? %‘)

81. The efficiency of the seven-spot flooding network:
9.30(3).

Efficiency = 0.740.
82. The efficiency of the staggered line-drive flood: Fig. 246.

FLOW OF COMPRESSIBLE LIQUIDS

83. Steady-state flow of compressible liquids: 10.1(12),
10.1(15).

Q = Q1 + B8p + 0(B?)] = mass flux in compressible-liquid
system.
Qo = mass flux in same system if the liquid is incompressible.
B = liquid compressibility.
P = algebraic mean pressure = (p; -+ p2)/2.

84. Density (and pressure) distribution in a radial system
in which the density is preassigned over both boundaries:
10.3(17).

— and o(@ar) U (atar) e-m,,u[ﬂ_ v ‘
v, t) == Jo(anry) — Jo¥(anrs) 57 o(anrs) . rg(P)U(aar)ds

t -y
- KJO(anT2)f Fi(A)eer™d\ KJO(anTl)J f2(\) exa,.zxd)\:l :
0 0

v = liquid density (cf. 15).
U(anr) = Yo(an’l'z)Jo(an’r) - Jo(anTg) Yo(a,ﬂ').
Jo, Yo are zero-order Bessel functions of the first and second
kinds.




746 APPENDIX VI

ay, are roots of : U(a,r;) = 0; K = jTI;ﬁ
f1(), f2(t) are values of ¥ maintained at the boundaries r = ry, r,.
g(r) = initial distribution of ¥y = ¥(r, 0).
85. Pressure rise in a well producing a compressible liquid
after shutting in: 10.6(3) and Fig. 250.

e :z:nﬁ

Pe — Pw _ 2 .
Pe — Puwi IOg P xn2J12(xn)’
n

p. = ‘‘reservoir’’ pressure = pressure at r..
p. = bottom-hole pressure at time ?, its initial value at
instant of shutting in being py:.
p = Te/Ty. t = kt/r,2
J1 = first-order Bessel function of first kind.
z, = roots of Jo(z,) = 0.

A simpler approximation formula is: (p. 642)

he — by _ Do — Pu _ 2xkhyoyg
he - hi - Pe — Pwi - I‘A IOg Te/ru;.
he, hw, h; = fluid heights in well bore corresponding to p., Pw, Pui.
h = sand thickness; yo = density of fluid, of viscosity pu.
4 = area of flow string.

86. Density (and pressure) distribution in a radial system in
which the density is specified over one boundary and the flux
over the other: 10.7(10).

= an?Jd 0(057;7'1) U(a,.r)e“mn" T rs
reT Jo*(anry) — J1*(aare) [’é']“(anrl)J; rg(r)U(aar)dr

— kT 1(aats) J; Fi(A)eedn — ’f:’.‘ioi"_r}_)‘f:fz()‘)emmd)\].

Anly
U(anr) = Yl(anr‘z)Jo(anT) - J1(an7'2) Yo(an')‘).
a, = roots of U(a.ry) = 0.
f1(t) = value of ¥ maintained at r;.

f2(t) = value of rgg maintained at r,.

87. The theory of the pressure decline in the “East Texas”
oil field: Figs. 253 and 254.



APPENDIX VI 747

88. Density (and pressure) distribution in a radial system in
which the flux is specified over both boundaries: 10.11(8).

¥ =, L [12(0) — Fi(W)lax + ;—-—?——-hgfrgmdr

re? — 71,2 22 —

an2J 1(aary) Uanr)e—e| o f T2 o
+ WE J12(onry) — J12(ants) |:§J1(anrl) o rg(r) Uawr)dr

¢ t
+ KJl(anTZ)ffl()\)exan”\d)\ - KJl(a{i)‘ffz(k)G"“"”‘d}\J'
anl1 3 (s 2V J

U(a.r): Same as in 86;
a, are roots of : U'(a.r1) = 0.

89. Pressure decline in a closed lens produced by a single well:
Figs. 256 and 257.

FLOW OF GASES
90. Gas flux through a linear sand column: 11.2(4).

Q = .___k_7_°__.
#(l + m)L
vo = gas density at unit pressure.
m = characteristic of type of flow, and is defined by the equation
= yop™; m = 1 for isothermal flow.
D2, P are the pressures at the ends of the column of length L.

