














































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































SEc. 10.4] THE FLOW OF COMPRESSIBLE LIQUIDS 637 

upon introducing the dimensionless notation 

Kt -
- = t· r u;2 

(7) 

(8) 

(9) 

For the purposes of numerical illustration, the physica] 
dimensions of the system will be supposed to have the values 

rw ("well" radius) = 20 miles, 
re (external reservoir radius) = 100 miles. 

In evaluating now Eqs. (7) and (8), one must determine first 
the roots an of Eq. 10.3(5). In the notation of Eq. (9) the 
first seven roots for the case p = 5 are: 

n...... 1 2 3 4 5 6 7 
Xn ..... 0.7632 1.5575 2.3470 3.1352 3.9210 4.7073 5.4933 

The values of the Bessel functions may then be read off from 
tables such as those of Hayashi or Watson. 1 The final results 

are given in Fig. 249, where the quantities 
2 

k( Q(3µ ) and 
7r 'Yi - 'Yw 

2 
jQ 

2
, denoted by Q, are plotted against t as curves I and 

7r ETw 

II, respectively. 
As should be expected physically, curve I begins with infi­

nitely large values and asymptotically approaches the constant 

lo~ 
5 

= 0.62. This is the steady-state flux that will pass through 

the system after the transient effects represented by the series 
in Eq. (7), due to the compressibility, have disappeared. Tak­
ing k/ µ = 2, and {3 so small that 'Yi - 'Yw l"J 'Yo(Pe - Pw), the 

1 HAYASHI, K., "Tafeln der Besselschen, Theta-, Kugel- und anderer 
Funktionen," 1930; Watson, loc. cit. 
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value Q = 1, for curve I, corresponds to about 200 bbl./day/ft. 
of sand per atmosphere pressure differential (Pe - Pw = 1 atm.). 

To get the numerical equivalent of the t scale, values of the 
compressibility {3 and porosity f must be chosen. Taking f = 0.2 
and {3 ,....._, 4.5 · 10-4 atm.-1 (10 times that of water), one has 
t ,......, 1.85 · 10-4t (days), so that t = 0.1 corresponds to approxi­
mately 1% years. This system will, therefore, possess very long 
period transients, for even after six years the flux rate would still 
be more than twice that in the steady state. 
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Frn. 249.-The production history of an oil field produced by a water drive 

maintained at constant pressure. I. Field pressure suddenly dropped to and 
maintained at p,.; Q = Qµ./2-rrk-yollp, Q = 1 ,...,, 200 bbl./day /ft. sand/atm. 
differential. II. Field pressure decreasing continuously so that the fluid density 
drops at a constant rate (E); Q = Qµ./27r/Er,. 2, Q = 1 ,...., 150,000 bbl./day /ft. 
sand for a pressure decline of 2 lb./day. (From Physics, Ii, 80, 1934.) 

In the case of curve II, one unit on the scale of ordinates 
has the numerical equivalent of 4.0E · 1014/ft. sand, or approxi­
mately 153,000 bbl./day/ft. sand for a pressure decline at 
rw of 2 lb./day. However, if the initial pressure is 1,600 lb., 
the rate of decline can be maintained for only 800 days, or to 
t ,....._, 0.15, at which Q,....., 0.5. Hence the production rate by the 
time the field pressure will have dropped to zero will have risen 
to 75,000 bbl./ day /ft. of sand. At the same time, Q,....., 1.9 for 
curve I, so that if Ap,....., 1,600 lb. the system in which the pres-



SEc. 10.5) THE FLOW OF COMPRESSIBLE LIQUIDS 639 

sure has been suddenly dropped to zero will be producing at the 
rate of approximately 41,000 bbl./day/ft. of sand. 

With regard to the cumulative production, it may be noted that 

_ {t _ A'Y ,..._, Ap _ Ap 
P(a) - Jo Q(a)dt - -;Q(b) = (dp/dt)Q(b) - 2 Q(b), (10) 

where Q(a) and Q(b) represent the expressions of Eqs. (7) and 
(8), respectively. Hence the cumulative production for case 
(a) at t = 0.15 is 

P(a) = SOOQ(b) = 6 X 107 bbl./ft. sand. 

P(b), on the other hand, may be most readily obtained from 
the area under curve II, the result being 4 X 107 bbl./ft. of sand. 
The general variation of P(b) with time will be essentially of the 
form of t2 , since after an initial short-period transient, Q(b) 
increases approximately linearly with t. For the same reason, 
P(a), in virtue of Eq. (10), will increase approximately linearly 
in t after the initial transients have passed. 

Although the actual constants used in the above discussion 
of Fig. 249 roughly correspond to the "East Texas" oil field,1 
it should be observed that the curves of this figure are independent 
of the absolute dimensions or numerical values for the physical 
constants of the flow system. The brackets of Eqs. (7), (8), and 
the roots Xn, depend only on the ratio re/rw = p. The absolute 
values of re, rw, and the actual values of {3, f, k, µ, A')', enter only 
in determining the physical equivalents of the ordinate and 
abscissa scales of Fig. 249. Unless a different value of pis chosen, 
curves I and II may be used for any combination of geometrical 
and physical constants. 

10.5. The Limiting Case of Vanishing Internal Radius.­
Although in the derivation of Eq. 10.3(17) the numerical values 
of rw and re were left perfectly arbitrary, one may not proceed to 
the limit p ,...._, oo, rw ,..._, 0. For if the flux should be nonvanishing 
with a well of vanishing radius, the well must be replaced by a 
mathematical sink, with a negative infinite pressure. The specifi­
cation of finite fixed or variable pressures, therefore, becomes 
meaningless as rw ~ 0. If, however, one does not require a 
nonvanishing flux, the pressure or density at the well (rw ,...._, O) 

1 The detailed analysis of the production history of this field will be given 
in Sec. 10.8. 
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becomes uniquely determined by that on the external boundary. 
In a manner similar to that developed in Sec. 10.3 it may be shown 
that the distribution in 'Y is then given by 

'Y = 
22~ :~~anr\e-1<a,.2t[ rr·rg(r)Jo(anr)dr 
re~ 1 anre Jo 

• . + "1' .a.J 1 ( a.r ,) J.'1 ,(A)C"". "'dA J (1) 

where 
Jo(anre) = 0, 

f 2(t) is the value of 'Y maintained at the external boundary 
r = re, and g(r) is the initial distribution. 

10.6. The Rise of the Bottom-hole Pressures in Closed-in 
Wells.~An application of Eq. 10.5(1) of some practical interest 
may be found in the problem of taking closed-in bottom-hole 
pressures in a producing oil field. The usual procedure is to 
send down to the bottom of a producing well a recording or 
maximum reading bottom-hole-pressure bomb, close in the well, 
and after a certain period remove the bomb and record the read­
ing. This value is taken as the reservoir pressure in the field 
about the well chosen, and the question arises as to the time 
that is required after closing in for the pressure at the well to 
rise to a value appropriate to its "vicinity." The following 
solution to this problem will not strictly apply to cases in which 
there is free gas in the sand about the well, owing to the variation 
in the effective permeability of the sand as the pressure builds 
up and the gas is compressed. However, it will be valid in fields 
producing entirely by water drive-as is the case in the "East 
Texas" field-in which no gas is evolved from the oil until 
it reaches the well bore; and it will give a qualitative description 
of the pressure rise even in sands flowing both gas and oil, the 
curve of Fig. 250 falling more steeply in these cases, owing to 
the rise in the effective permeability as the pressure about the 
well rises. 

Supposing, then, that the well, before closing in, has been 
flowing in a steady-state condition, its density distribution at 
the initial instant, 1 g(r) in Eq. 10.5(1), will be given by 

1 It is to be understood, of course, that at the "initial instant" for the 
pressure rise the well bore is filled with liquid. 
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g(r) = ('Ye - 'Ywi) log r/rw + 'Y . 
log re/rw wi 

[cf. Eq. 10.1(13)] (1) 

where 'Ye is the "reservoir density" to be determined, and I' wi 
is the flowing bottom-hole density just before the test is made, 
r w being the well radius. Since th2 field as a whole continues 
flowing, f2(t) may be given the value 'Ye· 
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FIG. 250.-The establishment of the "reservoir pressure" on shutting in a 
well producing a compressible liquid. (t..p) /(tl.p1)_ = (pressure differential after 
shutting in) /(flowing pressure differential). t = kt/µffJre 2 = dimensionless 
time. (From Physics, 5, 84, 1934.) 

Under these conditions, Eq. 10.5(1) takes the form 

2(-ye - 'Ywi)~Jo(anr)e-"an2t 
'Y = 'Ye - 2 ,.£J. 2 2 • Te log re/rw an J1 (anre) 

(2) 

The pressure differential between the well (at r = rw) and the 
radius re is then given by 

Pe - Pw r-.J 'Ye - 'Yw _ 2 ~ e-x"2
i 

Pe - Pwi ='Ye - 'Ywi - log P Xn 2J1 2(Xn)' (
3) 

where p = re/rw, Xn = an.re and t = Kt/re2
, with Pe, Pw correspond­

ing to 'Ye, 'Yw· Thus the fractional rise in the pressure differential 
at any time is independent of the absolute values of the pressures 
and is determined only by the dimensionless constants in the 
series of Eq. (3). Equation (3) is plotted in Fig. 250 for 
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p = 2,000, and, except for the factor -
1 

1 
, is a universal curve. 

og P 
Thus fork/µ, = 0.2, f = 0.2, fJ = 4.5 X 10-5 atm.-1, re = 500 ft., 
t = 0.1 ~ t = 0.3 hr., so that 90 per cent of the original pres­
sure differential would be destroyed in about 73 hr. and 99 per 
cent in 1}-2 hr. These values are of the same order of magnitude 
as those observed in the "East Texas" field where the constants 
within the field proper correspond approximately to those 
chosen above. 1 

10. 7. Radial Systems in Which the Density Is Specified over 
One Boundary and the Flux over the Other.-The analytical 
definition of radial systems in which the density is specified 
over one boundary (r1) and the flux over the other (r2) may be 
expressed by the conditions that 

1 A somewhat more practical representation of the pressure rise in closed-in 
wells with, however, an analytical treatment much more approximate than 
the above, is obtained by assuming the shutting-in process to be one in 
which the fluid head simply rises from its initial flowing value, thereby 
continually increasing the back pressure upon the sand face until equilibrium 
is reached (M. Muskat A.I.M.E., 103, 44, 1937). Thus if A is the effec­
tive cross section of the well bore, h ... the height of the :fluid level above 
the level of the sand face, 'Yo the density of the fluid, g the acceleration of 
gravity, P• the reservoir pressure, h the sand thickness, and p ... , µ., r. have 
their usual significance, it readily follows on assuming instantaneous steady­
state-flow conditions that 

with the solutions 

A ah ... = 27rkh(p. - Pw). 
at µ. log r ./r 'ID J 

P• - Pw - e-ct. 
P• - Pwi - ' 

where Pwi, h, are the initial well pressures and fluid heads, and he is the 
fluid-head equivalent of the reservoir pressure p.. If a plot of this equation 
on semilogarithmic paper gives a straight line, and thus confirms the assump­
tion of "dead" liquid flow upon which the derivation is based, the slope 
will give the constant C and hence a means of determining the sand per­
meability k. At the same time the adjustment of the constant p. so that 
the plot is straight, gives a very sensitive method for determining the 
reservoir pressure without waiting for strict equilibrium to be established, 
while the determination of C itself will permit the prediction of the maximum 
production capacity of the well. 
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'Y =f1(t): 
d"( 

rar = f2(t): 

'Y = g(r): 

(1) 

t = o, 
where g(r) is again the initial density distribution. 

Following the procedure of Sec. 10.3, the solution satisfying 
simultaneously all the conditions of Eq. (I) will be synthesized 
from the simpler solutions ( 'Y1, 'Y2, 'Ya) which satisfy the conditions 

('Y1, 'Y2, 'Ya)= (1, 0, 0): 
a 

r2a'T('Y1, ')'2, 'Ya) = (O, 1, 0): 

(-y1, ')'2, 'Ya)= [O, O, g(r)]: 
: :: l 

t = 0. 

(2) 

Then, similarly to Eq. 10.3(3), the final solution satisfying 
Eq. (1) may be written as 

'Y = 'Ya(r, t) + J.'[t i(>../'Y1(r,:t - >..) + f2(X)a'Y2(r,att - >..) ]dx. (3) 

Introducing now the new function 

U(anr) = Y1(anr2)Jo(anr) - J1(anr2)Yo(anr), (4) 

so that 
(5) 

and choosing an such that 
U(anr1) = 0, (6) 

and then applying again Eqs. 10.2(8) to 10.2(11), the values of 
'Y1, 'Y2, 'Ya may readily be shown to be given by the expansions 

l + ~ Jo(anr1)J1(anr2) U(anr)e-Ka.tt (
7

) 
'Yi = 11" ~ Jo2(anT1) - J12(anT2) 

1 
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10.8. The Pressure Decline in the "East Texas" Oil Field.­
Perhaps the most striking practical application of the theory of 
the flow of homogeneous fluids through porous media, and the 
nonsteady-state flow of liquids in particular, is that of Eq. 10.7 
(10) to the question of the pressure decline in the "East Texas" 
oil field. Whereas the original reservoir pressure in the field was 
1,620 lb., tests1 of the oil have shown that it was saturated with 

LEGEND !;·.·/!Woodbine Outer 

~l!ilillll~llWi~IEost Texas Field 

I 

I 

FIG. 251.-Structure contours on top of Woodbine sand in northeast Texas. 
(After Schilthiu8 and Hur8t, Oil Weekly.) 

gas to a pressure of only 755 lb. Evidently, then, until the pres­
sure within the sand has fallen to 755 lb., there will be no free 
gas evolved, and the oil will necessarily flow as a homogeneous 
"dead" liquid. Now in order that a porous medium carrying a 
homogeneous liquid discharge that liquid into outlet wells it is 
necessary that either the liquid itself expand on lowering the 
reservoir pressure, or that it be "driven" into the outlet wells 
by means of some external mobile agency. In the case of the 
"East Texas" field, the observed performance has been that 

1 LINDSLY1 B. E., U.S. Bur. Mines, Rept. Investigations, 3212, 1933. 
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the reservoir pressure has dropped approximately 375 lb. during 
the course of some 500 million bbl. of oil production. Using 
for the fluid content of the field the estimated value of 7 · 109 bbl., 
it is readily seen that this fluid content would have to have a 
compressibility of 0.0028/atm., which is 20 times that which has 
actually been measured for the oil of the "East Texas" field with 
its dissolved gas, 1 if one is to attribute the oil produced from the 
field to the expansion of the fluid within the field itself. Although 
even the theory given below will require the assumption of an 

(/) 

§ TAYLOR 

~ 
It! 
() 

F10. 252.-West-east cross section of the "East Texas" oil field. (After Reistle, 
"Drilling and Production Practice," 1934, Amer. Pet. Inst.) 

abnormally high-by a factor of 12-compressibility for the 
fluid within the adjacent water sand, it is impossible to justify 
the high value for the oil within the field, since it is known to be 
undersaturated and hence cannot have dispersed through it any 
free gas masses. 

It is therefore necessary to suppose that the oil is "driven" 
into the outlet wells by an external mobile agency or "drive." 
This supposition is, however, well supported by the fact that the 
west edge of the field, which produces from the Woodbine sand, 
is flanked by a water sand extending westward for more than 
100 miles before it outcrops, as shown in the map of Fig. 251. 
A vertical east-west section through the field is shown in Fig. 
252. It is natural, then, to attribute the production from the 

1 LINDBLY, loc. cit. 
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field to the drive of the water in the Woodbine sand, which 
expands as the pressure is lowered. In fact, in comparison to 
the expansion of the tremendous volume of this water reservoir, 
the expansion of the oil within the field-it would contribute 
only about 20 million barrels during a pressure drop of 20 atm.­
can be neglected, and the wells within the field may be lumped 
together into the equivalent of a single large well with a flux 
equal to the sum of those of the individual wells. In particular, 
the field will be replaced by an arc of 120 deg. along a circular 
sink or well of radius 20 miles. It will furthermore be supposed 
that at a radius of 100 miles the pressure is maintained at its 
original value of 1,620 lb., the sand between the two boundaries 
having an average thickness of 130 ft. 1 These conditions may 
be expressed analytically as 

'Y = 'Ye = 'Yi; 
'Y = g(r) = 'Yi; 

(Pe = P•): 
(p = Pi): 

r = re(r1) = 100 miles} (1) 
t = 0. 

When these two conditions are applied to Eq. 10.7(10), the 
density difference between the two boundaries takes the form 

2 ~ J 2( ) -Ka 2t I.' K O anTe e " 2>, 
.6.-y = 'Yi - 'Yw = --2 J 2 ( ) _ J 2 ( ) f2C>..)e"a,. d'>.., 

Tw o anTe 1 anTw O 

(2) 

where f2(t) is proportional to the production rate from the field 
at the time t. While this production rate is, in general, to be 
considered as a function composed of continuously varying 
segments, it is sufficient for practical purposes to take f'l.(t) as 
composed of segments of constant value over finite time intervals. 
That is, it may be expressed as 

f2(t) = rw(:;)r"' = a: 0 ~ t ~ ti 
= b: ti ~ t ~ t2 
= c: t2 ~ t ~ t3, etc. (3) 

Introducing the dimensionless notation of Eq. 10.4(9) and the 
function F(t) defined by 

1 These values are, cf course, very much idealized. However, they are 
actually effective averages of data derived from a detailed analysis of well 
logs in the water reservoir adjacent to the "East Texas" field. 
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- """ J o2(XnP )e-z,.21 
F(t) = 2 ~ 2(J 2( ) - J 2( )]' Xn o XnP 1 Xn 

(4) 

Eq. (2) can be written out more explicitly as 

0 ~ t ~ t1: 
ti ~ t ~ t2: 
t2 ~ t ~ ta: 

A'Y = alogp + aF(t), l 
A'Y = blog p + aF(t) + (b - a)F(i - t1), 
A'Y = clog p + aF(l) + (b - a)!(t-=:- t1) + (5) 

(c - b)F(t - t2), etc. 

To get the numerical values of A'Y, specific values must be 
chosen for the various physical constants of the system. These 
are 

k/µ = 2.12; f = 0.2; f3 = 5.3 · 10-4/atm.; l 
Tw - 20 miles; re = 100 miles, 

p = 5; t = 1.6686 · 10-4t (days). 

(6)1 
so that 

Observing now that 

A'Y ::::'. 'YofJAp; a = rw(~~)rw = ;:~, (7) 

where h is the thickness of the water sand (130 ft.), and Q is 
the flux that would enter the field if it substended an angle of 
2r, Eq. (5) may be used to compute directly the pressure decline 
in the field as a function of the production rates a, b, etc. The 
function F(t) may be calculated from Eq. (4), after finding the 
roots of Eq. 10.7(6) for p = 5. 

The decline of the pressure versus the age of the field and the 
cumulative productions, as calculated by means of these equa­
tions, are plotted in Figs. 253 and 254, the production data used 
being averages of monthy values published in the oil-industry 
trade journals ;2 these are indicated in the lower discontinuous 

1 The value of k/µ. used here was obtained from an average of the per­
meabilities of cores from "East Texas" wells, combined with an estimated 
effective viscosity for the water in the Woodbine sand taking into account 
its probable temperature at the depth of the sand. 

2 The cumulative production shown in Fig. 254 for Jan. 1, 1937, is some 
50 million barrels less than the value which is now generally accepted. 
This discrepancy arises from changes that have been made, since the 
calculation of the curves of Figs. 253 and 254 was completed, in the 



l so~liil ~ ~ ,._.,_ 
<I) .. ,g . ....,. -~............_ n 

a> I 40_ ' : 1 -- ·- ·- r::-r' ~ I I I I I I I I I I I I I I I I I I I I I I I I I I I 
'- V I I •• ._ .~1 ""1/'t\ :I I I I .. , r, I 
&n I I t ' 
<II I I I I I 1 ct I 300 I ' I I : ' •\ I I I I I I I I I I I I I I I I I I I 

I I I I I I t I I \ , t I .... I u ~L-
~ 1 I I 1 II ·, I I\ I ..... •p. r-i. 

Cl) I I I ti I I: •<f. ~..- 7 I 1 ...._...., +~· . ..!_ _.4.. 
i;: 1200 I I I I I I I I I• I o I io-•4 I 1""'"-t-•t•4 .. ... ~..--­

' 

0 .. " 

I I I I •: t I I t : I t I : 

•~ : .::, : I ~: :~: I : : lH+hm~·ffi: ~1100~--:k-~-'-£i! i!.J_.__ ~-...,;<R-..., -'-~-'--~ v r:;- lh !!? !RH=tr--- ""' r• ,...._ ,., ..., ::--M ...,,v ..., ..., ro '- ..., ,., ,., f()I w ~ -"'.:::: t:.0--:::::: ' ---!:::S-:::::IOC\I- :::::-~"'.::::- ::::: ...... -- ...... :::::: ::::: ' 
1 oo:~ I::: ~ :::::: ~ ~ ;:;,~ t::: -;;;; ~ Ci> Q S t::: f::: ' 

I ~---l+·-i··-·f.··--·-

f 1 oool I I I I I I I I I I I I I I !1 I , I I I I I I I I I I I I I I f I I I I I I I I I I -s: 
.0 

1 ·6:J I ti I I I I I I I I I I LI 111 I I I I I I I I I I I I I I I I I I I I I I I I I ~ 

oa 

lL.:.j....:.. j •ooUJI II. I I I I I I I I I .Li 111 I I FPI I I I TfH . i I 11 I I I I I 11 I I I I 
2001 I I Ill I I I I I I I I I 111 I Ill I I I I I I I I I I I I I I I I I I I I I I I I I I I 

2 3 4 5 6 7 8 9 10 II 12 13 14 15 16 17 18 19 20 21 

Age Of Field (100 days) 
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curves of the figures. These production data ha.ve been multi­
plied by 1.18, before applying Eq. (7), to take account of 
the shrinkage of the oil from its volume within the sand to 
that measured at the surface after the release of its dissolved 
gases. 

It is to be noted that the pressures computed here must be 
considered as "effective" field pressures, due to the fact that the 
whole field of some 4 to 6 miles width has been lumped together 
as a circular sink concentrated over the 120-deg. arc of a circle 
of 20 miles radius. While the details of the actual disposal 
within any circular boundary of the flux that passes through 
it can have no effect upon the pressure variation on the boundary 
or in the medium beyond it, provided the time variation of the 
flux is the same as that originally preassigned, the theoretically 
calculated pressure variation will only be comparable with that 
observed in the immediate neighborhood of the boundary. 
Thus since the eastern edge of the "East Texas" field derives 
its production by virtue of the migration of the oil across the 
field from the west, the pressures observed within the field will 
decrease in going from west to east. Furthermore, in addition 
to the gradient across the field associated with the migration of 
the fluid from west to east, there will be a pressure gradient arising 
from the fact that the producing sand of the field is wedge-shaped 
and tapers off toward the east (cf. Fig. 252), so that the effective 
resistance of the sand as a whole to migration increases toward 
the east. It follows, therefore, that the calculated pressures 
will correspond only to those observed on the western edge of 
the field, 1 and hence will be higher than the pressures which are 
averaged over the whole field and which are universally quoted 
as the "field pressure." And when changes in the flux rate are 

estimates of the actual withdrawals from the field in its early life. It 
should be noted further that since these calculations were made in the 
summer of 1934, it was assumed that the production rates after Aug. 1, 1934, 
would be maintained at 450,000 barrels per day, although the actual rates 
turned out to correspond approximately to those indicated in the lower 
halves of Figs. 253 and 254. 

t The effective internal boundary representing the field cannot be placed 
somewhere along the interior of the field, as this system would involve a 
removal of some of the fluid in the sand between the two boundaries-at 
20 and 100 miles-whereas the theory given here explicitly implies that no 
fluid leaves the sand until it has passed through the internal boundary. 
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made, the eastern edge of the field will show much more pro­
nounced pressure changes than will the western edge, so that 
the averages taken over the whole field will show larger fluctua­
tions than those calculated theoretically. These will also involve 
time transients in the establishment of the pressure distributions 
over the field to correspond to the changed total flux rate at 
the western boundary, which again are not taken into account 
in the theoretical decline curve calculated above. Finally, it 
is to be noted that the field-production rates are not known with 
any great accuracy, owing essentially to the fact that a consider­
able amount of "hot" oil-oil produced illegally in violation 
of the proration allocations, and hence not officially reported 
and on record-has been produced at various times in the field 
and in varying amounts. The data used here, which are those 
gathered from trade-journal reports, appear to be the most 
reliable, although it is difficult to estimate precisely their 
accuracy. 