{p2'*t™ — pi!*t™} = mass flux per unit area.

91. Strictly radial (isothermal) gas flow (mass) into a well:
11.3(3).

Q — ""kh')/O(pe2 - pw22_
plog r./r.

92. Gas flow into a well with arbitrary pressures over the
boundaries of the system: 11.3(4).

0= Orkhyo(pt™ — pwl-f-m).
(I +mulogr./ry

Pett™, putt™ = averages of p.t™, p,'t™ over the boundaries of
radii 7., 7, (well).

93. General formula for gas flow into a well: 11.3(5) (cf. 35).

_ Zth'Yo(peH'"‘ —_ pwl-}-m).

Q (1 + m)ulog ¢/rw
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94. Production capacities of partially penetrating gas wells:
Figs. 262 and 263.

95. Relation of average gas-oil ratios in a field to the depletion
of its oil content: 11.8(1).

pilt
P = fractional oil recovery until the time that the average
reservoir pressure has fallen to 7.

p; = initial reservoir pressure.
R; = initial formational gas-oil ratio.
R = average gas-oil ratio during the pressure drop from p; to

p. Equality holds when there are no free gas sands; in-
equality refers to a production accompanied by a free-gas-
zone depletion.

96. Gas-oil ratio for communicating gas and oil zones:
11.9(4).

R = I-/~ope(1 — ye/h)
oYe/h
produced.
so, My = Viscosities of oil and gas, flowing as homogeneous fluids.
pPe = TEServoir pressure,
y. = thickness of oil zone at large distance from well.
h = total sand thickness.

= mass of gas per unit volume of oil

97. Gas-o0il ratios for noncommunicating gas and oil zones:
11.10(3) and Figs. 267, 268, 269.

_ kouoh,(peg® — pw2).
B = Ro+ 2kotigho(Peo — Pw)
Ry = gas-oil ratio due to the gas originally dissolved in the
oil.
k,, k, = permeabilities of gas and oil zones.
h,, ho = thicknesses of gas and oil zones.
Pes, Peo. = TESErVOIT pressures in gas and oil zones.

I

98. Effect of tubing lowering on the gas-oil ratio from wells
exposed to a gas zone overlying the oil zone: 11.11(2), (3) and
Figs. 273 and 274.
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(hg—h;){pez“[ﬁw“ﬂiﬁz__—}@l] }+ht{ﬁe2“’[ ﬁu‘_'yg(ha - ht)]z}

2 s
= (-]

hg 2 hg:
E_, - ho(Pe — Pu){Pe® — [Po + vg(he — hy)]*} .
R o he — h)? || _ AN
[ho(,,e — pe) — 19_(4_2___9)_][1,82 _ (pw _ 14t J
R = gas-oil ratio with tubing set above the gas zone.
R’ = gas-oil ratio after lowering the tubing to a depth h,
below the top of the gas zone.
hg, h, = thicknesses of the gas and oil zones.
De, Pw = reservoir and bottom-hole pressures, as reduced to the

level of the gas-oil interface with the tubing set above
the gas zone.

v = density of oil-gas mixtures in well bore opposite the
producing horizons.

99. Production decline in a closed gas reservoir drained by a
well held at a constant bottom-hole pressure: Fig. 277.
100. Pressure decline in a closed gas reservoir drained by a well
producing at a constant rate: Fig. 278.
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Dams, seepage through, study of by
electrical models, 318f., 390, 391
stability of, 311
uplift force on, 194, 203, 249, 737,
738
uplift moments on, 194, 203, 249,
737, 738
uplift pressure on, 192, 194
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constant in, 69
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range of validity of, 56f., 67, 68,
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special form for hydraulics, 72, 294
Deposition of sediments, 24f.
Dimensional theory, 56
application, to model experiments,
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to porous flow, 56, 59
Dini series, 656
Drainage by ditches, 288
to deep lying water tables, 3317.,
392, 740
free surfaces in, 327
to shallow water tables, 336f.,
3464ff., 394, 740
of sloping sands, 292f., 386, 387,
739
Drive between two wells, 472f., 502
electrolytic model of, 563
Duhamel’s theorem, 631
Dupuit assumptions, 360f., 3731,
396
Dupuit-Ferchheimer theory,
359¢., 377f., 385f.
application to seepage through
dams, 314f.

135,

SUBJECT INDEX

Dupuit-Forchheimer theory, appli-
cation of Thiem, 97
equation of, 360, 369

E

“East Texas” field, 460, 625, 639,
642, 668, 672, 673, 675
cross section of, 645
pressure decline in, 644ff., 648,
650f., 674, 746
pressure distribution about, 652
Edgewater encroachment, 453f., 499
effect of gravity on, 476, 502
effect of viscosity differences on,
478, 503
line drive, 468
motion of interfaces in, 457, 466f.,
499
Elliptic function transformations,
208f.
modular functions, 301, 308f.,
312, 313, 729f.
Equation of continuity, 121
derivation of, 122
steady-state form of, 123
for incompressible liquids, 124
for variable permeability,. 402,
448
Equation of state, 123, 131, 143
Equations of motion, 131, 145
for compressible liquids, 133, 735,
736
for gases, 133, 736
for incompressible liquids, 132,
735
Erosion, 346, 355, 395, 740
Euler sum formula, 443

F

Filter beds, 403, 404
Finite line source, 181, 247
flow into infinite sand from, 181
flow into a well from, 186, 191, 737
pressure distribution about, 184
Five-spot flood, 569
conductivity of, 585ff., 615, 744
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Five-spot flood, efficiency of, 596,
597, 613, 616, 745
flooding history of, 570, 743
pressure distribution in, 577, 586
Fluidity, 459
Fourier-Bessel series, 633
Fourier equation, 134
elementary solutions of, 630
Green’s function for, 661f.
source and sink solutions of, 6664f.
Fourier integral, 227, 417, 450, 732
Fourier series, 156ff., 168, 245, 379,
417, 441, 450, 633, 634, 662
cosine series, 156, 159, 441
sine series, 157, 161
Fourier's law, 140
Fractured limestones, 409ff., 450
acid treatment of, 425, 427, 450,
741
bounded systems, 417
effective permeability of, 417
as gas reservoirs, 685, 718
resistivities of, 415, 416, 450
Free surfaces, 243, 256, 287f., 365,
385
hodograph for, 302
parabolic, 325, 391
refraction of, 401
in seepage from ditches, 327f., 335
shape in dams, 314f.
slope, at inflow surfaces, 291
at outflow surfaces, 291
Friction factor, 58
chart, 60, 61

G

Gamma function, 267, 419
Gas coning, 701f.
conditions for, 702
Gas drive, 455
Gases, analytic definition of, 132,
672
equation for density distribution
of, 133, 145, 679
nonsteady-state flow of, 704f.
drainage of closed reservoirs,
708, 712, 721

757

Gases, nonsteady-state flow of, tran-
sients in, 705, 715
permeability measurements with,
91
steady-state flow of, 679f.
gravity-flow systems, 684, 717
linear, 680, 716, 747
multiple-well systems, 704, 720
nonuniform-permeability  sys-
tems, 685, 717
three-dimensional systems, 683,
717
two-dimensional problems, 682,
77
two-fluid systems, 686, 718
Gas-oil ratios, 687, 718
effect of tubing on, 6964., 719, 720,
748
for communicating gas and oil
zones, 689f., 719, 748
for noncommunicating gas and oil
zones, 692ff., 719, 748
relation to oil recovery, 688, 748
Gauss’ theorem of the mean, 174,
231
Grain diameter ‘“‘average,” 15, 61
Gravity-flow systems, 287f.
approximate theory of, 377f., 308
composite pressure-head and,
375f., 398, 741
exact solutions for, 323f., 391
of gases, 684, 717

sand-model studies of, 365f.,
3974.

treatment, by electrical models,
3184., 390

by Hopf and Trefftz, 292f., 387
by method of hodographs,
300f1., 387
Green’s function, 169ff., 246, 511
conformal mapping by, 197
definition of, 169
graphical construction of, 237
mixed, 189
for nonsteady-state flow, 661f.
relation to method of images, 180
symmetry of, 171
for two-dimensional systems, 727
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Green’s reciprocation theorem, 228,
246
Green’s theorem, 236
Ground waters, 28f.
content in unconsolidated surface
sediments, 30
fluctuations in level of, 364
movements, below water table, 34,
38
in capillary zone, 30
occurrence of, 28