It is for these reasons that the theoretically predicted pres­
sure-decline curve does not, and should not be expected to, agree 
exactly with the reported pressure-decline data, denoted by the 
broken line in Fig. 253, which are averages referring to the field as 
a whole. The agreement to within some 50 lb. over most of the 
plotted history of the field and the close parallelism between the 
computed and observed pressures are, however, significant, and do 
~onfirm the theory unambiguously. For practical purposes of 
predicting average pressures to be observed in the future, one may 
approximately correct for the effects discussed above by assuming 
that the pressure distribution across the field is essentially linear, 
with a total west-east pressure differential proportional to the pro­
duction rate from the field 1 so that the predicted western pressures 
should equal the observed averages plus half of the west-east 
differentials across the field. Taking as an average of the dif­
ferentials indicated by the field pressure contour maps, a total 
differential of 7 lb. per 100,000 bbl. daily-production rate, the 
"corrected" observed data are indicated by the circles in Fig. 
253. The agreement now is clearly as good as could be desired. 

1 In fact, this linear variation can be derived theoretically if one assumes 
the velocity over the vertical sections of the sand to be uniform, and the 
production from the field to be uniformly distributed over its width. 
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It is to be noted that this agreement has been attained with 
a calculation involving only a single essentially arbitrary con­
stant, the compressibility, its value having been so chosen as to 
make the effective field pressure calculated for April 1, 1933, 
agree approximately with that observed at that time along the 
western edge of the field. While this value-some 12 times that 
of gas-free water-is indeed abnormally high, it may be explained 
on the assumption that there are gas pockets dispersed through 
the water horizon to the extent of 4.9 per cent of the total pore 
volume of the sand [cf. Eq. 10.1(6)J. Although there is no evi­
dence at present either for or against such an explanation, it 
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FIG. 255.-Calculated radial pressure distribution for July 1, 1934, in the water 
reservoir adjacent to the "East Texas" oil field. 

may be noted that it does not seem to be inherently impossible, 
in view of the fact that there are other known oil fields in the 
Woodbine sand west of the "East Texas" field; it may therefore 
well be that the Woodbine basin actually does contain small gas 
fields which are as yet undiscovered. 

The pressure distribution in the Woodbine sand as of July 1, 
1934, computed by means of Eq. 10.7(10) together with Eqs. 
(1) and (3) is given in Fig. 255. It will be seen that although 
520 million barrels of oil had been produced from the field­
occupying a space of 613.6 million barrels in the reservoir­
the pressure in the water reservoir has been appreciably affected 
only within a radius of 20 miles from the field. Beyond this 
radius the original pressure of 1,620 lb. may be considered 
for practical purposes as unaffected. While this result is at first 
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thought surprising, an elementary calculation readily shows that 
the whole production could be accounted for by a uniform drop 
in pressure of 20 atm. extending for only 8.8 miles beyond the 
western edge of the field. The accurate theory shows indeed 
that such a rough estimate is quite close to the truth, and that 
the production until July 1, 1934 was due entirely to the expan­
sion of the water within a relatively short distance from the field, 
the component of mass fluid motion from the distant parts of the 
reservoir being for practical purposes entirely negligible. 

The pressure distribution given in Fig. 255 is also of interest 
in showing that for practical purposes the Woodbine sand 
reservoir can be considered as effectively infinite for what will 
probably be the complete life history of the field, and certainly 
until the internal gas drive due to the evolution of gas within 
the sand becomes of appreciable magnitude. In fact, from the 
above type of elementary computation it is readily seen that 
if the pressure drop extends over the whole of the reservoir to the 
radius of 100 miles, the expansion alone will produce a displace­
ment of 580 million barrels per atmosphere of average pressure 
decline. 

10.9. A Single Well in a Closed Reservoir.-Although it is 
not of great practical interest, Eq. 10.7(10) can be used to find 
the decline in flux from a single well in a closed reservoir. We 
shall briefly derive the appropriate formulas, omitting, however, 
a numerical discussion of the problem. The specific case treated 
will be that in which the flux at the external boundary, T = Te, 

is zero-a closed reservoir-and the internal boundary radius 
is kept at a fixed pressure (density). As Eq. 10.7(10) is valid 
for any problem in which a flux is specified on one boundary 
and the density on the other, it may be adapted to the present 
case by setting 

r"J. = Te (reservoir. radius); f2(t) = 0} 
T1 = Tw (well radms); f i(t) = 'Yw 

g(T) = 'Yi = const. 
(1) 

Equation 10.7(10) then takes the form 

(2) 

for the density distribution within the sand at any time t. 



654 THE NONSTEADY-STATE FLOW OF LIQUIDS [CHAP. X 

The density decline at the outer reservoir boundary, 'Y(re), 
and the decline in the flux from the well will, therefore, be given 
in the notation of Eq. 10.4(9) by 

_ + 2('Yi - 'Yw)~ Jo(Xn)J1(Xnp)e-x/i (3) 
'Ye - 'Y•c p ~Xn[Jo2 (xn) - J12(xnp)] 

and: 

(4) 

where the Xn are to be determined as the roots of 

(5) 

p having a value of the order of 2,000 to 3,000. 
10.10. A Well of Infinitesimal Radius.-When the flux at a well 

of practical dimensions is specified, one may replace the well by a 
mathematical sink and thereby simplify the analysis. Restating 
the problem in the form 

lim (r~'Y) = fw(t) 
r->O vr 
'Y = fe(t): r = re 

(1) 

'Y = g(r): t = 0, 

the effect of the sink can be represented by a single term 
logarithmic in r, so that the Bessel functions of the second kind 
which also vary in a logarithmic manner for small r can be 
omitted from the series. The general solution is then easily 
shown to be given by 

where 

(3) 

For the special case where 

fw(t) = ronst. = Qo; fe(t) = const. = 'Yi; g(r) = const. ='Yi, 
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Eq. (2) n~dtH'<'S to 

(4) 

Although the roots of Eq. (3) may be readily found from 
available tabulations, the present case is not of great practical 
interest, and hence will not be treated here numerically. 

10.11. Radial Systems in Which the Flux Is Specified over 
Both Boundaries.--A final type of radial-flow problem is that in 
which the flux rate is specified oYcr both boundaries of the system. 
It may he g<>nerally defined by the conditions 

o"f r- = f1(t): ar 
= f2(t): 

-y=g(r): 

r =Ti~ 
r = r2 
t = 0. 

(1) 

Once more it is convenient first to derive preliminary and 
::iimpler solutions corresponding to constant boundary conditions. 
Thus in terms of the solutions 'Y1, 'Y2, ')'3, satisfying the conditions 

a . 
r-
0 

()'1, 1'2, 'Ys) = (I, 0, 0): r = r1 r 
= (0, 1, O): r = r2 

l2) 

("11, 1'2, 'Ya) = (0, 0, g(r)): t = 0, 

that corresponding to Eq. (1) 'vill be given by 

.For the Bessel-function expansions, the same form for U(anr) 
will be taken as in Eq. 10.7(4), but it will be required that the 
an are tlw roots of 

( 4) 

rather than of Eq. 10.7(6). By using this definition, and 
applying Eqs. 10.2(8) to (11) once more to find the expansion 
eoeffirients, it is found that 



'Yt = 

(5)1 

')'3 = 

(7) 

so that finally 

10.12. The Limiting Case of Vanishing Internal Radius.­
Equation 10.11(8) might be applied to the problem of the pressure 
decline in a field producing artesian water or an oil field driven by 
a water drive in which the flux into the water reservoir, such as 