H

Hodographs, method of, 300f., 387
application of inversion trans-
formations to, 300, 301, 332
for constant-potential surfaces,
302, 388
definition of, 301
for free surfaces, 302, 387
for impermeable boundaries, 301,
388
for seepage through dams, 304
for surfaces of seepage, 302, 388
Homogeneous fluids, definition of. 4
equations for, 131, 132

I

Images, method of, 175, 247
application to partially penetrat-
ing wells, 265, 266
in homogeneous media, 410
infinite sets of, 186
relation to Green’s function, 180
Incompressible liguids, 123
equation, for pressure distribu-
tion, 132, 145
of state for, 123, 132
radial flow of, 150
Infinite line source, 175
Infinite-well arrays, 523
pressure distribution about, 526,
52t 137, 544
resistance of, 529, 540
staggered arrays, 545, 611
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Infinite-well arrays, three-line arrays,
540f., 610, 743
shielding in, 543, 610
two-line arrays, 530f., 609, 743
shielding in, 533, 535, 536, 610,
743
Initial conditions, 136, 138
Irrigation problems, 353, 394

K
Kelvin equation, 457
L

Laplace’s equation, 133, 134, 140,
430
in curvilinear coordinates, 726
in eylindrical coordinates, 141
methods of solution:
arithmetic mean, 234
balayage, 234
graphical, 237, 2564, 339, 738
model experiments, 241f., 255,
256
numerical, 238, 255
separation of variables, 430
variational, 235, 254
Ritz, 235
Trefftz, 236
solutions of, 430
exact for gravity-flow systems,
3237., 391
periodic, 168
polar coordinate, 163
in spherical coordinates, 142, 259
for two-dimensional liquid flow,
150, 244
uniqueness of solution, 139, 433
Laws of flow, 59
for gases, 66
for liquids, 59, 61, 63, 64
Limestones, acid treatment of, 4201
flow in fractured, 409f.
structure of, 20f.
Linear encroachment, 459f., 500,
742
Linear sheet flow, 324, 391
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Line drive, 175, 246
electrolytic model for, 563, 564,
566, 567
encroachment from, 468f., 501,
742
flux into well from, 178, 736
into infinite-well arrays, 524f.,
609
Line-drive floods, 568
conductivity of, 582f., 615, 744
flooding history of, 569, 743
pressure distribution in, 579, 582
Line-of-creep theory, 201, 202, 204,
249

M

Mazxwell’s law, 140
Model experiments, 241, 255
dimensional requirements for, 243,
257
electrical, 241f.
electrolytic, 241, 255
for flooding networks, 561f.,
612
for seepage under dams, 208,
220
graphite, 242, 486, 498
for water coning, 486, 498
gravity flow, 243, 256, 318f.,
390
circuit for, 319
for seepage through dams,
3187.
sheet conduction, 242, 256
cireuit for, 575
for flooding networks, 5777,
614
sand models, 241
of gravity-flow systems, 365f.
for seepage from ditches, 349,
352
for seepage under dams, 205,
206, 208
Multiple-well systems, 507f.
for gas sands, 704

759
N
Nonuniform-permeability systems,
400f.
flux in, 407, 741

for gas flow, 685, 717
pressure distribution in, 406, 414

0]

Offsetting, 546fF., 611
multiple-line, 552f., 612, 743
example of, 556fF.
single-line, 548ff., 611, 743
pressure distribution in, 551
Ohm'’s law, 140
Open-bottom wells, 282

P

Packing of porous media, 10f.
of natural materials, 13
relation to porosity, 79
of spheres, 10ff.
Partially penetrating wells, 263f.
in anisotropic sands, 277f., 285,
739
in gas sands, 684, 686, 748
potential distribution for,
271, 283, 498
application to coning problem,
4884
production capacities of, 274f.,
284, 438, 739
maximal, without water coning,
495
in stratified sands, 429f., 438, 742
Permeability, 69fF.
calculation, for gases, 78, 733
for liquids, 77, 733
continuous variations of, 401f.
conversion table for, 75
definition of, 10, 71, 72, 294
dimensions of, 72
discontinuous variations in, 403f.
effect of compaction on, 17
effective, for anisotropic media,
227