1 The constant terms in Eqs. (5) to (8) and 10.12(2) to (6) enter here 
because of the vanishing of U'(ar) on both boundaries. For Eqs. 10.12(2) 
to (6), the expansions are Dini-series expansions which take on a constant 
term for the zero-order Bessel functions when the derivatives at the limiting 
radius vanishes. Equations (5) to (8) are generalizations of the Dini series 
expansions and take on constant terms when the derivatives of the Bessel 
functions vanish at both boundaries. This phenomenon is similar to the 
entry of the constant term in the Fourier series expansions (cf. Sec. 4.3 and 
Watson, "Theory of Bessel Functions,'' p. 597). 
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that due to rainfall, is known or assumed. Of more practical 
interest, however, is the case \Vhere the sand is closed off at the 
external boundary, and the internal boundary represents an 
actual well of radius small as compared to that of the external 
boundary. Here again the well may be replaced by a mathe­
matical sink, and for the more general case where the external 
boundary flux is not taken to be zero, i.e., where 

~~~(r~;)=J,,.(t): (r~;)r.=fc(t); -y=g(r): t=O, (1) 

the functions ( 'Y1, 'Y2, 'Ya) take the form 

'YI = ~ - S!:_2__+ .,~~~2 +log!__ + . 2.,~{~-~~n:~~~_:'_..~t' 
4 2re- re re· a,.-Jo-(a,.r,) 

(2) 

'Y
2 

= _! + r 2
· + _4~! _ ~ ~Jo(anr2_e~m~~' 

4 2re2 re 2~ <Xn
2Jo(anre) 

(:3) 

")'3 = 22 rr·rg(r)dr + 22~J~(~r)e-"an2l rr·rg(r)Jo(a,,r)dr, 
re Jo re J o-(a.,,rc) .Jo (4) 

where 
(fl) 

so that 

2K!at 2 Lr. 2 ~Jo(a,.r)c-mn21 

")' = ~ [fe(A) - /w(A)]dA + -:-2 rg(r)dr + - 2 -J 2-(-)·-·-r e 0 1 e 0 re 0 a.,,r e 

[ lr.rg(r)Jo(anr)dr - K.Lfw(A)e"a,,2>-dA + 

KJo(a.nre) lfe(X)e"an2"dX]. (6) 

10.13. A Well in a Closed Sand.-If the sand is closed off 
(fe = 0), and the pressure, and hence density, is initially uniform 
[g(r) = -yi], Eq. 10.12(6) reduces to the form 

(1) 

If now the flux at the well, fw(t), has the constant Yalue q, "Y is 
given by 

- + [3 +I - 1(_2 4-) ~Jo(Xnf)c-xn2i] (2) 
y - 'Yi q 4 og r - 2 r + t + 2 ~ Xn 2J oz(xn) ' 
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where 
- r 
r = -· re' (3) 

Even without any numerical assumptions it is clear that 
Eq. (2) involves two distinct types of transient. The first, repre­
sented by the series, will disappear at an exponential rate as the 
time increases. The second, however, represented by the term 
linear in t, will persist indefinitely (since q has been assumed to 
be maintained indefinitely), and gives a constant rate of variation 
of the density with the time after the first transient has become 
of negligible magnitude. Furthermore, this linear term is 
independent of r, so that it will not affect the density, and hence 
pressure distribution. That is, the density gradients will remain 
fixed, except for the series transient, although the absolute value 
of 'Y will decrease linearly with the time. 

From a numerical point of view, however, the series transient 
turns out to be of such short duration, for cases of practical 
interest, as to be of no importance. Thus, assuming that 

k µ = 1; f = 0.2; fJ = 4.5 X 10-4 atm.-1 ; 

500 ft., (4)1 
so that 

t = 4.133t (days), 

and applying Eq. (2), the drop in pressure at the well (rw = 7:;1 ft.) 
from its initial value, for a production rate of 1 bbl./ day/ft. of 
sand, will be given by the expression 

(5) 

where J 0(xnfw) has been replaced by 1, owing to the small value 
of fw 01000), and Pi - Pw has the units of pounds. 

For the pressure decline at the external boundary of the sand, 
r = re(f = 1), Eq. (2) gives 

1 The compressibility is taken here as abnormally high so as to give what 
may be considered as an upper limit to the length of the initial transient 
in single-well systems of moderate dimensions. For a liquid of normal com­
pressibility this transient will evidently be of still smaller duration. 
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( 
~ e-x 2

t ) 
p. - PF = 0.1412 -0.25 + 2i - 2 ~ 2J ( ·-) . 

X,, o Xn. 
(6) 

Equations (5) and (6) are plotted in Fig. 256. Because of the 
extremely short life of the series transient, the time scale has been 
taken as hours. For as appears from the curves, after a period of 
only I hr. the system settles down to an effectively steady-state 
drainage by the well, and hence a uniform pressure decline over 
the whole reservoir, always maintaining a pressure differential 
of 1.00 lb. between the reservoir boundary and the \Yell. The 
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J<'w. 256.--The pressure decline due to a single well at the center of a clo8cd 
reservoir producing 1 bbl./ day ,'ft. sand of a liquid of compressibility 4.5 · 10-4/atm. 
I. Pressure drop at the well (7,i ft. radius). II. Pressure drop at the external 
closed boundary (500 ft. radius). k;'µ = I; sand porosity = 0.20. (From 
Phyaica, 5, 88, rn:N. l 

very rapid pn'S8lll'P dceli11c at the well and the lag in the d<>C'lin<' 
nt the external boundary arc, of course, to be expected. 

Although the pressure distribution after the initial transient i:-: 
clearly not a strictly steady-state distribution, the logarithmi(' 
term, characteristic of the steady state, does predominate every­
where except very near the external boundary. Using the ~ame 
constants as in Eq. (4), the pressure variation after the series 
transient has disappeared may be expressed as 

,:>(r) - Pw = 0.1412(7.6009 - r2_,, - log r.,)· (7) 
2rc~ · r 

Equation (7) is plotted in Fig. 257. In general appearance it 
resembles the strictly steady-state logarithmic distribution and, 
in fart, approximates it very closely as the well is approached. 
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At the external boundary, however, the gradients vanish in Fig, 
257, since the reservoir is closed, whereas in the steady-state 
system they are of the order of 1/re. As the result of these 
smaller gradients, the total pressure drop Pe - Pw = 1.00 lb. 
is less than the corresponding value of 1.07 lb. required to give 
the same production rate in a strictly incompressible steady­
state system. 

One may nevertheless derive from these results a rather 
simple physical approximation of the description of the decline 
in the system. For as has been seen above, after the series 
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Fm. 257.-The pressure distribution about the well with the decline curve 
of Fig. 256, after the passing of the initial transient. (From Physics, Ii, 88, 
1934.) 

transient has passed, the density decreases uniformly over the 
whole reservoir and at a rate proportional to q. And, in fact, 
if Q is the actual production rate, it is readily seen from Eq. 
(2) that 

Q = 27rk(r·../!P) = 21rkq = -f?rre2(a"') = -frrre2'YfJ(op)· (8) 
µ ar r=O {Jµ at at 

Thus the production from the reservoir is supplied by the equiva­
lent density or pressure decline distributed uniformly over the 
reservoir, the instantaneous pressure distribution differing only 
slightly from the steady-state type. One is therefore led quite 
naturally to the representation of the dynamical behavior of 
the system as a "continuous succession of steady states." We 
are thus provided with at least an indirect analytical justification 



SEc. 10.14] THE FLOW OF COMPRESSIBLE LIQUIDS 661 

for the basic hypothesis, underlying the whole treatment of 
Part II, that continuous sequences of the various steady-state 
solutions, derived there, would give very close approximations 
to the actual time variations of normal liquid-flow systems of 
moderate dimensions (cf. Sec. 10.1). Furthermore, it will be 
convenient explicitly to use such a hypothesis in the theory of 
gas flow where the rigorous solutions cannot be obtained in 
analytic form (cf. Part IV). 

10.14. Nonradial Flow. Well Interference. Green's Func­
tion.-Thus far we have treated problems involving single wells 
placed at the centers of their reser­
voirs. In practical cases, however, 
the reservoir will be covered by a 
number of wells, and the question 
arises as to the extent of their mutual 
interaction and their interference re­
lations. Although only a simple case 
of such interactions will be treated 
in detail, we shall present the f unda­
mental element by means of which 
the solutions for more general problems 
may be synthesized. This element is 

FIG. 258. 

re 

essentially the Green's function of the circle which, for the present 
purposes, may be defined as the function "Y having a unit 
logarithmic singularity at (r', O'), with a vanishing normal 
derivative at the circle r = re, and which is identically zero at 
t = 0. Physically, this Green's function gives the density dis­
tribution within a closed circular reservoir, initially at "zero 
density," containing a well of unit "strength" at (r', O'). 

With the notation of Fig. 258, the constant-strength well or 
sink may be represented by the term 

r" 1 [ r
2 (2r'T) - T'2] 'Yo = log - = - log 2 - - 2 cos 0 + - 2 • 

Te 2 re Te re 
(1) 

As is readily verified, a solution of Eq. 10.1(7) 1 with a vanish­
ing normal derivative (at r = re) will be obtained by adding 

1 While 'Yo itself may be considered as a solution of the radial-flow Eq. 
10.2(1), the problem considered here is essentially of a nonradial character, 
governed by Eq. 10.1(7), the elementary solutions of which, in polar coor­
dinates, are the terms in the series of Eq. (3). 
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the function 

1 [ (2r'r) - r'
2
r

2
J ( 1 ) 'Ya = 2 log 1 - rc2 COS 0 + re4 - 2re2 (r2 + 4Kt). (2) 

For the final solution, or the Green's function, one may, therefore, 
write 

nm 

where 

and 

'Yo+ 'Ya(t = O) + !AnmJn(anmr) cos nO + const. = O, (5) 
nm 

so that Eq. (4) determines the parameters anm and Eq. (5) the 
coefficients Anm· Expanding 'Yo and 'Ya as Fourier series, and 
equating first the coefficients of cos no, it is readily found that 

~ (r'r/re2)n + bn 
..:::.iAnmJn(anmr) = n 

bn = (r/r')n. 
n 

(r' fr)". 
- . 

n 

bo =log~: 
r 

1 Te 
= og-: 

r 

r < I 
T 

" 
r >- r' :;.."' . 

r < r' 
' 

n>O 

r ~ r'. 

(6) 

(7) 

In virtue of Eq. (4), the Bessel equation, and recurrence 
relations, which the Jn(anmr) satisfy, namely, 1 

d_2J·n·(z) + _!_ dJ n(Z) + (i - n2)J n(Z) = 0 
dz 2 z dz z2 

d d 
z11+1Jn(Z) = d)zn+lJn+l(z)]; z-"Jn+l(z) = - d)z-"Jn(z)j (8) 

Jn'(z) = '!!:.Jn(z) - Jn+1(z) = -'!!:.Jn(Z) + Jn-1(z), z z 
1 WHITAKER and \\1ATSON, "Modern Analysis," Chap. XVII. 
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it may be shown that 

Setting now 

Kt -
2 = t; 
re 

Eq. (3) may be finally expressed as 

r 
- = f· 
Te 

1 

r' 
;: = p, 

e 

'Y = _!log [f2 - 2fp cos (O' - 0) + p2] + !(~ - p2) + 
2 2 2 

~log [1 - 2fp cos (O' - O) + f2p2] 

_ !(f2 + 4t) + 2 ~Jo(Xomp)Jo(Xomf)e-z0m
2i 

2 ~ Xom2Jo2(:.r-,om) 
00 

+ 4~ ~ Jn(XnmP)Jn(Xnmf) (O' _ fj'\ -zn,,.2t 
n m( 2 _ 2)J 2( ) cos n , e . Xnm n n Xnm 

1 

(10) 

(11) 

This expression gives the density distribution in a closed unit­
radius [in the units of Eq. (10)] reservoir initially at density O, 
which is drained by a unit strength well at (p, ()'). As might be 
expected, this Green's function is symmetrical in (f, ()) and (p, O'); 
i.e., the density at (f, e) at a time t, due to a source at (p, ()'), 
is the same as that at the same time at (p, O') due to a source at 
(f, 0). 

If the initial density has a distribution given by g(r, ()), the 
function 
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1 £1 !oz,,. 
1' i = - fdf g(f, O)dO + 

7r, 0 0 

__ __ o XomT e •"' _J ( _)d- c- O)dO + I~J ( -) -x £ill {cz,,. 
J 2 ( -) r o Xomr r g r, 

7r o Xom O • 0 

~~ . J:,, 111 2J n(XnmT) COS nee-Xnn•2t -J ( -)d- (- ()) _ · f,1 f.z,,. 
nm. ( 2 _ 2)J 2( ) T n XnmT r g r, 

7r Xnm n n Xnm • 0 0 
n>O 

nO 
cos 2 de (12) 

should be added to the right side of Eq. (11). 
If, finally, it be supposed that the well has a flux strength 1 

q(t) instead of the permanent unit value, the resultant density 
distribution will be 

(13) 

where 1'1 is the function of Eq. (11). 
By adding together a number of functions as in Eq. (13) 

with different values of r', e', and q(t), 
the density and therefore pressure 
distribution due to the corresponding 
group or network of wells in a closed 

r' 
2 

reservoir will be obtained. A study 
of such distributions will give the 
interference effects and mutual inter­
actions among the wells due to their 
simultaneous drainage of the same 
reservoir. 

Fm. 259.-Diagrammatio 
representation of a two-well 
interference system. 

As an example of such an interfer 
ence problem indicating in more detail 
the method of treatment, we shall 

consider the simplest case of interference, that of two wells in a 
closed circular reservoir. As is shown in Fig. 259, well No. 1 will 
be placed at the center, and well No. 2 at a radius r', this radius 
being taken as the polar axis. It also will be supposed that No. l 
has been producing at a uniform rate of q1 units since the initial 
instant, and that No. 2 is opened after a time t1, and is produced 

1 The "strength" is here taken as the value of the actual flux per radian. 
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thereafter at the rate of q2 units, the flux of well No. 1 being 
maintained at qi. 

Up to the time ti, the pressure at well No. 1 will evidently 
decline without any interference, and according to curve I of 
Fig. 256 which corresponds to this case. The opening of No. 2, 
however, will clearly accelerate this decline, and it is this reaction 
of well No. 2 on No. 1 that shall be computed. One could also 
compute the interaction of well No. 2 on itself, i.e., the effect 
on the normal decline at the position of No. 2 as caused by the 
production of the central well, owing to the drilling of No. 2; 
but to show the method the reaction of No. 2 on No. 1 will 
suffice. 

As just mentioned, for 'i < ti the pressure at No. 1 (at r = rw) 
will decline as in a radial system. Hence, by Eq. 10.13(2), to 
which Eq. (11) reduces for this case, the density at (1) will be 
given by 

{
3 Te - ~ e-.i: .. 

2
i } 

'Y(l) = 'Y• +qi -4 - log-:- - 2t + 2 2J 2( ) ' 
Tw Xn O Xn 

(14) 

where (rw/re) 2 has been dropped, and Jo(Xnrw/re) has been 
replaced by unity, 'Y• being the initial uniform density. 

This contribution will continue for t > ti, but upon it will now 
be superposed the effect due to well No. 2, which by Eq. (11) is 

'Y2(l) = q2 log p + ~(; - p2) - 2q2(t - ti) + 

(15) 

This is to be added to the 'Y(l) of Eq. (14). For the case where 
qi = q2 = q, p = 72', and re/rw = 2,000, the density drop at well 
No. 1 may be expressed numerically as 

['Y, - 'Y(l)] = 6.851 + 2t - 2 ~ e-.i:,.:i , (16) 
q ~Xn2Jo2 (Xn) 

['Y, - 'Y(l)] = 6.919 + 2(2t - ti) -
q 

2 ~[ e-.i:,.ii ][1 + Jo(Xn)ez,.2i1]. (17) 
~ Xn 2J o2(Xn) 2 

These equations are plotted in Fig. 260 with t1 chosen as 0.3. 
The dotted cuTVe indicates the pressure decline if No. 2 well had 
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not been drilled. It will be seen that after the initial transient, 
in \vhich the original decline is altered, the rate of decline assumes 
a value twicP as large as its original or extrapolated value. This 
is, of cour1-1P, to be expected since for l > 0.3 twice as much 
fluid is being taken from the reservoir as before. 

10.15. The Use of Sources and Sinks in the Solution of Prob­
lems Involving the Nonsteady State Flow of Compressible 
Liquids through Porous Media.-W e shall close this chapter 
with a bric>f outline of the method of sources and sinks for treat-

: \ 
10 f--+--+--+--+-+--+--+--+--t-+--+---+--->- -·1 - -

L---

------~~ ----- ---1---r--- -
6 . --t--+--+--+--t-+--~--+~---==_ i.._-_"f_:::__-=l_b._=_,.._~..,,, 

~ 

~6H/'-+---t-+--+--+--+->---+--+--+---+-t---+--+---+--+-t--~ 
<J ..... ,...o 

--

2~--,---+--+--+--+--+--+--+--t-+--+---+--+--tf--+-·-t--+--+-1--l 

00~~~0-1_.__o~.2-~o~.30--,__o~.4~-o~.5~-o~.s_,___,o.~1_.__o~.a-"--o~.9-..__,1.o 

t 
Fm. :WO.-Thc pressure decline at a well at the center of a closed circular 

reservoir which produces at a constant rate, as affected by the drilling of another 
well at l = 0.3 at a radius% of the reservoir radius, which is produced at the same 
rate as the first. tip = pressure drop at the central well from its initial pressure. 
l = dimensionless time = kt/µf/3r. 2• q = flux rate from each well (per radian). 
(From Physics, 5, 91, 1934.) 

ing transient-flow problems. Thi8 method is in principle analog­
ous to that frequently used in Part II in the representation of 
wells by permanent sources or sinks. It is of particular inter­
est in the treatment of systems in which the porous medium may 
be com;idered to be infinitely extended, at least along one direc­
tion, although by synthesizing independent solutions it can 
also be applied to systems of finite dimensions. Only the case 
of most practical interest in which the system may be taken as 
two-dimensional will be discussed explicitly, as the modifications 
required for one- and three-dimensional systems can be made 
without difficulty. 

The principle element in the method is the irn-;tantaneous 
"line-source" Rolution of Eq. 10.20), namely, 
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ri 

'Y = _q_e - 4Kt 
47rfKt [cf. Eq. 10.2(5)]. (I) 

This solution vanishes everywhere at t = 0 and represents an 
instantaneous emission of q mass units of fluid at the origin, 
r = 0, at the initial instant, t = 0. If the strength of the 
source is "permanent" and of magnitude q(t), the corresponding 
solution is 

'Y = __ _!L!_e - 4K(t-r>dr. 1 lo' ( ) r2 

47rfK ot - T 
(2) 

Finally, if there is an initial density distribution given by 
g(x, y), the complete solution will be 

1 {If+.. f +.. _[(x-v2+<11-,,)2J 
'Y =- - d~ d71g(~, 71)e 4Kt + 

47rK t _ 00 _ 00 

! ('q(r) e - 4K(tr~r>dr}· (3) 
f Jot - T 

If the initial density (and hence pressure) distribution has the 
uniform value 'Yi, the first term reduces to 'Yi, and Eq. (3) will 
give the density distribution at any later time due to a well 
at the origin with a production rate of -q(t) units. When the 
actual production rate has the constant value Q, Eq. (3) reduces 
to 

'Y ='Yi - 4~Kf,2"'e-:zw ='Yi+ 4~KEi( 4~
2

} (4) 

4ict 

where the function Ei can be read from tables such as those of 
Jahnke and Emde. 1 The density (and hence pressure) decline 
at the well can be readily obtained by evaluating Eq. (4), after 
setting r = rw, the well radius. Physically, of course, Eq. (4) 
becomes meaningless when the density 'Y falls below the "zero 
pressure value" 'Yo· This clearly means that the production 
rate Q can no longer be obtained, so that the assumption of a 
permanent flux rate of Q breaks down. 

Just as in the case of the steady-state fl.ow of incompressible 
liquids the individual logarithmic terms due to a number of 
separate wells can be added together so as to give the resultant 
pressure distribution appropriate to the several wells in the 

1 JAHNKE, E., and F. EMDE "Funktionentafeln," 1928. 
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groups, so here to find the density distribution in a multiple-well 
system, one need only add together terms as in Eq. (2) with the 
appropriate values of Q and r. Thus if the wells, of fluxes Qi, 
are located at the points (xi, Yi), the resultant density distribu­
tion, for an initial uniform density, will he 

1 ft dr ~ _((x-x;) 2 +_<Y-Yt)~] 
'Y = 'Yi - -- ---- Qi(T)(' 4K(t T) 

47rfK 0 t - T 
(5) 

i 

These wells of flux Qi may be real wells or only "images" set 
at appropriate points (xi, Yi) in order to satisfy particular bound­
ary condition8. Or, the wells may be distributed continuously 
over an area or curve to give a continuous flux distribution. 
Thus for a finite line sink of length L along the x axis, of flux 
density q(t) per unit length, draining an infinite reservoir of 
initial uniform density 'Yi, the density distribution at any later 
instant will be given by 

(6)1 

In a similar manner the flux density q(t) may be distributed 
over a circular boundary to give a representation of a single 
well or a field lumped together as a single well. For this case, 
the density distribution at the time t and distance r from the 
center of the wPll of radius a \Vill take the form 

'Y = 'Yi - -- _q __ dr e 4K(t-,.) d() 
l it (r) L2,,. _r2+a2-2arcos8 

47rfK 0 t - T 0 

1 lt q(r) - (r2+a2) ( ar ) 
= 'Yi - - --e 4K(t-r>Jo dr 

2fK of - T 2K(t - r) ' 
(7)2 

where I 0 is the zero-order Bessel function of the third kind. 3 

1 This is equivalent to the representation used by Schilthuis and Hurst, 
(Oil Weekly, Oct. 18, 1934) for computing the pressure decline of the "East 
Texas" field, the results corresponding closely to those derived by another 
method in Sec. 10.8. 

2 Equation (7) could also be used to give the pressure decline in such a 
field as "East Texas," and would correspond exactly to the theory of Sec. 
l 0.8 except for the assumption that the reservoir is effectively infinite, 
whereas there a finite external boundary radius was used. 

•Watson "Theory of Bessel Functions," p. 79. 
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Although we shall not enter here into a numerical study of the 
above equations, it should be observed that the assumption­
on which they are based-that the fl.ow system is of infinite extent 
is of no serious consequence from a practical point of view, 
except in the Jater stages of the pressure decline in the system. 
For until the effective "radius of drainage" has actually receded 
to the real boundaries of the system, it may be treated as eff cc­
tively infinite without appreciably affecting the computed course 
of the decline. On the other hand, most of the problems that 
appear now to be of practical interest can be treated just as easily 
by means of the theory developed in the previous sections, 
the method of sources and sinks being given here essentially 
for completeness1 in illustrating the more familiar analytical 
procedures for solving problems governed by Eq. 10.1(7). 

10.16. Summary.~Although almost all problems of the fl.ow of 
homogeneous fluids through porous media of practical interest 
are inherently of a time-varying character, owing either to 
natural or artificial variations in the boundary conditions, it is 
important to distinguish carefully between those in which the 
time transients play only a minor role in determining the physical 
behavior of the system and those in which the variations in the 
system with time are the predominating features of significance. 
Such a distinction can be made without difficulty once the exact 
manner in which time variations can physically enter a problem 
is clearly understood. Now the velocity of propagation of 
disturbances within a fluid medium, which evidently determines 
the time required for variations in the boundary conditions to be 
transmitted to the internal points of the system, will in general 
be very high as compared to the velocity of the fluid particles, 
as the former, being equal to the velocity of sound in the fluid, 
will be of the order of 105 cm./sec., while the latter will usually 
be limited to values of the order of 1 cm./sec. The transmission 
of pressure disturbances in a liquid-bearing porous medium 
may, therefore, be considered as effectively instantaneous. In 

1 It may also be observed that quite analogous to the use of source or sink 
distributions in representing boundary flux values, one may develop a theory 
of "doublets" by means of which arbitrary boundary density distributions 
may be attained (cf. Byerly "Fourier Series," p. 94). For still other methods 
of finding solutions of Eq. 10.1(7), see "The Conduction of Heat,'' by H. S. 
Carslaw, (1921). 
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fact, the analytical theory of the steady-state behavior of 
flow systems in porous media implicitly assumes that the velocity 
of transmission of the pressure variations is really infinitely 
great. 

A far more significant question with respect to the transmission 
of pressure disturbances in a fluid-bearing porous medium, 
however, is that of the time required for the internal points to 
adjust themselves to the new boundary conditions. Thus if 
the complete readjustment of the internal pressures should 
require a finite change in the fluid content of the system, it will 
clearly take a finite time for the re-establishment of steady­
state internaJ conditions appropriate to the new values of the 
pressures or fluxes at the boundaries of the porous medium. 
Now the actual change in the fluid content of a system necessary 
to bring it in equilibrium with the new pressures at its boundaries 
will be proportional to the compressibility of the fluid and the 
area (porous) of the system, whereas the rate at which this fluid 
mass can be removed or absorbed (for decreases or increases in 
the boundary pressures) is directly proportional to the per­
nwability of the medium and inversely proportional to the 
viscosity of the fluid. The resultant times of readjustment of 
the pressures within the porous medium will, therefore, be 
proportional to the quantity f{3µre 2/k, where f and k are the 
porosity and permeability of the medium, {3 andµ the compressi­
bility and viscosity of the fluid, and re one of the significant 
dimensions of the system. 1 

Another representation of the time lags involved in the read­
justment of the internal-pressure distribution is obtained by a 
consideration of the rate of change of mass content of the reservoir 
due to the variations in the boundary conditions as compared to 
the steady-state carrying capacity of the system. If the former 
is small as compared to the latter, it is clear that the times of 
readjustment of the internal-pressure distribution, so as to follow 
the instantaneous conditions at the boundaries, will be small, 
and conversely. 

1 These considerations can abo be interpreted in terms of the attenuation 
of the pressure wave as it is transmitted through the system, as the time lag 
in the readjustment of the internal pressures may be considered as the 
result of the attenuation of the pressure wave originating at the boundaries, 
so that its initial amplitude at interior points is but a small fraction of the 
exciting boundary-pressure variation. 
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Assuming now that a given system which is in a steady state­
in static or dynamic equilibrium-is subjected to a change in 
the pressure at its boundaries, it is clear that if the time of read­
justment of the internal pressures is small, there will be quickly 
established another steady-state distribution appropriate to 
the new boundary conditions. The history of such a system may 
then be described by a continuous succession of steady-state 
distributions following the variations in boundary conditions 
without lag. It is this type of treatment which has been applied 
to the various problems discussed in Part II, the justification 
being that the fluids under consideration have been taken as 
normal liquids for which fJ is very small (of the order of 
5 X l0-5/atm.), and that the problems have in all cases, except 
those of Chap. IX, referred to systems of small or moderate 
dimensions 1 (of the order of 500 ft.). And even in Chap. IX, 
where the porous media were taken as of large or infinite dimen­
sions, the features of particular interest were the mutual inter­
actions of wells which were individually separated by relatively 
small distances, so that the areas of porous medium associated 
with each well were in most cases of the same order as those for 
the single-well systems. The results derived in Part II may, 
therefore, be considered as physically applicable to the practical 
equivalents of the systems discussed there as long as they carry 
normal liquids, with the understanding that the significant 
transients of these systems are to be obtained by simply replacing 
in the steady-state solutions the constant boundary values by 
their appropriate variable values. 

When, however, the liquid has a particularly high compressi­
bility, or when the porous medium is of large dimensions, the 
times of readjustment will become correspondingly high, and 
the pressure distributions within the medium will lag behind the 
changes that may take place at the boundaries. While a high 
compressibility is indeed in itself an unreasonable hypothesis 
when considering a normal liquid, an equivalent effect in the case 
of extended media may be obtained if there is a dispersion 
throughout the medium of a small amount of free gas in the form 

1 Of course, the assumption in the case of two-dimensional systems that 
they are infinitely extended along one direction does not invalidate their 
representation as systems of small dimensions, since they involve no trans~ 
fers of fluid across the planes defining the fluid motion. 
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of gas masses of moderate dimensions. Thus a normal compressi­
bility of 5 X 10-5 /atm. can be raised to an effective value 10 times 
as great by a distributed gas volume of only 472 per cent, at 100 
atm. Furthermore, when the area of the system is very large, 
the times of readjustment even for a liquid of normal compressi­
bility may become so large as to lend practical interest to the 
time transients of the system, as given by a rigorous treatment 
of the nonsteady-state problem. 

The types of problems involving compressible liquids in non­
steady states of flow may be conveniently classified by means of 
their boundary conditions. For radial systems these are: (1) 
Those in which the pressure (analytically, the density) is specified 
over both the internal and external radial boundaries; (2) those 
in which the flux is preassigned for one boundary and the pressure 
over the other; and (3) those in which the fluxes are given for 
both boundaries. In all cases the solutions take the form of 
infinite series of Bessel functions with the radial coordinate as 
their arguments, multiplied by exponentials in the time and 
constants so adjusted that the initial state of the system is 
reproduced by the solution. 

The first case, in which the pressures are specified over both 
boundaries, will give solutions from which one may derive not 
only the internal pressure distribution at any time after the 
initial instant, but also the fluxes passing through the system 
under the given boundary conditions. As a particular example 
one may consider an oil field, lumped together as a single equiva­
lent well, produced by a water drive, and thus study the produc­
tion history of the field to be expected for various types of 
variable field pressures (assuming the pressure at the effective 
external boundary or the water-oil interface to have known 
values). Examples of such systems in which the field pressures 
are either suddenly dropped from their initial uniform values or 
decrease approximately linearly (the densities decrease in an 
exactly linear manner) with the time are treated in detail in 
Sec. 10.4. Another example of this type of problem is an 
idealized representation of that of the pressure rise in a well upon 
shut-down. Thus, using constants corresponding to the "East 
Texas" field, it is found from the solution developed for this 
problem (Sec. 10.6) that only about 6 per cent of the original 
pressure differential in an "East Texas" vrnll should remain after 
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>~ hr. of shutting in, which is of the same order of magnitude as 
has been observed in that field. While such solutions will not 
apply if there is an appreciable amount of free gas in the sand 
about the well-due to the simultaneous change of the effective 
sand permeability with the rise in pressure-it should give at 
least the qualitative features of the effect of the compressibility 
even in the case when free gas is present in the sand. 

The second type of radial-flow problem involves the situation 
in which are preassigned the flux rate at one of the boundaries 
and the pressure at the other. Thus if the sand forms a closed 
system the flux at the external boundary will be zero, and if the 
pressure at the internal boundary, defining a well bore for 
example, is known, the solution to the problem will give the fluxes 
passing through the internal boundary. Or, the pressures at 
the external boundary might be preassigned together with the 
fluxes at the internal boundary, the solution then giving the varia­
tion with time of the pressure at the latter. 

A very interesting practical application of this latter type of 
problem arises in the interpretation of the pressure variations of 
the "East Tex~s" oil field. Analyses of the oil having shown that 
the oil of this field is saturated with gas only to the pressure of 
755 lb., the production from the field until its pressures have 
fallen to 755 lb. must evidently be attributed to the "drive" 
exerted on the oil by the water from the adjacent Woodbine 
sand. The tremendous area of this water reservoir immediately 
suggests that the time transients in the system must play a signifi­
cant role in determining the instantaneous pressures in the field, 
and indeed the very fact that the pressures in the field have shown 
declines even while the production rates have been kept constant 
proves that the water in the Woodbine sand is really a compressi­
ble liquid. Furthermore, the total pressure drops in the water 
reservoir are considerably too low to induce a fl.ow of water into 
the field sufficient to replace the oil removed from it, if the pres­
sure distribution in the reservoir were simply the steady-state 
distribution. 

By lumping together the individual wells of the field into an 
equivalent well of a radius (20 miles) approximating the general 
contour of the field, and representing the water reservoir of the 
Woodbine sand as a radial sector of 120 deg. extending from a 
constant (original) pressure external boundary at a 100-mile 
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radius and converging into the well, the pressure decline at the 
internal boundary-t!ie western edge of the field-becomes 
determinate, once the production history from the field is pre­
assigned. Choosing for the latter the observed production rates 
for the field since its discovery, the computed pressure decline 
is almost exactly parallel to and higher than the recorded pres­
sures as averaged over the individual wells of the field. The dif­
ference between the computed and observed pressures are readily 
explained-and indeed to be expected-when it is noted that 
the theoretical calculation gives the pressures to be found at 
the western edge of the field, whereas the reported field pressures 
are averages taken over the whole width of the field and include 
not only the pressure drop over the field inherently associated 
with the fluid migration from west to east, but also the accentua­
tion of this pressure drop due to the fact that the producing 
section of the sand is wedge-shaped, pinching out toward the 
east. When the observed average pressures are corrected by the 
addition of a term proportional to the field production rate-
7 lb. per 100,000 bbl./day-the resultant pressures agree with 
the calculated values as closely as can be expected-5-10 lb.­
in view of the uncertainties in the real production rates from the 
field due to the unknown extent of the illegally produced and 
unreported oil taken from the field. This agreement, over a 
period of six years during which the production rates have 
fluctuated from extremely high values to zero values during 
shut-down periods, is particularly significant when it is noted 
that all the physical constants chosen for the system, excepting 
only the water compressibility, were actual averages of data 
derived from well logs in the Woodbine sand. 

The single adjustable constant, the effective compressibility 
of the water, had to be taken as 12 times that of gas-free water. 
While this may at first appear surprising, such an effective value 
can be explained by supposing that there are gas pockets dis­
tributed throughout the water horizon to an extent of only 
4.9 per cent of the total pore volume of the sand, an assumption 
contradictory to nothing at present known of the Woodbine 
reservoir. 

The fundamental role played by the nonsteady-state character 
of the flow in the Woodbine sand is shown in a striking manner 
by the computed pressure distribution in the sand for July 1, 
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1934, some 3J~ years after the discovery of the field. For 
although 520 million barrels of oil had been removed from the 
field, the calculations show that the pressure distribution at that 
time was still far from that of the steady state. In fact, instead 
of the pressure rising uniformly in a logarithmic manner to the 
original field pressure of 1,620 lb. as the external boundary at 
100 miles is approached, the actual pressure distribution, of that 
date, rises rapidly to the pressure of 1,620 lb. within a dis.tance 
of 25 miles from the field. Thus the whole production of the 
field to that time had actually been replaced by the expansion 
of the water in the Woodbine sand within the 45 miles radius, 
rather than by the bodily movement of the water throughout 
the whole of the water reservoir, as would be implied by a steady­
state representation of the flow system. 

This concentration of the pressure drop within a short distance 
of the field even after 331' years of production shows that the 
placing of the external boundary at a 100-mile radius will be of 
no significance with respect to the pressure decline at the field 
until the latter has been entirely depleted. In fact, the whole 
estimated oil content of the field of 7 billion barrels could be 
replaced by a simple expansion of the water (assuming the high 
compressibility) involving a drop in pressure over the whole 
reservoir up to the radius of 100 miles of only 177 lb. 

The same analytical procedure applied to the calculation of the 
pressure decline in the "East Texas" field can be used to compute 
the variation of the flux from a well or field draining a closed 
reservoir (cf. Sec. 10.9) for preassigned well or field pressures. 
However, this problem does not at present seem to be of great 
practical interest except in the case of actual oil production from 
wells penetrating lenses of limited volume, when the internal 
drive due to the evolution and expansion of the dissolved gases 
will in general be the significant feature. Such a treatment, 
however, is beyond the scope of this work. 

This case of a well producing from a closed reservoir may, 
however, be used as a convenient illustration of the final type of 
radial-flow problem, in which the flux is specified over both 
boundaries. The solution of this problem, in which the initial 
pressure in the sand is taken as uniform and the production rate 
from the well is preassigned to have a constant value, shows 
two types of transient in the pressure decline both at the well and 



676 THE NONSTEADY-8TATE FLOW OF LIQUIDS [CHAP. X 

the external boundary. The first, of extremely short life-about 
an hour for the constants chosen in the numerical example­
disappcars exponentially with the time. It is then follov>ed by a 
linear decline in both the well and external-boundary pressures 
in \Yhich the system assumes an effectively steady-state drainage 
with the pressures declining uniformly over the whole reservoir. 
The actual pressur·~ distribution is almost exactly logarithmic 
except at the external boundary, where the gradient is neces­
sarily zero owing to the closure of the reservoir. The decline 
of the system here naturally assumes a continuous succession of 
steady states in which the flux through the outflow well is 
supplied by a uniform depletion of the fluid content at all 
points of the reservoir. 

In addition to strictly radial-flow systems, those involving 
nonradial flow can also be treated analytically. Such problems 
arise in the consideration of the interference between wells 
draining the same reservoir. For in closed systems the pressure 
decline must evidently be approximately proportional to the 
total flux from the system. A specific calculation on the effect 
on the pressure decline at a well producing at a uniform rate at 
the center of a closed sand, owing to drilling another with the same 
rate midway between the center and the external circular bound­
ary, shows indeed that the decline at the center becomes doubled 
after a short-period transient. From a practical point of view, 
however, it should suffice for most purposes to study the inter­
ference effects in nonsteady-state systems by neglecting the 
local short-period transients and replacing the nonsteady-state 
pressure distributions by continuous sequences of steady­
state distributions with density declines distributed uniformly 
over the system in such a manner as will supply the total flux from 
it. 

In addition to the method of solving directly the fundamental 
partial differential equation [cf. Eq. 10.1(7)] for the nonsteady­
state flow of liquids, solutions can be obtained by the synthesis 
of particular solutions representing fluid sources or sinks giving 
instantaneous or permanent fluxes entering or leaving the flow 
system. These are particularly suited to the analysis of problems 
in which the reservoir may be taken as effectively infinite, 
although one may apply the method of images, outlined in the 
discussion of steady-state flow systems, to construct solutions 
corresponding also to regions of finite extent. 
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CHAPTER XI 

THE FLOW OF GASES THROUGH POROUS MEDIA 

11.1. Introduction.-It was seen in Chap. II that Darcy's law 
that the velocity of a homogeneous fluid at any point in a porous 
medium is, under viscous-flow conditions, proportional to the 
pressure gradient at the point, and which was originally estab­
lished for the case of liquids, holds also for the flow of gases. 
Hence the dynamical law of motion can here, too, be written as 

- k v = --vp, 
µ 

(1) 

where k is the permeability of the medium and µ is the viscosity 
of the fluid. Furthermore, it was shown in Sec. 3.4 that on 
applying the equation of continuity to Eq. (1), the density 'Y 
of a gas flowing in a homogeneous porous medium must obey 
the fundamental differential equation 

(2) 

where the equation of state of the gas has been defined by 

(3) 

andf is the porosity of the medium. The exponent m determines 
the thermodynamic character of the expansion of the gas as it 
moves from the high- to the low-pressure regions; in particular, 
m = 1 corresponds to isothermal expansion, while the case of 
adiabatic expansion is given when 

(specific heat at constant volume) m= . 
(specific heat at constant pressure) 

Equation (2) governs both the steady- and unsteady-state 
conditions of flow of a gas in a homogeneous porous medium, 
in complete analogy to Eq. 10.1(7) for the case of a compressible 
liquid. However, whereas the latter is linear and permits explicit 

679 
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solutions, Eq. (2) involves powers of 7-in derivative form 
-other than the first, and hence is nonlinear. Furthermore, 
for the type involved in Eq. (2), it has not been thus far possible 
to derive explicit solutions for general boundary and initial 
conditions, thus necessitating the use of an approximate method 
of analysis, as will be developed later. 

11.2. The Steady-state Flow of Gases. Linear Systems.­
For steady-state conditions of flow, on the other hand, the 
analysis can be carried through rigorously. For then, setting 
the right side of Eq. 11.1(2) equal to zero, the equation reduces 

I+m 

to Laplace's equation in the dependent variable 1' ---m-or pi+m, 
namely, 

I+m 
V'21' m = V'2pl+m = Q. (1) 

As this is the same equation as that in the dependent variable 
p, governing the flow of incompressible liquids, the various 
solutions derived in Part II for the latter case may be directly 
applied to the solution of the corresponding problems in the case 
of gases. In particular, the pressure distribution in a linear 
system is given by 

(2) 

where p2, p1 are the boundary values of the pressure at x = O, L. 
The rate of mass flow for the system per unit cross section is, 
therefore, 

Q= k7 ap 
---= 

µ ax 
k'}'o api+m 

- (1 + m)µ --a;;-' (3)1 

which, applied to Eq. (2), takes the form 

k'}'o Q = (p2t+m _ p Hm) 
µ(l + m)L 1 

• 
(4) 

Denoting by Qi the value of Q for isothermal flow (m = 1), 
with the same density at the pressure p 2-so that 'Yo ,...._, p 2-m in 
Eq. (4)-Eq. (4) may be expressed as 

1 It may be noted that here and in all the formulae for Q to be given below, 
Q/'Yo will give the volume flux as meai;;nred at atmospheric pressure. 
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Q = -~9__1__ 1 - (pi/p2) Hm. 
1 + m 1 - (pi/p2)2 (.5) 

It follows that the flux rate for nonisothermal flow (m < 1) 
exceeds that for isothermal flow, Q/Q1 increasing as m decreases. 
Furthermore, for a given type of flow, fixed ·;n, Q/Q1 increases as 
pi/p2 decreases-as the pressure differential and the flow rates 
mcrease. 

As a specific example, one may choose pi/Jh = 0.1 and 
m = 0. 71, which, for air, corresponds to adiabatic expansion. 
It follows then from Eq. (5) that Q/Q1 = 1.16, so that 16 per cent 

O·I 0-2 0-3 0-4 0·5 0-6 0·7 0-8 0·9 10 
x/L 

Fm. 261.-The pressure distributions in a linear channel flowing an ideal gas 
under isothermal conditions (curve I) and adiabatic conditions (for air, curve II). 
x/L =fractional distance along channel. p/p2 = (pressure- at x)/(pressurL· 
at x = 0). 

more air will pass through a linear system if it expands adia­
batically (and pif p2 = 0.1) than if its expansion is isothermal. 
It is to be noted that this excess is due essentially to the higher 
outflow density, for equal inflow densities, for the case of adiabati(· 
expansion than for the isothermal flow. In fact, this differen('e 
in densities more than compensates for the 10\ver outlet-prcs:::-ure 
gradients in the nonisothermal flow system. This may be sc(~n 
from the pressure-distribution curves plotted in Fig. 261 for :1 

linear system form = 1 and m = 0.71. 
11.3. Two-dimensional Systems in the Steady State.-For a 

radial flow system, the pressure distribution, by analog~· with 
Eqs. 4.2(8) and 10. l (13), will h<> gi,·en hy 
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i+m = (pei+m - Pwi+m) log r/ru + i+m 
p ~~~ ~ . (1) 

The associated mass flux through the system, of thickness h, 
will be 

Q = 2?rrhk"Y op = 2?rrhk"Yo iJpl+m 
µ ar (I+ m)µ ar 

= 2?rhk"Yo(pel+m - Pwl+m) = 2Q1 1 - (pw/Pe) i+m' ( 2) 
(1 + m)µ log re/rw 1 + m 1 - (pw/Pc) 2 

where Q1 is again the flux for isothermal flow (m = 1), namely, 

Qi = rrhk"Yollp2 
, 

µ log re/rw 
(3) l 

In a similar manner one may write down the solutions to other 
steady-state problems in the flow of gases in porous media cor­
responding to those treated in Part II for incompressible liquids 
by simply replacing the pressures occurring there in the pressure 
distributions by pi+m to get the pressure distributions for the 
case of gas flow, and the llp occurring in the expressions for the 
flux by2 "Yollp1+m/(l + m). Thus it may be shown that, even 
though the pressure distribution over the circular boundaries of a 
radial system is not uniform, the simple radial-flow formula for 
the mass flux may still be used, provided for the boundary values 
of p the average values of pi+m are substituted. In such cases, 
therefore, 

Q = 27rhk"Yo(p:r+m - p:r+m). 
(1 + m)µ log re/rto 

[cf. Eq. 4.5(12)] (4) 

On the other hand, if the external boundary enclosing a well is not 
circular, the flux may in general be expressed in the form 

Q 27rhk"Yoflpl+m [cf. Eq. 4.16(6)] (5) 
= (1 + m)µ log c/r~' 

1 This may also be evidently written as Qr = 
2~hk'Z(~p ' where :Y is the 

µ. og r. Tw 

algebraic mean density in the system, so that Qi/-:Y, the volume flux at the 
mean pressure in the system, is given by the same formula as that applicable 
to a liquid-flow system. 

2 For isothermal flow one need only multiply the expression for the flux 
(volume) as given in Part II by the algebraic mean density ::Y to find the mass 
ftux in the corresponding gas-flow system (cf. preceding footnote). 
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where c is a constant depending on the shape of the external 
boundary, and which may be approximated by an average dis­
tance of the well from the external boundary. 

11.4. Three-dimensional Systems in the Steady State.-The 
solutions for the three-dimensional systems presented in Chap. 
V may also be transposed without further analysis into their 
equivalents for porous media carrying gaseous fluids. Thus the 
potential distributions for partially penetrating wells as are shown 
in Figs. 81 and 82 will also apply for wells partially penetrating 
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Fw. 262.-The relative production capacities of partially penetrating wells 
producing either gases or liquids. Q/Qo = (production capacity of partially 
penetrating well) /(production capacity of completely penetrating well in same 
sand). h = sand thickness; well radius = ~ ft.; reservoir boundary radius = 
500 ft. 

gas horizons, of only the pressures or potentials there are inter­
preted as pi+"'. The production capacities of partially penetrat­
ing wells as functions of the well penetration or sand thickness, 
plotted in Figs. 83 and 84, cannot be used directly, as the pro­
duction capacities of these figures are expressed in barrels per day 
per atmosphere. However, the ratios of these production 
capacities for partially penetrating wells to those for completely 
penetrating wells will be identical for the flow of liquids and 
gases. These are plotted in Figs. 262 and 263. The absolute 
values of the mass-production rates of the gas wells, which may 
be obtained from these figures by multiplying the ratios by the 
absolute mass fluxes for a completely penetrating well, as given 
by Eq. 11.3(2), depend not only on the type of flow-value of 
m-but also on the absolute pressures. Thus for the isothermal 
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flow (rn = 1) of methane (µ = 0.012 ccntipoise) into a J~-ft. 

well at atmospheric pressure, from a 50-f t. sand with a permea­
bility of 1 darcy and "reservoir" pressure of 7 atm. (.·......,103 lb.) at 
a distance of 500 ft. from the well, Eq. 11.3(3) gives a flux rate of 
2.52 X 10 6 cc./sec. (at atmospheric pressure) or 7.68 X 10 6 ft. 3/day. 
From Fig. 262 it is seen that if the well penetration is 75 per cent 
the flux rate will be only 87.3 per cent of that of the completely 
penetrating well, and 66.9 per cent if the well penetration is 50 
per cent. Hence the absolute production rates for the wells 
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Frn. 263.--The variation of the relative production capacities of partially 
penetrating wells with the sand thickness. Q/Qo = (production capacity of 
partially penetrating well) I (production capacity of completely penetrating well 
in same sand). : well radius = ~ ft.; -······-·········-·--···: well 
radius = Yz ft.; reservoir boundary radius = 500 ft. 

of 75 and 50 per cent penetration will be 6. 71 X 106 and 
5.14 X 106 cu. ft./day, respectively. 

For gas wells partially penetrating an anisotropic sand, one 
may again take over the results derived in Part II for incompressi­
ble liquids (cf. Sec. 5.5). Thus from Fig. 87 one may get 
directly the production rates (in volume at atmospheric pressure) 
from a 125-ft. sand for various well penetrations and vertical 
sand permeabilities by simply multiplying the ordinates by 
hk~pl+m . 
(l + m)µ' h bcmg 12.5 ft. Figur<' 88 remains strictly valid 

without any change whatever. 
11.5. The Effect of Gravity on the Flow of Gases through 

Porous Media.-Owing to the V<'ry low density of gases, even 
when undPr surh prPssnrPs as ocur inc undPrground gas reserYoirs, 
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the effect of gravity may be entirely neglected in the discussion 
of the flow of gases through porous media, insofar as direct 
effects on the gas itself are concerned. Furthermore, as a gas 
will fill completely any space into which it can enter at all, there 
will be no free surfaces in a gas-flow system, even though gravity 
is permitted to act freely upon the gas. 1 The problems of 
gravity flow of liquids treated in Chap. VI are, therefore, of no 
interest in the study of the flow of gases through porous media. 

11.6. The Steady-state Flow of Gases within Systems of 
Nonuniform Permeability.-When a porous medium through 
which a gas is flowing in the steady state is not strictly homo­
geneous, the procedure of simply solving the Laplace's Eq. 
11.2(1) as outlined in the previous sections must be modified. If 
the permeability of the medium varies continuously, Eq. 11.2(1) 
must be replaced by 

a ( api+m) a ( api+m) a ( .api+m) _ 
ax k ax + ay k ay + az k az - o, (1) 

neglecting the effect of gravity, and may be treated in the same 
manner as the corresponding Eq. 7.2(2) for the case of liquids. 

If the permeability varies discontinuously, one may again apply 
the methods of Chap. VII. The Laplace's equation in pi+m, 
Eq. 11.2(1), must then be solved for each region of uniform 
permeability, and the individual solutions connected at the 
"surfaces of discontinuity" so that the pressures and normal 
velocities are continuous there. To get the actual solutions, one 
need only replace p in the pressure distributions of Chap. VII 
by p1+m. In particular, the effects on the production rates of 
local inhomogeneities are, for gas wells, exactly the same as given 
in Chap. VII. Thus for radial systems Eq. 7.3(11) and Fig. 150 
are valid without change. For limestone-fracture systems 