270,
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Permeability, effective, for filter
beds, 403
of fractures, 417, 425, 449, 741
for hydraulic problems, 72, 294
measurement of, 76ff.
consolidated sands, 85
apparatus for, 86f.
with gases, 91
gas vs. liquids, 91, 93
with liquids, 89
in the field, 93f.
calculation of, 95f., 733fF.
correction factors, 96, 734
unconsolidated sands, 79f.
apparatus for, 81
nomenclature, 76
typical values of, 101
anisotropic character of, 111
for consolidated sands, 103f.
Berea, 106
Berea grit, 104
Bradford, 103, 105, 109
Clarendon, 104, 106, 109, 110
Cromwell, 107, 108
Gilcrease, 107
Glen Rose, 108
Johnson, 107
Kane, 106
Olean, 106
Onondaga, 105
Pechelbroon, 108
Robinson, 103
Salt, 104
School Land, 106
Speechley, 102, 104, 107
Tokio, 108
Venango, 103, 104, 106, 109,
110
Wanette, 108
Wilcox, 103, 106
Windfall, 104
Woodbine, 103, 105, 647
of continuous cores, 109
of unconsolidated sands, 113
units for, 74
variation, with cementation, 73
with grain size, 70
with porosity, 12, 80
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Petroleum fluids, 474,
accumulation of, 50
migration of, 50
occurrence of, 47
source of, 48
traps for, 52
Piezometric surface, 355, 369
Poisseuille’s law, 56, 57, 71
Poisson’s integral, 174, 231, 308
generalized, proof of, 732
Porosity, 10
calculation of, 114, 735
of consolidated rocks, 103f., 118
of continuous cores, 109
determination of,
consolidated sands, 113f.
Barnes methods, 117
Melcher-Nutting method, 114
Russel method, 115
Washburn-Bunting method,
116
unconsolidated sands, 81
effect on permeability, 12, 80
of natural materials, 13
of sphere packings, 12
Porous media, definition of, 7
nature of, 10ff.
Potential, 129
velocity, 129, 137, 145, 182, 287
Potential distributions, about parti-
ally penetrating wells, 270, 271,
283
in radial systems, 260
in spherical systems, 260
for stratified sands, 436
Potential theory, 149f., 455, 456fF.
Pressure distributions, 77
under dams, 193, 201, 202, 737,
738
in flooding networks, 577f., 582f.,
614
about infinite-well arrays, 526,
528, 537, 544, 551
in inhomogeneous systems, 406,
414
for line-drive flow into well, 178
in linear gas flow, 680, 681
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Pressure distributions, in linear
systems, 77

in radial systems, 151, 152
arbitrary, over boundaries, 163

in Woodbine sand, 652

Pressure rise in wells, 640f., 672, 746
R

Radial encroachment, 462ff., 500,
742
Radial flow, 150
of compressible liquids, 628, 6324,
640, 642f.
of gases, 682, 747
of incompressible liquids, 150
flux in, 153, 736
effect of well diameter on, 156
gravity flow, 365f., 397, 740
Kozeny’s theory of, 365
sand-model studies of, 368f.,
3971.
in inhomogeneous media, 403f'.,
448, 741
pressure distribution, 151, 152,
155
velocity distribution, 151, 152,
155
Reservoirs, 50f.
closed, 653, 675
interference effects in, 664f.,
676
pressure decline in, 658, 659,
675, 747
producing gas, 708
pressure decline in, 712, 714,
749
production decline in, 710,
749
single well in, 6563f., 6574.
Reynolds number, 57f.
variation of flow with, 58f.
for porous media, 59f., 67, 68
for sand free flow, 58
Rocks, kinds of, 17f.
screen analyses of, 15
structure of, 22f,
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S