producing gas, the analysis of Secs. 7.4 and 7.5 may be carried 
over by simply changing p to pi+m as already indicated. 

The theory of acid treatment of limestone wells producing oil, 
developed in Secs. 7.6 to 7.8, is equally valid for the case of 

1 To be exact, there will be some density variation with height owing to 
the action of gravity, such as exists in the atmosphere; however, this will be 
of infinitesimal magnitude as compared to the density variations associated 
with the dynamical-pressure variations in any system of practical interest. 
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limestone reservoirs producing gas, Figs. 157 to 159 remaining 
true without change. 

The theory of partially penetrating gas wells in stratified 
horizons may also be taken over directly from that given in Chap. 
VIL Figure 162 giving the production capacity of a well 
just tapping a sand underlain, at a depth of 25 ft., by an infinitely 
thick sand of different permeability, will also apply to a gas vell 
in giving the production capacities relative to that in an infinitely 
extended homogeneous sand, if the ordinates of Fig. 162 are 
reduced so that for k2/k1 = 1 becomes unity. 

Finally if the well bore of a gas welJ becomes partly filled with 
sand, the relative effects on the production capacity of the well 
will be exactly the same as if the well produced liquid. Equa­
tions 7.10(8) and 7.10(19) and Fig. 164 remain valid without 
change, while the ordinates of Fig. 165 must be taken as those 
of (p1+m - Pwi+m)/ .6.pi+m. 

11. 7. Two-fluid Systems. Water Coning.-Although gas is 
almost universally associated with the oil in underground oil 
reservoirs, this association does not necessarily imply that the 
flow of the gas and oil is that of a two-fluid system of the type 
considered in Chap VIII. For as long as the gas stays in solution, 
the oil will flow as a homogeneous liquid, the effect of the gas 
coming into play only in the reduction of the viscosity of the oil. 
And this is indeed the basic implicit assumption underlying the 
whole treatment in this work of the flow of liquids in porous 
media as that of a homogeneous fluid, insofar as the liquid is 
taken to be an oil flowing through its underground reservoir. 
On the other hand, if the gas has come out of solution and is 
more or less uniformly disseminated through the oil, it is still 
not to be considered as a two-fluid system of the type discussed 
in Chap. VIII, but rather the gas and oil must be treated as a 
mixture or single heterogeneous fluid, the nature of which-as 
defined by its equation of state-will in general vary from point 
to point, and the discussion of which is beyond the scope of this 
work. 

The two-fluid systems treated in Chap. VIII up to Sec. 8.10 
involved an approximately vertical separation between the two 
liquids, so that one fluid was considered as "encroaching" 
on the other. While this situation will never be strictly realized 
in isotropic media as long as the two fluids are of unequal density, 
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it may be taken as an approximation to the physical problem 
if the density difference between the two fluids is small, as is 
the case in the encroachment of water into an oil sand. However, 
if the water is encroaching into a gas zone, the assumption of a 
vertical interface will clearly be entirely inadmissible. For 
the water will evidently fio\v to the bottom of the porous medium, 
and will form an interface with the gas that may be more closely 
described as a horizontal than a vertical interface. 

If the water does come into a gas sand, along the bottom of th(• 
pay, and if the sand is not completely penetrated by the well, 
there will arise a problem of water coning quite similar to that 
when the upper part of the pay is carrying oil. TlH' physical 
analysis of the problem will be identical with that given in 
Sec. 8.10 for the coning of water into an oil sand. However, 
in the analytical treatment account must be taken of the fact 
that the unperturbed potential distributions derived in See. 
5.3 and used in Sec. 8.11 give the values of pi+"', rather than p, 
in the gas-flow system. The pressure distribution itself will, 
therefore, show more concentrated gradients about the well in 
the present case than in that of Chap. VIII, and as the funda­
mental condition for equilibrium, Eq. 8.10(1), involves p linearly, 
it is clear that water coning will be more difficult for a ga8 
well than for one producing oil. Furthermore, as the total pres­
sure differentials in the system required to bring the v.;akr into 
the well are proportional to the density differenee between the 
two fluids, the critical-pressure differentials for water eoning 
will, on this account alone, be some three to four times as high 
for a gas well as for an equivalent oil well. It follows, therefon'. 
that water coning will be much more readily suppressed and 
will involve less serious difficulties for wells producing from gas 
zones than for wells producing oil. If the water does rone into 
the well, the methods of suppression by pinching in or plugging 
back the well as discussed in Chap. VIII should be equally 
successful for the gas well as for an oil well. Finally the genera 
nature of the curves of Fig. 187 giving the eritical-pressure 
differentials for coning will also apply to gas wells, although 
the absolute values of the pressure differentials will probably 
be greater than those shown in Fig. 187 by a factor of at least 4. 

11.8. Gas-oil Ratios in Porous Media Carrying Gas and Oil as 
Homogeneous Fluids.-"'\Vhile the problem of analyzing theoreti-
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cally the gas-oil ratios to be expected of wells producing both gas 
and oil must ultimately be treated from the point of view that the 
gas and oil within the underground reservoir form a single 
heterogeneous fluid, the limiting cases where the gas and oil 
zones are essentially separated due to the segregation and 
migration of the gas to the upper strata of the pay, or where the 
gas and oil fl.ow in two distinct noncommunicating but parallel 
zones penetrated by the same well, may be discussed at least 
approximately by the laws of fl.ow of homogeneous fluids. The 
significance of the gas-oil ratio-defined as the volume of gas, 
measured under atmospheric conditions, produced for each 
volume of oil-is that it is a direct measure of the efficiency of 
the production, and determines the ultimate recovery of oil 
to be expected from the oil reservoir. For if Ri is the initial 
reservoir gas-oil ratio, Pi the initial reservoir pressure, and if R 
is the average gas-oil ratio until the average field pressure has 
fallen to p, the fractional recovery of oil P from the sand at 
the time corresponding to p is given by the relation 

p >. Ri(Pi - p). 
/' -

Rpi 
(1) 

The equality applies to cases where there are no free-gas sands, 
whether or not in communication with the oil sand, which are 
exposed by the well bore and are contributing to the observed 
average gas-oil ratio R. If there are such free-gas sands produc­
ing gas through the tubing, tJie inequality in Eq. (1) is to be 
applied. 1 Except for this qualification, Eq. (1) is true regardless 
of the details or method of the production. No assumption is 
implied as to the presence or absence of a water drive, that the 
gas does or does not obey Henry's law, that the field is produced 
wide open or with back-pressure control, that the well spacing 
is wide or close, that the sand is thick or thin, or that the permea­
bility is high or low. A consistently high gas-oil ratio will, there­
fore, necessarily imply a low ultimate recovery, and any method 
which will, in a given situation, give the lowest gas-oil ratio must 
represent, for that case, the most efficient method of production. 
In view of this fact, the importance of noting carefully and 
controlling the gas-oil ratio during the course of the production 
becomes self-evident. 

1 If R, is also taken to include the gas in any such free-gas sands, then 
the equality will, of course, still be valid. 
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As the only control, available at the surface, upon the details 
of the flow within the reservoir is that of varying the bottom-hole 
pressure by controlling the production rates from the wells, the 
essential question with respect to the gas-oil ratio is its depend­
ence upon the back pressure or bottom-hole pressure maintained 
at the sand face. It is this variation which will be investigated 
here. 

11.9. Gas-oil Ratios for Communicating Gas and Oil Zones.­
As is indicated in the diagram, Fig. 264, it will be supposed that 
the gas was originally separated 
or has been segregated in the 
course of the production in the 
upper part of the producing 
horizon, so that the gas and oil 
flow individually as homogeneous 
fluids with a common interface. 
Although there will be a tend­
ency for the gas to cone down 
and induce a gravity flow and 

Well 

Gas 

Oil 

r 
Fw. 264.-Diagrammatic repre­

sentation of communicating oil and 
free-gas zones exposed by the sam& 
well bore. 

vertical velocities in both the gas and oil zones, we shall, as a first 
approximation neglect them, and take the horizontal velocity 
components as uniform over the cross section of the flow channel. 
Furthermore, since the oil and gas have a common interface, the 
pressures in the two fluids must be the same on the two sides of 
the interface, and hence by the above approximation the fluid 
heads will be the same over any vertical cylinder in the sand 
(coaxial with the well) whether one refers to the gas or oil zone. 
Denoting now by y(r) the height of the interface at r, and by 
Qu, Qo, the rates of gas and oil production from the two zones, 
it follows from the fundamental laws of gas and liquid fl.ow 
through sands, that of the former being under isothermal condi­
tions, that under steady-state conditions 

[cf. Eq. 11.3(2)] (1) 

(2) 

where h is the total sand thickness, µu, µo are the viscosities of 
the gas and oil, respectively, p is the pressure at r, and Qu gives 
the ga,s volume at atmospheric pressure. 
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Although in addition to the flow, Qo, due to the radial 
pressure gradients, there will also be a gravity component, it 
can be shown by a separate calculation that its effect on the gas­
oil ratio will be entirely negligible. One may, therefore, take 
QrJQo for the ga:-;-oil ratio, or 

R QI/ µo(h - y)p 
. = Q~ = ---µ(/y--- . (3) 

As this ratio, under steady-state conditions, must be evidently 
the same for all values of r, R may be computed from the value 
of p and y at the bac·k of the sand, 1:.c., at a large distance from the 
well. Henre, 

R = µope(l - Ye/h) 
µ(Jye/h 

(4) 

where Pe is the reservoir pressure, and Ye/h is the fraction of the 
total sand thickness saturated with oil at a large distance from the 
well. As Eq. (4) does not involve the well pressure Pw, it is 
seen that for the present case the gas-oil ratio is directly pro­
portional to the reservoir pressure but is independent of the back 
pressure. 

As the sand is depleted, however, Pe and ?Je will decrease and 
R will change, although at any given time R will remain fixed 
regardless of variations in the back pressure or production rates. 
If it be assumed that Ye decreases linearly or even more rapidly 
with decreasing Pe, R will increase as the sand becomes depleted. 

To complete the physical picture for this type of production, 
we shall compute the shape of the gas-oil interface and pressure 
distribution under the approximations already indicated. Thus 
multiplying Eq. (1) hyµ" and Eq. (2) by µop and adding, it is 
found that 

ap2 Qoµo + Q(Jµ(J 
r ar = 7rkh p 7rkh ' 

the solution of which is 

where 

re 1[ a Pe + a/b] log - = - Pe - p - - log · 
r b b p + a/b 

b = Qoµo. 
27rkh 

(5) 

(6) 



SEc. 11.9] PLOlV OP GASES THROUGH POROUS MEDIA 691 

The ratio a/b may be found from the relation 

a 1 - Ye/h 
b = Ye/h Pei 

which follows at once from Eqs. (4) and (6); and b may be com­
puted by setting r = r.", the well radius (where p = p,,.), in 
Eq. (5). 

Assuming for a practical example that 

~ = 0.9; Pe= 70 atm.; p,,, = 10 atm.; re = 2 000 
,. ' ' , tl' 

and computing the pressure distribution from Eq. (5), and then 
the shape of the gas-oil interface by means of Eq. (3), the results 
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Fw. 265.-The shape of the interface (y/h) and pressure distribution (p/p.) 
in communicating oil and free-gas zones. y = height of gas-oil interface above 
the bottom of the sand. h = total thickness of gas and oil sands. I: y / h; 
II: p/p.; III: p/p. for gas zone if isolated; IV: p/p. for oil zone if isolated. Pc = 
reservoir pressure (at rs) = 70 atm. y./h = 0.9; well pressure = 10 rctm. 

are those shown in Fig. 265. It will be seen that the coning 
effect of the gas is very localized about the well, although the oil 
surface at the face of the well is depressed to 62 per cent of its 
height at the back of the sand. This pressure distribution in 
the composite system may be compared with those of the dotted 
curves giving the distributions that would exist in the gas and 
oil zones if they were not connected. 

These curves show the physical reason for the coning of the 
interface when the gas and oil zones are interconnected. For 
owing to the higher pressures in the gas zone it would naturally 
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tend to depress the oil surface if it were permitted to react with 
it freely. In the equilibrium state the resultant distribution 
should evidently be an average between those for the isolated gas 
and oil zones, as curve II actually proves. The fact that this 
resultant pressure distribution lies closer to that of the liquid is 
clearly due to the assumption that the oil zone is nine times as 
thick as the gas zone (yc/h = 0.9), so that the effect of the latter 
is essentially like that of a small perturbation upon the oil zone. 

11.10. Gas-oil Ratios for N oncommunicating Gas and Oil 
Sands.-As in the present case the gas zones and oil zones may 
lie in entirely unrelated sands, though penetrated by the same 
well, the reservoir pressures for the two zones need not neces-

sarily be the same. Denoting 
Peg Pw the reservoir pressure for the 
r::zz;ZZZ27ZI.'lZll::z:zz;rzti'ZZ!::.$'ZrI.ZZZi~ gas by Peu and that for the oil 

Peo Oil 
Peo, one may distinguish be­

Pw tween three possible cases, 
namely, Peu > Peo; Peu = Peo; 
and Pcu < Peo· In all cases, of 
course, the well pressures1 will 
be taken the same, and will be 

Fm. 2ti6.-Diagrammatic representa­
tion of noncommunicating oil and free 
gas zones exposed by the same well bore. 

denoted by the symbol Pw· The thickness of the gas and oil zones 
will be denoted by hu and ho, and their permeabilities by ku and ko 
(cf. Fig. 266). 

Applying, then, the formulas for steady-state gas and liquid 
radial flow, the gas and liquid volume-production rates will be 
given by 

(1) 

(2) 

where Ro represents the gas-oil ratio due to any other gas in the 
system besides that in the noncommunicating zone, assuming 
that this gas does not destroy the validity of Eq. (2) for the flow 
of the oil, and that the gas-oil ratio Ro is independent of the back 
pressure. 

1 To be exact, the well pressures minus the fluid heads from the top of the 
sand will be the same in both zones, but since the reservoir pressures also 
involve these corrections there will be no net error in using simply the 
pressures. 
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The resultant gas-oil ratio will, therefore, be 

R = Qg = Ro + 9(peg2 - '[J1u2)' 
Qo Peo - p," 

(3) 

where c is the constant: k 0 µoh 0 /2koµ 0 ho. 
Since, however, Ro has been assumed to be independent of the 

back pressure, it may be omitted in the discussion of R as a 
function of p,"; only the last term need, therefore, be considered 
as 

R = C(Peo
2 

- Pw
2
). (4) 

Peo - Pw 

The detailed variation of R with Pw 
may be seen from the slope of the R 
versus Pw curves, which is given by 

aR = c[l + Peg2 - Peo2 ]· 
apw (Peo - Pw) 2 

(5) 

It follows at once that if 

(a) Peg > Pco, 

a R > O and increases as the back 
iJpw 

pressure is increased to the value of the 
reservoir pressure in the oil zone. The 

----~~~~--....-Pw 
Peo 

Frn. 267.-Diagrammatic 
representation of the varia­
tion of the gas-oil ratio (R) 
with the back pressure (pw) 
if the reservoir pressure in 
the free-gas zone (Peu) 
exceeds that in the oil zone 
(Peo) • C = kgµohg /2koµgho, 
where the subscripts g, o 
refer to the gas and oil zones 
of thickness h9 , ho. 

gas-oil ratio curve will be of the form given in Fig. 267. 

(b) Peo = Peo, 
aR 
- = c = const 
apw ' 

R = c(pe + Pw). 

The gas-oil ratio here, therefore, increases linearly with the back 
pressure, as shown in Fig. 268. 

(c) Peo < Pco, 

aR 
-
8 

> 0, for Pw rv 0, but changes sign before Pw is raised 
Pw 

to the gas-reservoir pressure, the gas-oil ratio due to the free gas 
zone finally going to zero as Peg is reached. The shape of the 
curve is given in Fig. 269. 
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Under no circumstances will there be a minimum in the gas­
oil ratio. 

Pe 

Pe Pw 
Fw. 268.-Diagram­

matic representation of the 
variation of the gas-oil 
ratio (R) with the back 
pressure (Pw) if the reser­
voir pressure in the free­
gas zone (Pou) equals that 
in the oil zone (Peo), the 
notation being the same as 
for Fig. 267. 

Peg Pw 
Fw. 269.-Diagrammatic repre­

sentation of the variation of the gas­
oil ratio (R) with the back pressure 
(pw) if the reservoir pressure in the 
free-gas zone (Peu) is less than that in 
the oil zone (Pso). the notation being 
the same as for Fig. 267. 

With respect to the variation of the gas-oil ratio with the rates 
of oil production, one need only reverse the scale of Pw· The 
above results will then take the form: 

(a) Pcu > Pw: R increases (more rapidly than linearly) as the 
production rate decreases. It becomes infinitely 
large as the back pressure is increased to the oil­
reservoir pressure, corresponding to a bleeding 
off of the gas while the oil is not being produced 
at all. 

(b) Pco - Peo: R increases linearly with decreasing production 
rates. 

(c) Pcu < Peo: As the production rates decrease the gas-oil 
ratio slowly rises to a maximum, and then decreases 
to a value lower than that for wide-open flow as 
the production rate is still further decreased. 

It is to be understood, of course, that the assumed constant 
gas-oil ratios Ro due to the other gas in the system are to be added 
to the ratios indicated above. Furthermore, it is to be noted 
that since the pressures in free-gas zones will in general tend to 
decline more rapidly than those in oil zones, gas-oil ratio curves 
which are initially of the form of Fig. 267 will tend to change 
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to that of Fig. 268 and possibly also to that of Fig. 269 as the 
sand as a whole becomes depleted. 1 The details of this trans­
formation will depend essentially on the relative permeabilities 
of the free gas and oi] sands, their relative reservoir volumes, and 
on the differences in original reservoir pressures. 

It may be also noted that insofar as Eq. (4) remains valid, the 
numerical value of the gas-oil ratio will decrease with decreasing 
reservoir pressures as the sand is depleted, provided the ratio 
Peo!Peo, if ~ 1, remains fixed or decreases. This means that for 
corresponding bottom-hole pressures the gas-oil ratios should 
ultimately decrease with the life of the field. Since the only 
change that can take place in the flow in the free-gas zone is 
that due to the decline in its reservoir pressure, a rise in the gas­
oil ratio as the oil production declines must be attributed to 
changes in the character of the oil sand. These will involve 
either or both the decreasing of the liquid permeability due to 
the development of gas bubbles in the sand and the development 
of a free-gas horizon within the oil sand. These effects will 
evidently increase the gas-oil ratio contribution due to the oil 
sand, and if the increase more than counterbalances the decline in 
the contribution due to the free-gas sand, the resultant gas-oil 
ratio will rise as the sands are depleted. In fact, it is usually 
observed that the gas-oil ratio of a field does increase during both 
its natural flowing life and later pumping stage. This charac­
teristic must, therefore, be due to the effects just mentioned, and 
without doubt the most important single factor is the formation 
of the free-gas zone overlying the oil horizon, i.e., the by-pass 
zone. 2 This zone is characterized not by a complete depletion 
of the oil and the formation of a "dry" -gas channel, but rather 
by a higher proportion of free gas than exists at lower levels in 
the sand so that it will permit by-passing much as if it were such 
a channel. 

1 The development of a large differential between P•u and P•o ·will, however, 
be counteracted by the tendency of the oil zone to "repressure" the gas zone 
through the well bore, if p,0 should fall appreciably below Pe•· 

2 In fact, recent studies of the flow of heterogeneous fluids through sands 
(M. Muskat and M. W. Meres, Physics, 7, 346, 1936) show definitely that 
both the empirically observed minima in the gas-oil ratio versus production­
rate curves and the monotonic rise in the gas-oil ratio with the age of a field 
can be explained as consequences of the variations in the permeability of the 
sand with changes in its liquid and free-gas contents. 
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11.11. The Effect of the Tubing on the Gas-oil Ratio.-Thc 
analysis of the last two sections was based on the assumption 
that the gas-oil ratio was determined only by the bottom-hole 
pressure and not by the apparatus in the well bore. Further, 
it was explicitly assumed that the bottom-hole pressures Pw 
were always the same for the oil and gas sands. Although the 
results obtained on this assumption will still remain valid, for all 

Fm. 270.-Diagrammatic representa­
tion of adjacent oil and free-gas zones 
producing through tubing set above the 
top of the gas zone. 

practical purposes, when the 
sands are thin and the produc­
tion rates are high, they do 
need some modification when 
applied to thick sands produc­
ing at low-pressure differentials 
and when the tubing is set below 
the top of the producing sand. 

To see the nature and mag­
nitude of the modification, we 
shall consider again in some 
detail the calculation of the 
gas-oil ratio for a sand produc­
ing gas and oil from adjacent 
gas and oil zones. 

Thus if the pressures at the interface between the oil and gas 
zones be denoted by Pw and Pe, the differential pressure acting 
on the oil zone will be Pe - Pw, whereas in the gas zone it will have 

an average value of Pe - (Pw - -y~h0), where 'Y is the density 

of the oil-gas mixture and h0 is the gas-zone thickness (cf. Fig. 
270). 1 Now if the bottom-hole pressure be kept fixed, the above 
pressure differentials, and hence the oil and gas-production rates 
and their ratio, will be independent of the position of the tubing 
as long as it is kept above the top of the sand. 

If, however, the tubing is lowered below the top of the sand, 
even though Pw is kept fixed, there will be a change introduced 
in the relative pressure differential5 acting on the gas and oil 
zones. For simplicity it may be supposed that the tubing 
is lowered just to the top of the oil zone (cf. Fig. 271). The 
total pressure differential acting on the oil will then still be 

1 Here, as in all the discussions of this work, the dynamical-friction drop 
along the producing sand face due to the flow of the fluids into the flow 
string is n<'glec•tf'd. 
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Pe - Pw· But in the gas zone there will now be the same 
differential of Pe - Pw, since the sand face opposite the gas zone 
must now be exposed to gas (of negligible density) at pressure 
Pw· The rate of gas flow, Qu', with this lowered tubing will, 
therefore, be less than that with the higher tubing, Qu. And, 
in fact, their ratio will be 

Qu' _ p/· - Pw 2 R' 
-Q - ( )" = R < 1, u " "((Jhu -

Pe- - Pw - 2 
(1) 

which will also represent the ratio between the gas-oil ratios after 
and before lowering the tubing . 

...... :.;··· . 

. . ·::::· .... · ...... ·.· 

FIG. 271.-Diagrammatic representation of adjacent oil and free-gas zones pro­
ducing through tubing set at the bottom of the gas zone. 

Lowering the tubing will, therefore, lower the gas-oil ratio by 
effectively increasing the back pressure on the gas zone as 
compared to that in the oil zone. The quantitative features of 
the effect of lowering the tubing may be seen from Fig. 272, 
which gives R' / R, of Eq. (1), plotted as a function of the pressure 
differential Pe - Pw, the reservoir pressure being taken as 1,000 
lb. and the gas zone thickness as 25 ft. As should be expected, 
the effect decreases as the pressure differential increases, since 
the fluid head of 25 ft., which gives the increased back pressure 
on the gas zone when the tubing is lowered, becomes a small 
fraction of the total pressure differential when the latter exceeds 
about 100 lb. As to the effect of the absolute value of the reser­
voir pressure, R' / R remains practically constant down to values 
of Pe of 100 lb., when it begins to increase appreciably over the 
values of Fig. 272. 
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When the tubing is not set exactly oppm;ite the gas-oil zone 
interface, the expression for R' becomes more complex. As 
long as it does not reach below t.he top of the oil zone, the back 
pressure on the latter will be unaffected and only that on the 
gas zone will be raised. \Vhen, however, the bottom of the tubing 
is opposite the oil zone, there will be effective back-pressure 
increases on both the oil and gas zones. Denoting by hv and h0 

the thicknesses of the gas and oil zones, respectively, by Pe and 
Pw the reservoir pressure and bottom-hole pressures, as reduced 
to the level of the gas-oil i11terface with the tubing set above tlw 

l·O 
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Fw. 272.-The effect on the gas-oil ratio of lowering the tubing as a function 
of the flowing pressure differential. R' /R = (gas-oil ratio after lowering the 
tubing to the bottom of the free-gas zone) I (gas-oil ratio with tubing set above the 
free-gas zone); gas-zone thickness = 25 ft.; reservoir pressure = 1,000 lb.; oil 
density is taken as 0.8 g./cc. 

R' 
R 

(2) 

1 p., Pw are therefore the true pressures p,, Pw at the base of the oil zone 
minus the oil-zone head -yghu, neglecting the difference between the density 
of the fluid in the flow string and the oil within the sand body. 
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[ ho(Pe - Pw) - ~(ht - h0)2 ][ fie2 - (p,., - ~~Lg) 
2

]' 

(3) l 

where R' and R are again the gas-oil ratios after and before the 
lowering of the tubing, it being assumed throughout that the flow 
takes place in horizontal planes. 
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FIG. 273.-The effect on the gas-oil ratio of lowering the tubing as a function 
of the depth of the tubing below the top of i:.he free-gas zone. R' /R = (gas-oil 
ratio after lowering the tubing) I (gas-oil ratio with tubing set above the free-gas 
zone); reservoir pressure = 1,000 lb.; bottom-hole pressure = 980 lb.; free-gas­
zone thickness = 25 ft.; oil-zone thickness = 50 ft.; oil density is taken as 
0.8 g./cc. 

The effect of lowering the tubing as a function of the depth 
below the top of the gas zone is shown graphically in Fig. 273, as 
computed from Eqs. (2) and (3) with the constants Pe = 1,000 lb., 
p,. = 980 lb., h0 = 25 ft., ho = 50 ft., and ~ = 0.8 gm./cc. 
It will be seen that if the tubing is lowered to the bottom of the 
sand, the gas-oil ratio under the above conditions will be lowered 
to less than one-fifth of its original value. And it may be noted 
that since the gravity flow in the oil zone that will be induced 

1 For this case where the fluid level in the well bore is depressed to the 
bottom of the tubing, and hence below the top of the oil zone, the flow in 
the latter will be a composite radial and gravity flow and should strictly 
be computed by the formulas of Chap. VI; to show the general nature of the 
effect, however, the simpler formula of Eq. (3), based on two-dimensional 
flow in both the oil and gas zones, should be adequate. 
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when the tubing is set below the top of the oil zone was neglected 
in deriving Eqs. (2) and (3), the actual lowering of the gas-oil 
ratio will be even somewhat greater than that given by Fig. 273. 

As a final point concerning the effect of the tubing on the gas­
oil ratio, which may be studied by means of Eqs. (2) and (3), it 
is of interest to examine the relation of R' /R to the total gas- and 
oil-zone thicknesses. For this purpose one may suppose that 
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FIG. 274.-The effect on the gas-oil ratio of tubing lowered to the bottom of the 
producing sand as a function of the total sand thickness. R' IR = (gas-oil ratio 
after lowering the tubing) /(gas-oil ratio with tubing set above the free-gas 
zone); 1reservoir pressure = 1,000 lb.; oil-zone thickness = 2 gas-zone thick­
ness. I. Flowing pressure differential at the level of the gas-oil-zone inter­
face = 20 lb. II. Flowing pressure differential at the level of the gas-oil-zone 
interface = 50 lb.; oil density is taken as 0.8 g./cc. 

the tubing has been set to the bottom of the producing sand, 
i.e., ht = ho + h0 • Equation (3) then reduces to 

R' (Pe - Pw)[Pe2 
- (pw + 'YUho) 2

] 

R = (- _ _ _ 'Ygho)[- 2 _ (- _ 'Ygh0)
2
]' 

Pe Pw 2 Pe Pw 2 

(4) 

Taking again Pe = 1,000 lb. and supposing that the gas-zone 
thickness h0 is always half of the oil-zone thickness ho, Eq. (4) 
is plotted in Fig. 27 4 as a function of the total sand thickness, 
for pressure differentials of 20 lb. (Pw = 980 lb., curve I) and 
50 lb. (fJw = 950 lb., curve II). These curves show clearly the 
increasing effect of lowering the tubing for the thicker sands. 
Curve I further brings out the fact that if the sand is so thick 
that its equivalent fluid head equals the pressure differential on 
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the sand, the added back pressure due to this fluid head may 
completely stop the flow of gas from the gas zone and reduce the 
gas-oil ratio to zero. Of course, this vanishing of the gas-oil 
ratio, as well as the ordinates of all the plots of this section, refers 
only to the free gas coming from the free-gas zone immediately 
above the oil zone, for it is only this gas fl.ow which can be 
affected by the tubing position. 

It should also be observed that all the above discussion has been 
based on the assumption that the gas has no avenue of escape 
from the sand except through the tubing, so that as the latter is 
lowered below the sand face the fluid level between the tubing 
and casing is depressed to the bottom of the tubing as illustrated 
in Fig. 271. If, however, the casing is not gastight and 
permits the gas to escape, th~ fluid head in it will not necessarily 
be depressed even as low as the top of the sand. In such cases 
no effect upon the gas-oil ratio on lowering the tubing should be 
observed. As a corollary to these considerations, it follows that 
if the casing is gastight the casing-head pressure should always 
be equal, except for the weight of the gas and variations due to 
surging, to the pressure at the bottom of the tubing, even if it is 
above the sand face; hence it should increase as the tubing is 
lowered. If this is not the case, and the casing-head pressure 
corresponds to a fluid head above the sand face even when the 
tubing is lowered below the top of the sand, any changes-for 
the same oil-production rate-that may be observed in the gas­
oil ratio must be regarded as spurious and attributed to a redis­
tribution in the same total amount of gas leaving the gas zone 
between the components leaking out through the casing and that 
leaving the well bore through the tubing. There appears to be 
no other alternative, if one is to retain the fundamental principle 
that the flow of oil or gas from producing sands of given geometry, 
permeability, and reservoir pressure is determined only by the 
back pressure maintained at the sand face exposed by the well 
bore. 

11.12. Gas Coning in Tubed Wells.-The discussion of the 
last section, leading to Eqs. 11.11(2) and 11.11(3), implied that 
even though the tubing was set below the bottom of the gas zone 
the gas would flow down against the differential action of gravity 
and escape from the sand at the bottom of the tubing. Such a 
condition of flow is evidently equivalent to that in the case of 
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water coning discussed in Secs. 8.10 and 11.7 in which the water 
rises against the differential action of gravity. While the analysis 
for the problem of water coning was rather involved owing to 
the necessity of taking into account the pressure distribution 
immediately below and surrounding the well bore, the fact that 
the well bore penetrates also the zone of the coning fluid con­
siderably simplifies the analysis of the problem of gas coning, 
so that one can give not only the critical conditions for the 
suppression of the cone but also a good approximation to the flow 
conditions after the cone has broken through. 

Thus by neglecting the pressure drop along the gas column in 
the well bore, the pressure along the sand face opposite the gas 
zone may be considered as uniform, so that the flow in the gas 
zone after the cone has broken through is still essentially radial, 
except for the depression in the oil-gas interface, which is highly 
localized about the well bore (cf. Fig. 265). Similarly, the flow 
in the oil zone may be approximated by that in two adjacent 
radial systems (except for the correction indicated in the footnote 
on page 699). Indeed, it is by means of these representations 
that Eqs. 11.11(2) to (4) have been derived. The gas-oil ratio 
(the gas being that only from the gas zone) under the condition 
of gas coning therefore will be, by Eq. 11.11(3), 

R' = ~kuhu{Pe2 
- [Pw + yg(ht - hu)J2} 

1 
(l) 

2µuk{ ho(Pe - Pw) - ~(ht - hu) 2
] 

in the notations of Eq. 11.11(3), ku and ko being the permeabilities 
of the gas and oil zones, respectively. 

The vanishing of R' clearly means that gas coning is not taking 
place, and that the fluid level between the tubing and sand face 
lies statically above the bottom of the tubing. This condition 
will occur when 

Pe - P"' =Pe - Pw L yg(ht - hu) 1 (2) 

where the equality gives the critical condition, and the inequality 
implies the existence of stable gas cones lying statically above the 
oil zone. Since Pe and Pw are the reservoir and well pressures, as 
measured as the bottom of the oil zone, it is seen that there will 
be no gas coning as long as the total pressure differential in the 
system (pe - Pw) does not exceed the equivalent of the fluid 
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head between the top of the oil zone and the bottom of the tubing. 
When this fluid head is exceeded, the gas zone will contribute to 
the total gas-oil ratio of the well by an amount approximately 
given by Eq. (1). 

As the distance between the bottom of the tubing and the 
bottom of the well bore (ho + h0 - ht) represents the effective 
well penetration with respect to the production of the gas from 
the upper gas zone, Eq. (2) shows that the critical-pressure 
differential for gas coning decreases linearly with increasing 
effective well penetration, assuming that the real penetration 
through the oil zone is complete. This may be compared with 
the case of water coning in which this pressure differential falls 
much more rapidly for high and low penetrations than for 
moderate penetrations (cf. Fig. 187). Thus while the critical­
pressure differentials for water coning may be some ten times as 
large as the fluid head of an oil column of height equal to the 
thickness of the oil zone-the maximal differential possible with­
out gas coning-this differential will be much more sensitive to 
the effective well penetration in the case of water coning than 
for gas coning. 

These differences are clearly due to those in the details of the 
pressure distribution in the immediate vicinity of the well bore. 
For in a real partially penetrating well underlain by water the 
pressure distribution below the well is approximately spherical, 
and the pressure gradients are highly concentrated about the well 
bore, thus leaving only a small fraction of the total pressure 
differential to lift the water into the well. In the present case, 
however, where the well actually penetrates both the gas and 
oil zones, the pressure distribution is almost exactly radial, and, 
except for the fluid head of the oil column, the same total dif­
ferential pressure acts on the gas zone as on the oil zone. Hence 
it is only necessary for the total pressure differential to exceed 
this fluid head to make the gas cone down and enter the well 
through the bottom of the tubing. If, on the other hand, the sand 
face i::; packed off to the bottom of the tubing, 1 so that the 
gas of the gas zone must force itself through the oil zone to enter 
the tubing, the problem becomes essentially identical with that of 

1 If the packer is set only opposite the gas-oil interface, there will be but 
little effect in suppressing the cone, as a short packer will not appreciably 
concentrate the pressure gradients about the well bore. 
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water coning studied in Chap. VIII, and all the re~mlts for the 
latter problem will be applicable to the case of gas coning, with 
the only change that the critical-pressure differentials and 
production rates of Figs. 187 and 188 must bC.' multiplied by the 
density of the oil divided by 0.3. 

11.13. Multiple-well Systems.-Just as in the case of artesian 
or oil wells, so also in the study of wells producing gas, one 
cannot always restrict oneself to the consideration of single wells, 
but must also frequently take into account the mutual inter­
actions between the various wells distributed over a given area. 
For the steady state these interactions will in general have 
exactly the same effect upon the individual well capacities as 
in the case of wells producing from water- or oil-bearing sands. 
Thus for small groups of wells, the theoretical results are those 
already derived in Secs. 9.2 to 9.6, where again the relative 
prnduction capacities, such as given in Eqs. 9.3(7), (11), or (15), 
are strictly applicable also for gas wells, while the pressure dis­
tributions as given in Eqs. 9.2(1) or 9.2(5) must be modified by 
the substitution of pi+m for p. In a similar manner one may take 
over the results derived in Chap. IX for problems involving 
linear arrays, including the theory of offsetting, again noting 
that in the pressure requirements for the latter-as given in 
Sec. 9.14-the pressures must be replaced by the corresponding 
values of pi+m. 

\Vhile the theory of the regular well network8 developed in 
Chap. IX may be applied to gas wells as well as to tho8e producing 
liquids, there is, of course, no practical interest in the problem of 
water flooding. For although the pressure in an oil sand may 
decline to the atmospheric value after only 15 to 35 per cent of 
the original oil content has been taken from the sand, the com­
plete depletion of the pressure in a gas sand necessarily means a 
recovery of all but l/p of the gas originally in the reservoir, 
p being the original reservoir pressure in atmospheres. Thus if 
the original reservoir pressure is 50 atm.-corresponding to a 
depth of some 1,700 ft.-the recovery will be 98 per cent when 
the sand is depleted. Artificial recovery methods as that of 
water flooding are, therefore, of no interest whatever in the 
production from gas fields. 

11.14. The Nonsteady-state Flow of Gases through Porous 
Media.-Strictly speaking, there are probably no cases of actual 
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field production from gas reservoirs in which the conditions of 
flow are exactly those of the steady state. For if the gas reser­
voir is limited in extent, the removal of the gas through the 
producing wells will deplete the sand pressure so that the fluxeH 
from the wells will continually decrease if the pressure:.:; at thf' 
wells are kept "steady." And if the reservoir is bounded by a 
water sand, it will still be unlikely, in most cases, that the 
encroachment of the water will suffice to maintain the reservoir 
pressure. For assuming a gas-production rate per well of 105 

bbl. (at atmospheric pressure)/day (,-...; 5.6. 105 ft. 3/day) it 
would require a water encroachment rate of 100,000 bbl./day to 
maintain the pressure ("'"'-' 100 atm.) in a field drained by only 
100 wells. Such encroachment rates, however, are probably 
considerably higher than those usually encountered in practice, 
and, as is actually observed, the pressures in most gas fields do 
decline quite rapidly. 

Of course, the same considerations apply in principle to the 
production of liquids from porous reservoirs. There, however, 
the transients in the system (due to the fluid compressibility) 
are inherently of longer life, and furthermore the rates of fluid 
depletion are considerably slower owing to the small production 
capacities-of the order of 1,000 bbl./day-compared to those 
of gas wells. In fact, the relative rates of decline in transients 
in gas and liquid systems may be readily estimated as follows: 
Taking the particular case of isothermal gas flow (m = 1), it 
is seen from Eq. 11.1(2) that the time will enter in the expres­
sion for -y 2 essentially as kt/f'Yoµ. Now for a given sand, f and 
k will be independent of the fluid, and for ideal gases 'Yo = w/ RT, 
where R is the gas constant per mol, w the molecular weight, and 
T the absolute temperature. Hence, for isothermal gas flow, 
t will enter in -y 2 essentially as tRT /wµ, so that the time rate of 
change in the system will be proportional to RT /wµ. For com­
pressible liquids, on the other hand, it follows similarly from 
Eq. 10.1(7) that the time rate of rhange ·will be proportional to 
1//3µ [cf. also Eq. 10.1(5)]. 

Xow for a gas such as methane, RT /'w _......, 1,500, whereas /3 
has a value for water and mineral oils of the order of 5 · 10- 5

• 

The viscosity, however, for 'vvater or mineral oils is of the order of 
102 - 103 times that of methane. Hence from the resultant of 
these t-wo factors, it follows that the rate of dc>clinf' in a gas 
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reservoir under isothermal conditions will be of the order of 
10-100 times as large as in one containing a gas-free but com­
pressible liquid. Apparently, then, the low viscosity of gases 
more than counterbalances their high elasticity in giving rise to 
very rapid transients. 1 

Thus while one may justifiably approximate many of the 
problems of liquid flow by those of the steady state, this approxi­
mation will in general be invalid in the case of gas-flow systems. 
For these the transient behavior will in all practical cases be the 
predominating feature. Unfortunately, however, the exact 
treatment of such transient states necessitates the solution of the 
nonlinear Eq. 11.1(2), for which it has as yet not been possible 
to construct analytic solutions. We shall, therefore, introduce 
some physical approximations which will simplify the analytical 
problem and make it tractable. 

Returning to Sec. 10.13, it will be recalled that if a closed sand 
containing a compressible liquid is pierced by a well of a given 
(uniform) flux, the pressure distribution in the system first 
undergoes a very short-period transient, during which the pres­
sure about the well develops an essentially logarithmic distribu­
tion and that at the external boundary assumes a linear rate of 
decline (cf. Fig. 256). After this period-of about an hour in 
Fig. 256, where the constants are such as to give relatively long 
transients-the system enters a transient state in which the pres­
sure decreases uniformly over the whole sand at a rate propor­
tional to the flux rate from the well, the distribution within the 
sand being, for practical purposes, identical with the steady-state 
distribution except very near the external boundary. In fact, 
the total pressure drop between the closed external boundary 
and the well is only 7 per cent less than what it would be in a 
steady state-flow system with the same flux. Thus as pointed 
out in Sec. 10.13, the production from the reservoir after the first 
transient has passed may be considered as supplied by an equiva­
lent density decline distributed uniformly over the reservoir, the 
instantaneous pressure distribution differing only slightly from 

1 The fact that Eq. 11.1(2) involves ,,2 (form = 1) whereas Eq. 10.1(7) is 
linear in i' does not invalidate this comparison. For if Eq. 10.1 (8) is approx­
imated by i' = i'o(l + {3p ), it is found that the equation for i' for compres-­
sible liquids takes exactly the same form as for gases, i.e., it also involves 
v2,,2 rather than V 27. 
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that of the steady state. Formulated more precisely, the real 
system may be approximated by one which undergoes a "con­
tinuous succession of steady states," the time entering only as a 
parameter in the boundary conditions which are taken to vary 
in such a manner as to give the preassigned flux in the system. 

Although there are available no rigorous solutions of the non­
linear Eq. 11.1(2) to use as a test for this approximation in the 
case of gas-flow systems, there seems to be no reason why the 
approximation of the continuous succession of steady states 
should not give as good a representation of the actual flow condi­
tions in the case of gas flow as for the flow of a compressible 
liquid. On the contrary, owing to the higher pressure gradients 
in the gas-flow system about the output well, and correspondingly 
lower gradients at the external boundaries, than in a compressible­
liquid system-for equal total pressure differentials-the error 
due to the extrapolation of the logarithmic steady-state dis­
tribution to a closed external boundary should, therefore, be 
even less in the former case than in the latter. 1 Furthermore, 
this long-period fundamental transient of the succession of steady 
states will be more quickly established for gas-flow systems­
the short-period transient immediately following a change in 
the boundary conditions dying off more rapidly-than for 
compressible-liquid systems, thus giving relatively smaller errors 
when neglecting the finer details of the early short-period 
transients. 

In view of these considerations, the problem of the nonsteady­
state flow of gases through porous media may be reduced-app':"ox­
imately, of course-to that of finding the steady-state pressure 
distributions, and then the time variation of the boundary condi­
tions complementary to those originally preassigned in such a 
way that the latter are satisfied. It is because of this reduc­
tion of the rigorous problem of solving Eq. 11.1(2) that we have 
outlined in the preceding sections of this chapter the nature of 

1 Even so, the approximation will probably be unsatisfactory if applied to 
linear systems, as then the gradients in the steady state fall off much more 
slowly with increasing distance from the outlet surfaces, so that it will 
afford a poor approximation at an external closed boundary where the actual 
boundary requirement would be that the gradient be zero. In most prac­
tical problems, however, the outflow surfaces are of appreciably smaller 
area than the external boundaries, so that the flow systems may be repre­
sented geometrically as radial rather than linear systems. 
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the steady-state solutions corresponding to the various types of 
problems treated in Part II, although these steady-state solutions 
n,re not of great interest in themselves. Now that they are avail­
able, the problem that remains is that of forming the proper 
continuous sequence of these steady-state solutions so as to 
C'orrespond to the particular transient problem of interest. 

Because of the essentially transient character of all gas-flow 
problems of practical interest, the only external boundary condi­
tion of practical significance is that of vanishing flux, correspond­
ing to a closed reservoir. With respect to the outlet wells, the 
conditions may be either that of preassigned flux or pressure. 
In the following we shall present the solutions for the case where 
the gas reservoir is drained by a single well, either at a constant 
pressure or with a constant production rate. The methods 
given for solving these problems may be applied to the more 
('Omplex cases involving the other steady-state solutions discussed 
in Secs. 11.2 to 11.13. 

11.15. A Closed Gas Reservoir Drained by a Well Producing 
at Constant Pressure.-Although, as pointed out in the last 
:-;ection, the initial transient during which the system adjusts 
itself to a uniform drainage in a continuous succession of steady 
states is of very short duration-less than an hour in the example 
discussed numerically below-we shall show for the present case 
how even this transient can be treated to essentially the same 
approximation as the later and fundamental transient decline 
of the system. For this purpose it is convenient to introduce 
the cu11c0pt of a "radius of drainage," which recedes to the 
boundary of the reservoir as the steady-state condition is estab­
fo.;hcd. That is, the "radius of drainage" gives the distance from 
the well to which the approximately steady-state distribution 
has been established, and the production during the initial 
transient is simply the rate at which gas is removed from the 
system in the establishment of this steady-state distribution, 
it being assumed that no gas is removed from any point until the 
radius of drainage has passed that point. 

Considering, then, the specific problem of a closed reservoir 
of radius re and a central well of radius rw, and assuming that 
the initial reservoir pressure is Pi and that the well pressure is 
permanently maintained at Pw, the production rate per unit sand 
t.hi(·k1ws~ at a time t when the "radius of drainage" has receded 
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to the radius ro will have the value [cf. Eqs. 11.3(2), 11.1(3) and 
Fig. 275] 

Q -- 7rkl!J:y2 a [fro fr. ] - - 27rf- -yrdr + 'Y irdr , 
µ"(o log ro/rw at Tw TO 

(1) 

where 

'Y 0 = 'Y (p = 1) ; 'Yi = -y(t = O), (2) 

and where for simplicity m has been taken as 1, the value for 
isothermal flow. 

By introducing the notation 

ro 
2 log-= z; 

rw 
r 

2 log-= y 
rw 

(3) 

and applying Eqs. 11.3(1) and 11.1(3), 
Eq. (1) may be rewritten as 

f _ "(oµfrw 2 fzdz rz yeYdy (
4

) 
- 4k Jo z Jo [(Ll-y 2/z)y + -y,,,21~2 · Frn. 275. 

In principle, Eq. (4) permits the determination oft as a function 
of z, or of r0 as a function of t, and hence the time variation of 
Q, on the application of Eq. (1), until r 0 recedes to the reservoir 
radius re. To show the nature of the process, it will be sufficient 
to choose the case where p,,, = O( = 'Yw), when Eq. (4) can be 
reduced, by partial integration, to the form 

t = µ"(o 'tw - (eY - e""i°)dy, f 2 rz y2 

2-yek • 

which is rather convenient for graphical integration, 
when evaluated graphically, 

ez12 = ro ,__, l + 1.06S 4k~et . ,__, ! Pet , 
( )

o 4967 (k )H 
rw fr,,.-µ rw µf 

except when t .-....- 0. 
With the constants 

f = 0.2; k = 1 darcy; µ = 0.012 centipoise; 

(5) 

g1vmg, 

(6) 

Pe = 100 atm.; rw = ~-;! ft., (7) 

Eq. (6) is plotted in Fig. 276 as curve I. It will be observed that 
the "radius of drainage" recedes extremely rapidly, growing to 



710 FLOW OF GASES THROUGH POROUS MEDIA [CHAP. XI 

a radius of 100 ft. in about 1 min., and reaching the effective 
reservoir boundary (re,.....,,, 500 ft.) in less than half an hour, thus 
confirming the conclusion stated in the last section that the 
initial transient is of very short duration. 

The production rate, which is given during this initial transient 
by 

Q 27rk'YoPe2 3.50 . 103 I I 
= = gm. sec. cm. = 

µZ Z 

(4.87 · 108/z)cu. ft./day /ft. (sand), (8) 

is plotted as curve II, with the constants as in Eq. (7) and 'Yo taken 
as 6.68 · 10-4 gm.Jee., the atmospheric density of methane 
(at 20°0.). 
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Fw. 276.-The production rates and recession of the "radius of drainage" 
during the initial transient about a gas well under isothermal-flow conditions. 
I. Extent of the "radius of drainage" in feet. II. Production rate in 105 cu. 
ft./day /ft. sand. k = 1 darcy; µ = 0.012 centipoises; f = 0.20; initial reservoir 
pressure = 100 atm.; well radius = ~ft. 

The total production during this period is evidently given by 
the difference between the initial mass of gas in the reservoir and 
that still left in the reservoir when the radius of drainage ro has 
receded to the external boundary re. Denoting this cumulative 
production per unit sand thickness by Q, it follows that 

i r. {log r/r }J..2 Q = 1r"fi(re2 - rw2) - 21r'Yi r w dr. 
., log re/rw 

(9) 

If Qi is the initial mass content of the reservoir, Q/Qi can be 
expressed as 
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Q e-z lcz eY 
-=- = _ I ,. 1_dy = 0.0338, 
Q,'. 2v z o v y 

(10) 