Sanded liner, 439f., 452
effect on production capacity, 444,
446, 742
in gas wells, 686
Schwarz-Christoffel theorem, 197,
209, 210, 213, 215, 242, 248, 332,
333, 388
generalization of, 297
Seepage flux, under coffer dams,
224, 252, 738
under dams with piling, 218, 251,
738
under dams without piling, 212,
51, 738
through dams with sloping faces,
333, 337, 3381, 393
through dams with vertical faces,
303f., 314, 389, 739
out of ditches, 327, 331, 334, 338,
346f., 392, 394, 740
general formula, 214, 738
in radial gravity flow, 372, 397,
740
Separation of variables, 430f.
Seven-spot flood, 571
conductivity of, 587f., 615, 744
efficiency of, 597f., 613f., 745
flooding history of, 571ff., 744
pressure distribution in, 578, 588
Sheet piling under dams, 201, 250
effect, on pressure under dams,
201, 202, 207, 738
on seepage flux, 218, 251, 738
on uplift force, 203, 249, 738
on uplift moment, 203, 249, 738
pressure drop over, 201, 202, 219,
248, 738
Sloping sand, drainage of, 292f.,
386, 387
flux caught by ditch in, 298, 387,
739
limiting streamlines in, 299, 300
Soil samplers, 82
Spherical coordinates, 142, 726
Spherical flow, 259f., 282
flux in, 260, 282, 739
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Spherical flow, potential distribution
in, 260, 282
velocity distribution in, 260, 282
Staggered line-drive flood, 579, 615
conductivity of, 584, 592f., 615,
744
efficiency of, 596ff., 615, 616, 745
pressure distribution in, 580, 592
Steady state, definition, 123, 134,
621
continuous succession of, 621f.,
660, 707
flow of gases in, 680f.
incompressible-liquid systems in,
621f., 670, 745
liquid flow in, 149f.
Stokes-Navier equations, 56, 126,
128, 130, 144
Stream function, 183
interchange with potential, 231,
253
Streamlines, 183
interchange with equipotentials,
231, 253
refraction of, 401
Subirrigation, 354, 394, 740
Subsurface fluids, 26
classification of, 28
Surfaces of discontinuity, 400, 448
boundary conditions at, 401, 448
in gas-flow systems, 685
refraction of streamlines at, 401
Surface of seepage, 243, 256, 289f.,
365, 386
hodograph for, 302

T

Thalweg, 35

Three-dimensional problems, 258fF.
of gas flow, 683, 717

Tile drainage, 356f., 395, 740

Turbulent flow, 58, 62f.

Two-dimensional problems, 149f.
of gas flow, 682, 717

Two-fluid systems, 453.
in gas sands, 686, 718
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U

Unsymmetrical flow, 163f., 168
for compressible liquids, 661f.,
676
for eccentric boundaries, 169f.

A%
Viscous flow, 57, 61, 63, 125, 136, 144
w

Water coning, 4804., 5031
analytical theory of, 487f., 504
critical nature of, 485
equilibrium condition for, 481
in gas sands, 686, 687, 718
maximal pressure drops, without,

493, 505, 742
maximal production rates, with-
out, 495, 506, 742
model experiments on, 486, 498
shapes of cones in, 486, 493
suppression by shale lenses of,
4964., 506

Water drive, 454
line drive, 468
between two wells, 472

Water-drive field, 635
production decline in, 635f., 672

Water flooding, 454, 560f., 612
comparison of mnetworks,

602f., 617
conductivities of, 580f., 613
efficiencies of, 593f., 613
history of, 560
model experiments on, 561f., 612
natural, 454
pressure distributions in, 577f.

Water-logging, 355, 740

Well battery, 518, 742

Well diameter, effect on flux, of

partially penetrating wells,

275, 276, 284

in radial flow, 156
in spherical flow, 262

600,
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Well displacement, effect on flux,
172, 173, 736
Well groups, 507f.
in gas reservoirs, 704
infinite groups, 523f., 743
small, in circular region, 509f.,
607
battery on circle, 518, 742
five wells, 515
four wells, 514, 742
mutual interferences, 519, 607,
608
nine wells, 516
sixteen wells, 517
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Well groups, small, three wells, 513,
742
two wells, 512, 742
supplied by line drive, 521f., 743
Well spacing, 512, 608
in infinite arrays, 535, 555
in small well groups, 5134.
Woodbine sand, 103, 645, 647, 653,
672
expansion of water in, 625, 646,
674
permeability of, 103, 105, 647
pressure distribution in, 652
structure contours on, 644