re 2 re where, here and in the following, z = log _, and - = 2 000. 
rw2 

rte ' 

This shows again that the initial transients following a dis­
continuous change in the boundary conditions represent only a 
very minor part of the whole decline history of a gas reservoir. 

After the initial transient has passed, i.e., after the "radius 
of drainage" has reached the reservoir boundary, we shall assume, 
as explained in Sec. 11.14, that the reservoir pressure will decline 
uniformly throughout, its instantaneous values following a 
steady-state distribution. Hence Q will now be giyen by 

Q = 27rk~-y 2 
= 

µZ-yo 
air' - 27rf- -yrdr at r,. 

~ -rr;'f-y, aa~J[ Ll-y'~y=~··r 
Again choosing the case 'Yw = 0 = Pu: this gives 

1 a'Ye -2kz-H 

'Ye2 at = µfrw2'YoJ:y~ie11dy 

Te = 2 000 
r ' ' u; 

-2k 

(11) 

(12) 

so that, with the constants of Eq. (7), and recalling that 'Y = 'YoP, 

1 
Pe = · ' 

[ 2.039 · 10-2(t - t0) + ;J (13) 

where t = t0 is the time (in days) when the radius of drainage 
reaches the reservoir boundary. 

The production rate for the present case (Pw = O) is given by 

Q 1rk'YoPe
2 

2 301 10-2 2 I I = 1 / = . · Pe gm. sec. cm. = 
µ og Te Tw 

3.201 · l03p 6
2 cu. ft./day /ft. sand. (14J 

Equations (13) and (14) are plotted in Fig. 277. Here again, 
the decline is very rapid, the pressure dropping to a tenth of its 
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initial value in about 4),:4 days. As to the relation of these 
decline curves to those which are observed in practice, it should 
be remembered that not only is the assumed permeability of I 
darcy considerably higher than that of most gas sands, but also 
the effective reservoirs drained by each well in a field will in 
general be appreciably higher than that of 500 ft. assumed here. 1 

Both these factors will tend to increase the lives of the wells over 
that indicated by Fig. 277. 
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t : Time After Opening Of Well (in hrs.) 
FIG. 277.-The pressure and production rate decline in a closed gas (methane) 

reservoir drained by a single well. I. Pressure (actm.) at the reservoir boundary 
(500 ft.). II. Production rate in 2.5 · 1Q& cu. ft./day /ft. sand. Initial reservoir 
pressure = 100 atm.; sand permeability = 1 darcy. 

11.16. A Closed Gas Reservoir Drained by a Well Producing 
at a Uniform Rate.-For this case we shall neglect the initial 
transient following immediately upon opening the well and thus 
disturbing the initial uniform pressure distribution. Rather, 
it will be supposed that the "radius of drainage" has already 
receded to the external boundary of the system, so that the 
pressure distribution is about to begin a continuous succession of 
steady states. Each of these states will correspond to different 
pressures at the well and the external boundary, and the problem 
to ~e solved will be that of finding the decline in these boundary 

1 The average spacing in the Appalachian gas fields is of the order of one 
well to 80 acres, which corresponds to a drainage area per well 4.4 times 
as great as that assumed above. 



SEc. 11.LG] FLOW OP GA.SES THROUGH POROUS ~1!EDIA 713 

prel'lsurcs whi<'h will corre8pond to a uniform flux rate from the 
wdl. 

Denoting the ftux from the well by Q, it will clearly be gin~11, 
j1rnt as in See. 11.15 by 

27rkD.-y~ a 1•rc 
Q = = - 27rf- r-ydr, 

µZ)'o ot r,. 
(1) 

where again for ~implicity the assumption of isothermal ftow ha:-; 
been made (m = 1), the notation being that used in Sec. 11.15. 
Integrating, it i::; seen that 

J
•z. Qt 

('Ya - )' )eYdy = --2, 
o 7rf r w 

(2)1 

where 'Ya is the density distribution at the initial instant--aftPr 
the passage of the initial transient-and is given by 

( ., ") ., 'Yi- - 'Yw- Y + 2 
'Ya- = Z 'Ywa i (3) 

'Yi being the initial uniform density before the well is opened to 
production, and l'1oa the density at the well at t = 0. Expressing 
now 'Y by the relation 

2 _ µf'oQy + 2 

'Y - 27rk 'Yw ' (4) 

Eq. (2) can be integrated (graphically) for various values of 'Yu·, 

giving, when inverted, 'Yw as a function of t. Setting y = z in 
Eq. ( 4), the corresponding values of 'Ye will be obtained. vVhen 
this process if., carried out for the constants 

f = 0.2; k = 1 darcy; µ = 0.012 centipoise; l 
rw = ;,4 ft.; re = 500 ft.; Pi = 100 atm.; (5) 

'Yo= 6.68 · 10-4 gm./cc.; Q = 5 · 10 4 gm./day/cm.sand ,....._, 
8.0 · 104 cu. ft./day /ft. sand, 

and the results are converted into equivalent pre1;sure decline:-:, 
the curves of Fig. 278 are obtained. 

1 If Q is not constant, one need only replace Qt by Jot Qdt, 'vhich can he 

considered as a known function of time. 
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It will be seen that for practical purposes the pressures decline 
linearly with the time. However, it is to be noted that this 
result is due not only to the constancy assumed for Q, but also 
to the high values of Pw over most of the life of the well, so that 
the total pressure drop in the system is very small and the internal 

100 pressures are essentially equal 
\ to Pw plus small correction 
\ 

90 terms. Furthermore, it is for 
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this latter reason that the two 
curves for the pressure Pe at 
the external boundary and that 
at the well Pw practically coin­
cide until the very last part of 
the decline history of the well. 
For as the flux in a gas-flow 
system is proportional to the 
differences in the squares of the 
boundary pressures, the pres­
sure differential required to 
produce a given flux is inversely 
proportional to the average 
pressure in the system. 

In a similar manner more 
complex cases can be treated 
both with respect to the pres-

\ o0 
40 80 120 160 200 

sure declines for preassigned 
Time After Opening Of Well (in days) flux rates and, as in Sec. 11.15, 

Fw. 278.-The pressure decline in a 
closed gas (methane) reservoir drained 
by a single well at the uniform rate of 
8 · 104 cu. ft./day /ft. sand I. Pressure 
at the external boundary (500 ft. 
radius). II. Pressure at the well(~ ft. 
radius). Initial reservoir pressure = 
100 atm.; sand permeability = 1 darcy. 

for the production-rate decline 
for preassigned well pressures. 

11.17. Summary.-From a 
physical point of view all prob­
lems of gas flow of practical 
interest are fundamentally of 

the nonsteady state, in which the gas content of, and pressures in, 
a closed reservoir continually decline as the wells draining the 
reservoir are produced. A strictly accurate treatment of the 
gas-flow systems would, therefore, involve the solution of 
the nonlinear partial differential equation governing the density 
decline in such systems [cf. Eq. 11.1(2)], and which is analogous 
to the linear equation in the density [cf. Eq. 10.1(7)] for the 
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nonsteady flow of liquids, which was solved rigorously for a 
number of specific cases in Part III. Fortunately, however, 
such a program which would require a numerical treatment of 
the nonlinear equation-since there are as yet no general ana­
lytical solutions of this equation-can be reduced to a more 
tractable form upon a closer analysis of the physical nature of 
the transients in gas-flow systems. 

In analogy to the results derived by a strict analysis of the 
pressure decline in a closed liquid-bearing reservoir drained by a 
single well (cf. Sec. 10.13), it is to be expected that the transients 
in a gas-flow system will in general consist of two types. The 
first will be of a very short period, following immediately any 
artificial change in the boundary conditions, such as the opening 
of a well or a variation in its production rate. Such transients 
will precede or be superposed upon the second type, which is that 
giving the general decline of pressure in the reservoir or produc­
tion from it, due to its depletion. That the first type will actually 
be of extremely short duration follows from the fact that, owing 
to the relatively low viscosity of gases, rates of change in gas­
flow systems will in general be many times greater than in liquid­
bearing sands, and for the latter it was seen that the duration of 
the initial short-period transients will be only of the order of an 
hour. Furthermore, the change in fluid content of a reservoir 
associated with this transient will in general be no greater than 
about 3 per cent, even if upon opening a well it is suddenly 
reduced to atmospheric pressure, the reservoir pressure being 
100 atm. For practical purposes, therefore, these-short period 
transients can be entirely neglected. 

The second type of transient, on the other hand, does represent 
the fundamental decline history of a gas-flow system. By 
analogy with the result found by a rigorous calculation in the 
case of liquid flow, it is reasonable to suppose that it may be 
represented by a continuous succession of steady states, in which 
the density declines everywhere uniformly at such a rate as to 
provide for the instantaneous total flow from the system. In 
fact, it is to be expected that such an approximate treatment 
should be still more accurate for gas-flow systems than for those 
producing liquids. For not only will the readjustments to the 
approximately steady-state conditions take place more rapidly 
in gas-bearing media, but, moreover, the actual approximation 
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of the steady-state pressure distributions, after the passage 
of the initial transients, should involve smaller errors in gas-flow 
systems, owing to the naturally smaller gradients in the latter at 
points distant from outlet surfaces which should strictly vanish 
at the outer closed boundaries of the system. 

The analytical treatment of gas-flow systems may, therefore, 
be divided into a preliminary analysis of the steady-state behavior 
of the system, and then a derivation of the continuous sequence 
of these steady states appropriate to the particular boundary 
conditions that are preassigned. While the steady-state charac­
teristics are thus involved only as a preliminary step in the 
analysis, they should give even in themselves a fair representation 
of the main features of the flow, especially if the reservoir is large 
and the total flow from it not excessive, so that the general 
decline in the system is not too rapid. Furthermore, they should 
provide a good approximation for the comparative study of 
various types of system. 

In view of the fact that the steady-state flow of gases is 
governed by Laplace's equation in the dependent variable 
pi-+m [cf. Eq. 11.2(1)J, where m determines the thermodynamic 
character of the flow, the analytical expressions for the solutions 
for various problems can be simply taken as those already derived 
for the corresponding systems of steady-state liquid flow, also 
governed by Laplace's equation, in Part II. The only change 
that needs to be made with respect to the pressure distributions 
is the replacement of the pressure p in the expressions for the 
rases of steady-state liquid flow by pi+m. And the values of the 
mass fluxes for the steady-state solutions for gas flow are to 
be obtained from those for the volume flux for steady-state 
liquid systems by replacing the Pe - Pw of the latter by 

(p Hm _ p l+m) 
'Yo e(l + m) w ' 'Yo being the gas density at unit pressure. 

In the case of most practical interest, that of isothermal flow 
(m = 1), the above change is equivalent to that of multiplying 
the volume fluxes of the steady-state liquid flow by the mean 
density in the gas-flow system to get the mass flux in the latter. 

Reviewing briefly the types of steady-state liquid-flow systems 
discussed in Parts I and II from the point of view of the above 
considerations, it may be noted first that for linear gas flow the 
pressure distribution will be given simply by a linear variation 
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of pi+m. As to the effect of the thermodynamic character of the 
flow, the value of m, on the flow of a gas, it is found that the 
isothermal flow (m = 1) will give the least fl.ow, the flux increasing 
as the value of m decreases, so that, for example, 16 per cent more 
air will pass adiabatically (m = 0. 71) through a linear system 
(if pi/p2 = 0.1) than if it flows isothermally. This result is 
due to the higher outflow densities when m < 1, and more than 
compensates for the lower outflow-pressure gradients in the 
latter case. 

For radial-flow systems the quantity pi+m varies logarithmi­
cally with the radial distance [cf. Eq. 11.3(1)]. When the fl.ow 
is not exactly radial, the flux will still be given by the expression 
for radial flow, provided only that the quantity (pei+m - Pwl+m) 
in the latter-pe, Pw being the external boundary and well pres­
sures-is replaced by its average (p/+m - Pwi+m) [cf. Eq. 11.3(4)]. 
Moreover, the effect of a noncircular shape of the external 
boundary on the flow from the system may be corrected, as in 
the case of liquid flow, by simply using for the radius of the 
external boundary in the expression for the flux a reasonable 
average distance of the well from the external boundary. 

The same changes may be applied to give the results for three­
dimensional steady-state gas-flow systems from those developed 
in Chap. V for liquids. Thus the pressure distributions for 
partially penetrating wells derived in Sec. 5.3 may be applied 
directly to wells partially penetrating gas reservoirs by simply 
replacing everywhere p in the former by p1+m. The ratios of 
the production capacities for various partially penetrating wells 
will remain exactly the same as for wells producing liquids in the 
steady state. The effect of an anisotropy in the sand permea­
bility for gas wells may be taken over directly from that derived 
in Sec. 5.5 for liquid-producing wells. 

Because of the low density of gases and the fact that gases 
always completely fill any available space, the effect of gravity 
is of no practical significance for gas-flow systems. 

The behavior of gas wells draining sands of nonuniform permea­
bility will be formally identical with that for wells producing 
liquids. The methods of Chap. VII may be applied to gas wells 
both when the sand permeability varies continuously and when 
its variation is discontinuous. Limestone-fracture systems bear­
ing gas will be governed by the same theory as those bearing 
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liquids and will react to acid treatment in the same way. Like­
wise the effect of sand in the bore of a gas well on its production 
capacity will be the same as that calculated in Sec. 7.10 for wells 
producing liquids. 

While "two-fluid" liquid systems may involve, with reasonable 
approximation, either essentially vertical or horizontal interfaces, 
a gas in contact with a liquid in the same porous medium and 
flowing as a homogeneous fluid will always be separated from the 
liquid by an effectively horizontal interface, the gas occupying 
the upper layers of the sand. 1 When the liquid lying below the 
gas zone is water, and the well only partially penetrates the gas 
zone, there will arise a problem of coning, in which the water 
in the lower strata may be elevated into a static cone as the gas 
is produced from the upper strata. The formal theory of this 
coning problem will be exactly the same as that developed for 
the case of water coning in oil production (cf. Sec. 8.10), the only 
changes being the recalculation of the pressure distribution about 
the partially penetrating wells used for liquid-bearing sands by 
replacing the pressures there by pi+m, and the correction for the 
larger density contrast in the gas-flow system. The results of 
these corrections will be that the critical-pressure differentials 
for water coning for gas wells will be some three to four times as 
great as those for oil wells (cf. Fig. 187), so that water coning will 
be more easily suppressed than in the latter case. The general 
features of the coning problem, however, will be the same as 
for wells producing oil. 

A two-fluid problem in the flow of gases that has no analogy of 
practical interest in the systems carrying only liquids, arises in 
the treatment of the gas-oil ratios-volume of gas, measured 
under atmospheric conditions, produced per unit volume of oil­
to be expected of wells producing oil from sands overlain by 
gas zones. Idealizing the problem so as to neglect the gas dis­
persed in, and flowing with, the oil, and treating the flow of the 
latter as that of a homogeneous liquid and that of the gas in 
the gas zone as a homogeneous gas, the flow characteristics of the 
combined system can be derived without difficulty. When the 
gas zone is contiguous with the oil zone so that the two have a 

1 An exception is to be noted in the case of large-scale regional migrations 
of gas up and down the flanks of an oil-hearing structure into, or out of, a 
gas cap. 
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common interface, the resultant gas-oil ratio will be directly 
proportional to the reservoir pressure but independent of the back 
pressure at the face of the sand. 'Vhen the gas and oil zones are 
noncommunicating, lying in different strata, 1 the gas-oil ratios 
will depend on the relative reservoir pressures in the two zones. 
Thus if the reservoir pressure in the gas zone exceeds that in the 
oil zone, the gas-oil ratio will increase-more rapidly than 
linearly-as the production rate decreases, until gas alone 
wilJ be bled off when the back pressure equals the reservoir pres­
sure in the oil zone. When the two zones have equal reservoir 
pressures, the gas-oil ratio will increase linearly as the oil-produc­
tion rate is decreased, and when the reservoir pressure of the gas 
zone is less than that of the oil zone, the gas-oil ratio will rise to a 
maximum and then decrease as the oil-production rate is 
decreased. 2 

The same type of analysis can be applied to give the effect of 
the position of the tubing on the gas-oil ratio. Although it has 
been a fundamental tenet throughout the preceding chapters that 
the behavior of the fluids in a fluid-bearing sand is uniquely 
determined by the pressures or fluxes maintained at the face of 
the sand exposed at the well bore, and is entirely independent 
of the equipment in the well bore, one is here concerned with 
the question of the effect of the equipment on these sand-face 
pressures. The answer to this question is the following: As 
long as the tubing is set above the top of the gas zone, its exact 
position does not affect the sand-face pressures, and the gas-oil 
ratios will be governed by the results quoted above. If, however, 
the bottom of the tubing is set below the top of the gas zone, the 
sand-face pressure opposite the gas zone and above the bottom 
of the tubing will be increased to that at the bottom of the 
tubing. This will result in a decreased flow from the gas zone 
and hence in a lower gas-oil ratio. This effect will increase as the 

1 Here the gas zone may, of course, lie between two oil-producing strata. 
2 While it would be beyond the scope of the present treatment to enter 

into details, it may be mentioned that in comparing the above conclusions 
with actual field observations, account must be taken not only of the gas 
segregation and development of upper gas zones and an associated rise in 
gas-oil ratio as the oil sand becomes depleted, but also of the effect of varia­
tions in the oil velocity (production rate) on the gas by-passing within the oil. 
When these effects are superposed upon the above results for homogeneo1,1,15 
fluids, they may entirely mask the latter. 
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depth of the tubing is increased and may become of a very 
appreciable magnitude if the pressure differential over the sand 
is small and if the sands are thick. Thus if the gas zone is 25 ft. 
thick, the oil zone is 50 ft. thick, and the well is produced with a 
20-lb. pressure differential, the reservoir pressure being 1,000 lb., 
tubing set at the top of the oil zone will cut the gas-oil ratio to 
83 per cent of its value when the bottom of the tubing is above 
the gas zone. If the tubing be lowered to the bottom of the oil 
zone, the gas-oil ratio will be reduced to only 20 per cent of its 
initial value. If, therefore, the casing is gastight so that the 
gas can escape from the gas zone only by flowing down around the 
bottom of and through the tubing, one may very effectively vary 
the gas-oil ratio by adjusting the depth of the tubing. 

An extreme case of the effect of the tubing on the gas-oil ratio 
is that when the gas-oil ratio (the contribution from the free-gas 
zone) is simply cut to zero. This condition will obtain when the 
tubing is set below the top of the oil zone, and the total pressure 
differential in the system does not exceed the equivalent of the 
fluid head between the top of the oil zone and the bottom of the 
tubing. The gas will then evidently form an inverted static 
cone overlying the oil zone. The nonvanishing gas-oil ratios 
when the tubing is set below the top of the oil zone correspond 
to the breaking of the static gas cone in exactly the same way as a 
static water cone will break and rise into the bore of a gas or oil 
well if the pressure differential over the sand exceeds the critical 
value given by the coning theory. Because of the differences 
in the pressure distribution immediately surrounding the well 
bore the details of the gas-coning phenomena will be different 
from those for water coning. The general physical basis of the 
problem is, however, the same in the two cases. 

The mutual interactions of gas wells can also be found simply 
by reinterpreting the corresponding results for wells producing 
liquids, derived in Chap. IX. With respect to the practical 
significance of such problems, however, it is to be noted that 
regular networks of gas wells of the type used in water-flooding 
programs are of no practical interest, as gas reservoirs will 
always naturally deplete themselves completely, so that artificial 
methods of recovery are of no importance for gas production. 

As mentioned at the beginning of this section, the various 
steady-state solutions must be synthesized into sequences appro-
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priate to the real boundary conditions in order to obtain the 
decline history of the corresponding gas-fl.ow system. Thus in 
particular, account must be taken of the fact that not only will 
the fluxes or pressures (or both) at the wells decline, but at the 
same time the external-boundary pressures occurring in the 
steady-state formulas will also decline owing to the closure of 
the reservoir at its external boundaries and its depletion. As 
previously explained, this succession of steady states is to be 
obtained by imposing a decline in density distributed uniformly 
over the whole reservoir, the decline proceeding at such a rnte as 
to provide for the production from the outlet wells. 1 

This procedure may be illustrated by the problems of closed 
reservoirs drained by single wells produced either at constant 
pressure or constant flux. In such problems, in fact, one may 
represent the initial transient following the opening of the well 
as the period during which the steady-state condition of flow 
spreads out from the well bore and recedes to the external 
boundary. Such a calculation for isothermal flow with the well 
pressure suddenly dropped from 100 atm. to 0, leads to a life 
of the initial transient of less than 0.4 hr. and a total flux during 
this period of 3.3 per cent of the reservoir-gas content, thus 
confirming the conclusion stated at the beginning of this section 
that for practical purposes the short-period transients in gas-flow 
systems can be entirely neglected. The fundamental transient 
giving the major decline history of the reservoir involves a 
hyperbolic decline of the reservoir pressure with time, and a 
corresponding decline in the flux. In the case where the flux 
is kept uniform, a similar analysis leads to an essentially linear 
decline of both the pressures at the well and external boundary 
until the reservoir is entirely depleted. 

1 If the system is a multiple-well system with the wells producing at 
different rates, the density declines should be adjusted locally abont the 
various wells at rates proportional to their respective fluxes. 
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CONVERSION FACTORS 

LENGTH 

1 cm. = 0. 39370 in. 
= 0. 03281 ft. 
= 6. 2137 X 10-6 mile 

1 in. = 2. 5400 cm. 
1 ft. = 30.480 cm. 

1 mile = 160,934 cm. 

AREA 

1 sq. cm. = 0.15500 sq. in. 
1 sq. m. = 10. 764 sq. ft. 

= 3. 8610 X 10-7 mile2 

= 2.4710 X 10-4 acre 
1 sq. in. = 6. 4516 sq. cm. 
1 sq. ft. = 929. 03 sq. cm. 

= 2. 2957 X 10-i; acre 
1 sq. mile = 2. 5900 X 106 sq. m. 

1 acre = 4.0469 X 103 sq. m. 
= 43,560 sq. ft. 

VOLUME 

1 cc. = 0. 99997 ml. 
= 3. 5315 x 10-• cu. ft. 
= 0. 26417 X 10-3 gal. 
= 6. 2900 X 10-s bbl. 
= 8.1073 X 10-10 acre-ft. 

l cu. ft. = 28. 317 x 103 cc. 
= 7. 4806 gal. 
= 0.17811 bbl. 
= 2. 2957 X 10-5 acre-ft. 

1 gal. = 3. 7854 X 103 cc. 
= 0. 13368 cu. ft. 
= 2. 3810 x 10-2 bbl. 
= 3. 0688 X 10-s acre-ft. 

l bbl. = 158. 98 x 103 cc. 
= 5.6146 cu. ft. 
= 42 gal. 
= 1. 2889 X 10-4 acre-ft. 

1 acre-ft. = 1 . 2335 X 109 cc. 
= 43,560 cu. ft. 
= 7758.5 bbl. 

µ 195 . 
;L = 0. 226t - -t- (for 01ls of 100 sec. Saybolt or less) 1 

= 0.220t -
1~5 (for oils of 100 sec. Saybolt or greater), 

where µ = absolute viscosity in centipoises. 
d = density of oil at same temperature. 
t = "Saybolt seconds" (Universal). 

PRESSURE 

1 atm. = 76.0 cm. Hg at 0°C. (of density of 13.5951 gm.fee. under 
normal gravity, which is 980. 655 cm./sec.2) 

1 An improvement over these conversion formulas, which are those 
recommended by the A.S.T.M.1 has recently been proposed by S. Erk and 

. . "' t l-<29.0r 
H. Eck (Phys. Zeits, 38, 469, 1937). It ts d = 29.0 · 6.163 1 
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1atm.=1.0133X106 dynes/cm. 2 

= 14. 696 lb./sq. in. 
= 33.899 ft. H 20 at 4°0. under normal gravity 
= 1033.2 gm./cm.2 

1dyne/cm.2 =0.98692X10-6 atm. 
= 14. 504 X 10-&Ib./sq. in. 
= 33. 455 X 10-s ft. H20 

1 lb./in. 2 = 0.06805 atm. 
= 6.8948 X 10• dynes/cm.2 

= 2. 3067 ft. H20 
1 cm. H20 (4°0.) = 9. 6781 X 10-4 atm. 

= 980. 64 dynes/cm. 2 

= 0. 99998 gm.fem. 
= 0.073554 cm. Hg (at 0°0.) 

1 ft. H20 = 0.029500 atm. 
= 29.891 X 103 dynes/cm.2 
= 0. 43353 lb./in.2 

RATE 

1 cc./sec. = 2.1189 X 10-3 cu. ft./min. 
= 1 . 5850 X 10-2 gal./min. 
= 0. 54335 bbl./day 

1 gal./min. = 63.090 cc./sec. 
= 0. 13368 cu. ft./ min. 
= 34. 286 bbl./day 

1 bbl./day = 1. 8404 cc./sec. 
= 0. 0038990 cu. ft./min. 
= 0. 029167 gal./min. 
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LAPLACE'S EQUATION IN CURVILINEAR COORDINATES 

Because of the fundamental role played by Laplace's equation 
in the study of the flow of homogeneous fluids through porous 
media, we shall present a derivation of this equation in generalized 
curvilinear coordinates. While more rigorous developments 
might be attained by the procedure of a direct transformation 

of the partial derivatives :x' :y' :z 1 

or by an application of the 

calculus of variations, 2 or by the use of the divergence integral 
theorem, 3 a more physical deriva­
tion 4 based on the development of 
the expressions for the divergence of 
a vector in curvilinear coordinates, 
similar to that used in Sec. 3.1, 
might be more appropriate here. 

For this purpose we suppose a set of 
orthogonal curvilinear coordinates: 

a(x, y, z) = const; f3(x, y, z) = 
const; -y(x, y, z) = const. 

to be defined for every point of 
the region of interest. Their inter­

2 

FIG. 279. 

sections may be considered to define three mutually orthog­
onal directions as indicated in Fig. 279. The net flux cor­
responding to a vector velocity ii out of a differential volume 
element of sides ds1, ds2, dsa, or the divergence of the vector ii, 
can then be shown, by the method of Sec. 3.1, to be 

1 GouRBAT, E., "Cours d'Analyse," vol. I, 153, 1927. 
2 R. CouRANT and D. HILBERT, "Methoden der Mathematischen Physik," 

vol. I, p. 194, 1924. 
3 WEBSTER, A. W., "Partial Differential Equations of Mathematical 

Physics," p. 301, 1927. 
4 This derivation follows Riemann-Weber's, "Diff erential-Gleichungen der 

Physik," vol. I, p. 74, 1925. 
725 
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where v1, v2, va are the components of v parallel to the directions 
1, 2, 3. Denoting the ratios of the differential changes in the 
coordinates a, {3, 'Y, to the actual differential elements of length, 
ds1, ds2, dsa, by hi, h2, ha, so that 

d7 = hadsa, 

and dividing by the volume element ds1ds2dsa, the above expres­
sion for the divergence becomes 

div v = h1h2h{ 0:(h:~) + :{3(h:~) + a~(h:~;)} 
If now v be considered as the gradient of a potential function 

so that v = V<P, we get 

d. __ " 2.;J,. _ h h h [ a ( h1 a<P) + a ( h2 a<P) + 
IV V - v '*' - 1 2 3 Oa h2ha Oa o{3 hsh1 o{3 

:'Y (h~~2 :~) l 
This expression set equal to zero represents the curvilinear­

coordinate transformation of the Laplace equation V2<P = 0. 
Thus for the Cartesian system (x, y, z) it is clear that 

hi = h2 = ha = 1, so that the normal Laplacian form of Eq. 
3.4(4) is obtained. For the cylindrical-coordinate system 
(r, e, z) (cf. Fig. 22), (h1, h2, ha) = (1, 1/r, 1), leading to Eq. 3.7(3). 
And for the spherical-coordinate system (r, e, x) (cf. Fig. 23), 
(h1, h2, ha) = (1, 1/r, 1/r sin e), from which Eq. 3.7(6) follows 
at once. In a similar manner the corresponding equation for 
any other coordinate system may be derived, once the appro­
priate (h1, h2, ha) have been found. 
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SOME TWO-DIMENSIONAL GREEN'S FUNCTIONS 

To facilitate the application of the method of the Green's func­
tion to two-dimensional problems other than that discussed in 
Sec. 4.6, the following additional Green's functions are listed: 
Infinite half plane: y ~ 0. (Cf. Fig. 280) 

. , , _ 1 (x - x') 2 + (y + y') 2 

G(x, y, x, y) - -2 log ( ') 2 + ( ') 2 • x-x y-y 

y 

_......_f__,..,.x 
FIG. 280. FIG. 281. FIG. 282. 

Infinite quadrant: y ~ O; x ~ 0. (Cf. Fig. 281) 

1 
G(x, y; x', y') = 2 log 

((x - x')2 + (y + y')2][(x + x')2 + (y - y')2] 
[(x - x')2 + (y - y')2]((x + x')2 + (y + y')2] 

y 

a a --t---11....-..--... x 
FIG. 283. 

(-a,-b) 

y 

(o, b) 

- x 

FIG. 284. 

Infinite strip: - co < y < +co; -a ~ x ~ +a. (Cf. Fig. 282) 

r(y - y') 1r(X + x') 
cosh + cos ---

G( . , ') 1 1 2a 2a 
.x, y, x' y = 2 og 7r(y - y') 7r(X - x')" 

cosh - cos ---
2a 2a 
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Infinite half strip: y ~ O; -a ~ x ~ +a. (Cf. Fig. 283) 

1 
G(x, y; x', y') = 2 log 

[ 
cosh 7r(y - y') + cos 7r(X + x')] [ cosh 7r(y + y') - cos 7r(X - x') J 

2a 2a 2a 2a 

[
cosh 7r(y - y') - cos7r(X - x'))[cosh 7r(Y + y') + cos7r(X + x')_] 

2a 2a 2a 2a 

Rectangle: -b ~ y ~ +b; -a ~ x ~ +a. (Cf. Fig. 284) 

oO 

G(x, y; x', y') -= _§_ ~ _!__ sin n7r(X +a) 
7rab~ knm 2a 

nm= 1 

. n7r(x' +a) . m7r(y + b) . m7r(y' + b) 
sm 2a sm 2b sm 2b - ' 

where 
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THE TRANSFORMATION PROPERTIES OF THE 
MODULAR ELLIPTIC FUNCTION 8(q) = k* 2 

It is shown in Secs. 33 and 54 of "Formeln und Lehrsatze zum 
Gebrauche der elliptischen Functionen," by H. A. Schwarz, that 
if the modular elliptic function 8(q) = k* 2 of modulus k*( ~ 1) 
is defined by 

8(0) = 1, 8(1) = 00' 8(ioo)=O, 8(1+ioo)=0, 

(
m' + n'q) the function 8 m + nq will have the values 

I II III IV v VI 
---· 

O(q) 
O(q) 1 1 O(q) - 1 

1 - e(q) 
O(q) - 1 O(q) 1 - e(q) O(q) 

when (m, n; m', n') arc given by the table 

1n n ni' n' 

I 1 0 0 1 
II l 0 1 1 
III 1 1 0 1 
IV 1 1 1 0 
v 0 1 1 1 
VI 0 1 1 0 

where the values of m, n; m', n' are expressed with respect to 
the modulus 2, so as to equal 1 if the true values are odd, and 0 
if even. 

The inversion of the function 8(q) = k* 2 is given by Eq. 
6.5(15). 

The use of these tables may be illustrated by their application 
to the function X(q) defined by Eq. 6.4(14). From this it follows 
that 

729 
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X( ) = 8(q) - 1 = e(q + 1). q e(q) q , 
1 e( ) 

X(q) - e(q) q_ 1 = e(q + l); 

1 - X(q) = e~q) = e(q i 1); 1 
1 - X(q) = e(q); 

X(q) (1) 
X(q) _ 1 = 1 - e(q) = e -q ; 

A(q) - 1 - 1 
X(q) - 1 - e(q) -

e(q ~ 1} 
Hence to find the arguments q for which 

- 00 <}.. ~ 0, 

one may set, since k* 2 ~ 1, 

1 
k*2 = e(q) = , 1 - }.. 

or (-1) }.. k* 2 = e - = , 
q }.. - 1 

so that 

"q = _ K'( 1 ) 
" K 1- X' or i K'( X ) 

q=Kx-1' 

where the arguments of K' /K represent the values of k* 2• 

Likewise, for 

0 ~ X ~ 1, 
one may set 

k* 2 = e( q ) = 1 - X 
1 - q ' 

or 

so that 

iq =-K'c1-x) 
1 - q K ' 

or ,,·(q -q 1) __ K' " - K(X), 

and for 

1 ~}.. < oo, 

one may set 

1 
k* 2 = e(q - 1) = -, 

X 
or k*2 = e( 1 ) = X - 1, 

1 - q f.. 
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so that 

i(q-1) = -~(~} or 

The values of K' / K as a function of k* 2 are tabulated in K. 
Hayashi, "Tafeln der Besselschen, Theta, Kugel- und anderer 
Funktionen," 1930. 
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PROOF OF THE GENERALIZED POISSON FORMULA 
EQ. 6.4(15). 

This formula states that the complex potential function (} - ir 
(0, r being conjugate functions) which satisfies the condition that 
O(x, y = O) = O(x) is given by 

. . 1J+ 00 (1 + ZE)0(E) 
O(x, y) - ir(x, y) = -iro + 1li _ 

00 
(E _ z)(l + E2)dE, 

where z = x + iy. 
VV c begin with the Fourier integral solution of the potential 

problem referring to O(x, y) alone, which may be expressed as 1 

1! 00 

f+"" 8(X, y) = - da e-aY(}(E) COS a(E - X)dE 
7r 0 -oo lf + 

00 

y8(E)dE 
= ; - "" y2 + (X - E)2• 

Splitting the integrand into two conjugate terms, so that 

-if+.. [ 1 1 ] e(x, y) = - O(E)dE -- - --- , 
27r - oo E - Z E - Z 

"·here the bar denotes the complex conjugate, and noting from 
the theory of ronjugate functions (cf. Sec. 4.8) that 

r = -Jae dy ax ' 
it follows that 

if+ 00 I [ 1 1 J r = 27r _ .. O(E)dE (E _ z) 2 - (E _ z) 2 dy 

1f+ 00 

[ 1 1 J = - O(E)dE -- + --- - c ' 27r -oo E-Z E-Z 

where the constant of integration C may be set equal to 
2E/(1 + E2) to make the integrals convergent. Adding now 
-ir to the above value of 0, the Poisson formula is the immediate 
result. 

1 Cf. W. E. Byerly, "Fomier's Series and Spherical Harmonics," pp. 70, 
73. 
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TABULATION OF THE SPECIFIC QUANTITATIVE 
RESULTS DEVELOPED IN THIS WORK, IN 

FORMULA OR GRAPHICAL FORM 

1. Darcy's law: 2.3(3). 

v = ~ ddp = volume rate of fluid per unit area of porous medium. 
µ x 

k = permeability of medium; µ = viscosity of fluid. 

~~ = pressure gradient where pressure is p and velocity v. 

2. Liquid flow through a horizontal linear channel, and 
permeability formula for horizontal linear liquid flow experi­
ments: 2.5(4). 

Q = Ak(P1 - P2). k = µQL . 
µL ' A (P 1 - P 2) ' 

Q = liquid flux (vol./time) through a linear channel of area A 
and length L, at the termini of which the pressures are 
P1, P2. 

3. Gas flow through a linear channel, and permeability 
formula for linear-gas-flow experiments: 2.5(7), (8). 

Q = 'Y0Ak(P1 2 
- P22). k = 2µQ,,.L . 

m 2µL ' ')'oA (P12 - P22)' 

Q = Ak(P1 - P2). k = µQL . 
µL ' A(P1 - P2)' 

Q.m = mass flux of gas, of density 'Yo at atmospheric pressure. 
Q = volume gas flux reduced to the algebraic mean pressure in 

column, (P1 + P2)/2. 

4. Permeability formula for field experiments with a well 
producing liquid by artesian flow: 2.11(1). 
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k = µQ log re/rw 
27rh(Pe - Pw) 

re = "external boundary" radius ("-' 500 ft.) where pressure 
is Pe. 

r," = well radius, where pressure is P.,,. 
h = sand thickness. 

5. Permeability formulas for field experiments with a gas 
well: 2.11 (2). 

k = µQ log re/rw = µQm log re/ru; 
27rh(Pe - Pw) 7rh"(o(Pe2 - Pw2) 

6. Correction factors for well penetration of both pressure­
drive and gravity-flow wells. Figure 17. 

7. Permeability formula for field experiments with a well 
producing entirely by the action of gravity: 2.11(3). 

k = µQ log re/rw . 
7r"(g(he2 - hw2) 

'Y = liquid density. 
g = acceleration of gravity (980 cm./sec. 2). 

he = fluid head in sand at re. 
h,,. = fluid head in well (at ru,). 

8. Permeability formula for field experimentH with a well 
producing under combined effect of gravity and pressure drive: 
2.11(4). 

k = µQ log re/rw 
1r"(g(2hhe - h2 - hw2) 

h., = fluid head ( > h) at re in sand of thickness h. 
hw = fluid head ( < h) in well (at rw). 

9. Permeability formula for field experiments with artesian 
wells in which the bottom-hole pressures are varied: 2.11(5). 

µdQ log ?'e/J'w k = -- - . 
27rhdP..,, 

dQ = change in liquid flux caused by a change dP,,, in the bottom­
ho]e pressure. 

10. Permeability formula for field experiments with gas wells 
in which the bottom-hole pressures are varied: 2.11(6). 
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k = µAQ log re/rw. 
27rhAPu· 

11. Permeability formula for field experiments with wells 
producing by simple gravity or composite gravity and pressure 
drives, in which the fluid level in the well is varied: 2.11 (7). 

k = µAQ log re/rw. 
7r"fgAhu; 2 

If in formulas (1) to (11), the various lengths are expressed 
in centimeters, areas in centimeters squared, volume fluxes in 
cubic centimeters per second, densities in grams per centimeters 
cubed, µ in centipoises, g in centimeters per second squared 
(980), and pressures in atmospheres, k will be given as darcys. 

12. Formula for determining total porosities by volumetric or 
gravimetric methods: 2.13(1). 

f = 100( 1 - ~:) = 100( 1 - ~:) = porosity in per cent. 

Vu, 'Yu = volume and density of the sand grains of the sample. 
Vb, "lb = bulk volume and bulk density of the sample. 

13. General form of Darcy's law: 3.3(3) - (5). 

v = -V<I>; 

<I> = ~(p - V). 
µ 

v = vector fluid macroscopic velocity (of components Vz, Vy, vz). 

v = differential vector operator of components :x' :y' :z· 
Cl> = velocity potential; V = potential of body forces act-

ing on fluid, = + "{gZ if the body force is that of gravity, 
and the vertical coordinate +z is directed upward ( +) 
or downward ( - ) . 

14. Fundamental differential equation governing the flow 
of incompressible liquids: 3.4(4). 

v2q, = ()2cp + c]2cp + c]2cp = 0 = 2 = azp + a2p + a2p. 
ax2 oy 2 az2 \7 p ox2 ay2 oz2 

15. Fundamental differential equation governing the flow 
of compressible liquids: 3.4(6). 
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a2,, a2,, a2,, f/1µ a,, 
\7

2
')' = ax2 + ay2 + az2 = -k ar 
t = time variable. 

(3 = liquid compressibility, defined by: 'Y = 'YoePv, or: 

11 = _!a,,. 
,, ap 

16. Fundamental differential equation governing the flow of 
gases: 3.4(7). 

l+m l+m l+m 1 

I+m a2,,----m- a2,, m- az,, ---:rn (l + m)f µ')'om a,,, 
\721' m = ---ax2 ___ + (Jy2 + (Jz2 = k at 

the nature of the gas and the character of its flow being defined 
by: 'Y = 'YoPm· 

17. Analogies of fluid ft.ow through porous media with other 
physical problems: Table 13. 

STEADY-STATE LIQUID FLOW SYSTEMS 

18. Strictly radial flow into a well: 4.2(10). 

Q = 27rkh(pe - Pw). 
µ log re/rw 

Notation as in 4. 

19. Flow into a well with variable boundary pressures: 
4.5(12). 

Q = 27rkh(pe - Pu-). 
µlog re/rw 

Pe = average pressure over external boundary (of radius re). 
Pw = average pressure over well boundary (of radius rw). 

20. Flow into a well displaced from the center of the external 
boundary: 4.6(10), Fig. 34. 

Q = 27rkh(pe - Pw). 
re2 - fi2 

µlog----·-
rcr•c 

o = displacement of well center from center of external bound-

21. Flow from an infinite line Ronrce ("line drive") into a 
well: 4.7(8). 
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Q = 27rkh(pe - p,,.). 
µlog 2d/rw 

d = distance of well from the line source. 

22. Flow from a finite line source into a well: 4.9(16). 

Q = 27rkh(pe - p,;,) _ . 
4yo J (c2 - ro2)2 + 4yo2c2 

µlog rw '\J c2 - ro2 + y(c2 - ro2)2+ 4yo2c2 

2c = width of the finite line source. 
r 0 = distance of well from center of line source. 
y0 = perpendicular distance of \vell from line source. 

737 

23. Pressure distribution underneath a dam without sheet 
piling: 4.10(1), Fig. 44. 

P2 - Pi 2x 
p = cos-1 - + p1. 

1r w 
p2, Pi = upstream and downstream pressures. 

x = distance along base measured from its center. 
w = width of base. 

24. Upward force on a dam without sheet piling: 4.10(2). 

F = (p 2 4; Pi)w = total upward force per unit length of dam. 

25. Total uplift moment with respect to the heel of a dam 
without sheet piling: 4.10(3). 

M = w
2

(
3P2 + 5Pi) = total uplift moment per unit length 

16 
of dam. 

26. Pressure distribution underneath a dam with sheet piling: 
4.11(11), Figs. 50, 51. 

p = P2 - Pi cos-i 
1r 

[
2yd2 + (x' - x) 2 

- yd2 + (w - x) 2 + yd2 + x 2J 
-------;-::::==::;==:===------,====----·- + Pi· yd2 + (w - X1) 2 + yd2 + X1 2 

d = depth of piiing; x' = distance along base from heel. 
x = distance of piling from heel; sign of first radical is + for 

x' > x, and - for x' < x. 
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27. Total uplift forces on dams with sheet piling: Fig. 52. 
28. Total uplift moments with respect to the heel of a dam 

with sheet piling: Fig. 53. 
29. Pressure drops over the piling: 4.11(17). 

P2 - Pi I op = - cos- 1 ~-;-===========~~--;:=======--
7r [yd2 + (w - x) 2 + yd 2 + x2]2 

[{ yd2 + (w - x) 2 
- yd2 + x2 }2 - 4 + 4x(w - x)]. 

30. Seepage flux under dams without sheet piling: 4.12(10) 
and Fig. 61. 

31. Seepage flux under dams with sheet piling: 4.13(5) and 
Figs. 66, 67. 

32. Pressure drops over piling if permeable bed is of finite 
thickness 4.13(7) and Fig. 68. 

33. Seepage flux under coffer dams: 4.14(9) and Fig. 71. 
34. Differential equation giving the pressure distribution in 

homogeneous anisotropic media: 4.15(2). 

<J2p <J2p <J2p 
kz:;?, + ky!}2 + k:!)i = 0. 

uX uy uZ 

35. General formula for the flow of a liquid into a well: 
4.16(6). 

Q = 27rkhAp . 
µ log c/rw 

c = an "effective" average of the distance from the well center 
to the external boundary. 

36. Formula for the flux in a flow system as given by a 
graphically constructed square network of the equipotentials 
and streamlines: 4.17(9). 

Q=mA<I>. 
n 

m = number of squares lying between two neighboring equi­
potentials extending from one bounding streamline surface 
to another. 

n = number of squares lying between two nejghboring stream­
lines extending from the high to the low-potential bound­
aries . 

.6<1> = total potential drop over the system. 
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37. Flow into a spherical surface ("nonpenetrating" well): 
5.2(8). 

Q = 411"(Pe - <l>u). 
I I 

<I>~, <l>w = potentials [~(p - -ygz)] at spherical bounding surfaces 

of radii re, rw. 

38. Production capacities of partially penetrating wells: 
5.4(6) and Figs. 83 to 85. 

211"khll p Iµ 
Q = I [ 4h r(0.875h)i'(0.125h) ] 4h 

2fi 2 log r"' - Jog r(I - 0.875ii)r(I .- 0.125h) - log r~ 
Q = 211"khhllp/µ(l + 7 / rw_ COS 11"h\. 

log re/rw \} 2hh 2) 
h = sand thickness. 

ii = well penetration expressed as a fraction of the sand thickness. 
r are gamma functions. 

39. Production capacities of partially penetrating wells m 
anisotropic sands: Fig. 87. 

40. Fluid caught by a ditch on a sloping sand: 6.2(8). 

Q H 
Qo = hi. 

Q = fluid caught by the ditch. 
Q0 = normal flow through the sand (without the ditch). 
H = drawdown of free water surface at the ditch. 
hi = thickness of undisturbed layer of water-saturated sand. 

41. Seepage flux through a dam with vertical faces: 6.5(16). 

k g(h 2 - h 2) 
Q = 'Y 2µL w = seepage flux per unit length of dam. 

he = fluid head on upstream face. 
h"' = fluid head on downstream face. 
L = width of dam. 
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42. 'The seepage of water out of ditches or canals when the 
seepage stream does not merge with the water table: 6.7(20); 
6.8(6); 6.9(5); Figs. 120 and 124. 

Q = k-yg[B + 2HKS_~*)] = sccpagcftuxpcrunitleugthofditch 
µ K'(k*) 

or canal. 
B = total width of the ditch or canal profile at the top of the 

free-water surface. 
II = depth of the free water at its deepest point. 
K, K' are complete elliptic integrals of the first kind with moduli 

k* and yl - k* 2, the value of k* being determined by 
the exact shape of the ditch (cf. Fig. 121) and depth of 
the highly permeable bed carrying the water table. 

43. The extent of the lateral drainage out of a canal into a 
eoarse sand before seeping into an underlying bed: 6.13(2). 

/2ll~g . 
Xi = "J kc = length of lateral dramage. 

ho = fluid head at the face of the canal at the level of the coarse 
sand (gravel). 

h = thickness of coarse sand, of permeability ku. 
kG = permeability of tight beds (clay) underlying the coarse 

sand. 

44. Angle of dip of top soil on a hillside required to carry away 
the rainfall without flood erosion: 6.15(4) and Fig. 137. 

cos 82 cos 81 = . 
1 - qµ 

k-yg 
81 = inclination of top face of soil bed. 
82 = inclination of hillside. 
q = rainfall intensity, per unit horizontal area. 

45. Drainage spacing required to avoid water logging: 6.16(6) 
and Fig. 139. 

46. Artesian flow into a well under the action of gravity 
alone: 6.18(6). 

Q = 1rk-yg(he2 
- hw2

). 

µlog re/rw 
Notation as in 7. 
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47. Flow into a well producing under the combined action of 
gravity and pressure heads: 6.19(2). 

Q = 'lr_k'Yg(~~,!!_,,__= __ ~2 - h,,, 2). 
µlog rc/rw 

Notation as in 8. 

48. Equivalent nongravity potential drop over a sand pro­
ducing by gravity flow: 6.20(9). 

i:l{i; = k"(g(he2 
- hw2

). 

2µhe 
he = actual fluid head at inflow (external) boundary. 
hw = actual fluid head at outflow (well) surface. 

49. Equivalent nongravity potential drop over a sand produc­
ing under the combined action of gravity and pressure heads: 
6.20(10). 

i:l~ = k"(g(2hhe - h2 
- hw2

). 

2µ,h 
h = sand thickness. 

he = fluid head ( > h) at inflow (external) boundary. 
hw = fluid head ( < h) at outflow (well) surface. 

50. Production capacity of a well in a nonuniform sand: 
7.3(10) and Fig. 150. 

Q = 27rhki(Pe - Pw)/µ. 

I ro ki I re og- +- og­
rw k2 ro 

k1 = permeability in the annulus of radius ro surrounding the 
well bore (rw). 

kz = permeability in the remainder of the sand (up to re). 

51. The effect of acid treatment on radial flow systems: 
Figs. 157 and 158. 

52. Effective permeability of a fracture: 7.8(2). 

108w2 

k = ~ darcys. 

w = fracture width in centimeters. 

53. The effect of acid treatment in highly fractured lime­
stones: Fig. 159. 
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54. The production capacities of wells in stratified horizons: 
Fig. 162. 

55. Production capacities of wells with sanded liners: 7.10(7). 
7.10(17), 7.10(19), and Fig. 164. 

56. The history of the water encroachment in a linear system: 
8.3(5) and Fig. 169. 

57. The history of the water encroachment in a radial system: 
8.4(5) and Fig. 172. 

58. The history of a line drive water encroachment into a 
single well: 8.6(9) and Fig. 174. 

59. Maximal pressure differentials over a sand without water 
coning: Fig. 187. 

60. Maximal production rates from partially penetrating wells 
without water coning: Fig. 188. 

61. Production capacities of wells in a well pair within a 
given area: 9.3(3). 

Q 27rkh(pe - Pw) d • • 11 
= 1 R 2 / d = pro uction capacity per we . 

µ og rw 
R = radius of external boundary. 
d = separation between wells ( < R). 

62. Production capacities of wells in a group of three wells 
in a triangular pattern: 9.3(4). 

Q = 27rkh(pe - Pw). 
µlog R 3/rwd3 

63. Production capacity of wells in a group of four wells in a 
square pattern: 9.3(5). 

2rkh(pe - Pw) 
Q = R4 

µ log y2r,cd3 

64. Production capacities of wells in a circular battery: 
9.3(18) and Fig. 198. 

Q - 27rkh(pe - Pw) = production capacity 

- 1{ log ,~:,. - ~ log 2 sin-;:'] per well. 

n = number of wells in battery of radius r. 
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65. Production capacities of linear groups of wells supplied 
by infinite line drives: 9.6(2). 

66. Production capacities of wells on an infinite linear array 
supplied by a parallel line drive: 9.8(9). 

27rkhtip d . . II . 27rd/a = pro uct1011 capacity per we . 
µlog smh-

1
-

7rrw a 

Q= 

tip = pressure differential between the line drive an<l 
surfaces. 

d = distance from line drive to the linear array of wells. 
a = well spacing within the array. 

well 

67. Relative production capacities of wells m two infinite 
parallel arrays supplied by a line drive: 9.9(2). 

I sinh 1r'rw/a sinh 7r(d2 + di)/a 
Qi _ og sinh 27rd2/a sinh 7r(d2 - di)/a 
Q2 -

1 
sinh 7rrw/a sinh 7r(d2 + di)/a · 

og sinh 2?rdi/a sinh 7r(d2 - di)/a 
Qi = production capacity per well in line array at distance d1 

from the line drive. 
Q2 = production capacity per well in line array at distance 

d2( > di) from the line drive. 
a = well spacings within the line arrays. 

68. Shielding and leakage characteristics of two-line arrays: 
Figs. 205, 206, and 207. 

69. Shielding and leakage characteristics of three-line arrays: 
Fig. 210. 

70. Pressure requirements for single-line offsetting: 9.13(9). 

Pwl - Pw2 = P2 - Pl· 
Pwi = bottom-hole pressures in offset wells of line 1. 
Pw2 = bottom-hole pressures in offset wells of line 2. 
Pi = average "lease pressure" of lease 1. 
p2 = average "lease pressure" of lease 2. 

71. Pressure requirements for multiple-line offsetting: p. 555, 
556. 

72. The flooding history of the direct line-drive flood: Fig. 223. 
73. The flooding history of the five-spot flood: Fig. 225. 



744 APPENDIX VI 

7 4. The flooding histories of the seven-spot floods: Figs. 228 
and 230. 

75. Conductivity of direct line-drive flooding networks as a 
function of the line and well spacings: 9.23(7) and Fig. 241. 

27rkhAp . 
Q = . h4 d/ . h 3 d/ = product10n capacity per 

1 
sm 7r asm 7r a 

µ og sinh 2 'lrru/a sinh3 27rd/a 
well or per network element. 

d = spacing between the input and output lines. 
a = well spacing within the lines. 

76. Conductivity of the five-spot flooding network: 9.24(4) 
and Fig. 243. 

Q = ( ~h!J.p ) = production capacity per network 
µ log - - 0.6190 

rw 
element. 

d = distance between neighboringinput and output wells. 

77. Conductivity of the seven-spot flooding network: 9.25(4) 
and Fig. 243. 

41rkhAp . 
Q = ( d ) = product10n 

µ 3 log- - 1.7073 
rw 

capacity per network 

element. 
d = length of hexagon sides. 

78. Conductivity of the staggered line-drive network: 9.26(3) 
and Fig. 241. 

2rkhAp Q = ---------==-----=-...,..------=-=-=-~:---- = production 
cosh 4 rd/ a cosh 3 37rd /a 

µ log sinh2 rrw/a sinh4 2rd/a sinh 47rd/a 
capacity per network element. 

d = spacing between the input and output lines. 
a = well spacing within the lines. 

79. The efficiency of the direct line-drive flood: 9.28(5) and 
Fig. 246. 
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l,'ffi . 1 ( h'' 7rd 1 h 7rd .c; ciency = -. ··- -·- ·-··-----·--- cos - - og cos - -
d( ., Jrd ) a a 7ra cosh- a - 2 

0.6932 sinh 2 7r:) 
= fraction of area of network element flooded by water 

when it first reaches output wells. 

80. The efficiency of the five-spot flooding network: 9.29(3). 

Efficiency = 0. 723. 

81. The efficiency of the seven-spot flooding network: 
9.30(3). 

Efficiency = 0.740. 

82. The efficiency of the staggered line-drive flood: Fig. 246. 

FLOW OF COMPRESSIBLE LIQUIDS 

83. Steady-state flow of compressible liquids: 10.1(12), 
10.1 (15). 

Q = Q0[1 + {Jp + O({J2)] = mass flux in compressible-liquid 
system. 

Q0 = mass flux in same system if the liquid is incompressible. 
{J = liquid compressibility. 
p = algebraic mean pressure = (p1 + p2) /2. 

84. Density (and pressure) distribution in a radial system 
m which the density is preassigned over both boundaries: 
10.3(17). 

- KJo(anr2) ltf1(A.)eKan21'dA. + KJo(anr1) j~t f2C'A)e"an 2'>-dX J; 
'Y = liquid density (cf. 15). 

U(anr) = Yo(anr2)Jo(anr) - Jo(anr2)Yo(anr). 
J 0, Yo are zero-order Bessel functions of the first and second 
kinds. 
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k 
an are roots of: U(anr1) = O; K = j{Jµ. 

fi(t), f2(t) are values of 'Y maintained at the boundaries r = r1, r2. 
g(r) = initial distribution of 'Y = 'Y(r, O). 

85. Pressure rise in a well producing a compressible liquid 
after shutting in: 10.6(3) and Fig. 250. 

Pe - Pw _ 2 ~ e-:z:"2i . 
Pe - Pwi - log p~ Xn 2J 12(Xn)' 

n 

Pe = "reservoir" pressure = pressure at re. 
Pie = bottom-hole pressure at time 1, its initial value at 

instant of shutting in being Pwi· 

p = re/ru;. i = Kl/re2• 

J 1 = first-order Bessel function of first kind. 
Xn = roots of J o(Xn) = 0. 

A simpler approximation formula is: (p. 642) 

he - hw = Pe - Pw = e-ct. C = 27rkh'YoY .. 
he - hi Pe - Pwi ' µA log re/rw 

he, hw, h;. = fluid heights in well bore corresponding to Pe, Pw, Pwi· 
h = sand thickness; 'Yo = density of fluid, of viscosityµ. 

A = area of flow string. 

86. Density (and pressure) distribution in a radial system in 
which the density is specified over one boundary and the flux 
over the other: 10.7(10). 

- KJ1(anr2) rf1('>-.)eKan2>-d}. - KJo(anri) rf2("J...)eKan"lAd),.]. Jo aJ2 Jo 
U(anr) = Y1(anr2)Jo(anr) - Ji(anr2)Yo(anr). 

an = roots of U(anr1) = 0. 
fi (t) = value of 'Y maintained at r1. 

f2(t) = value of r~~ maintained at r2. 

87. The theory of the pressure decline in the "East Texas" 
oil field: Figs. 253 and 254. 
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88. Density (and pressure) distribution in a radial system in 
which the flux is specified over both boundaries: 10.11(8). 

+ KJ i(anr2) {'f1(X)eKan2XdX -
<XnT1 JJ 

U(anr): Same as in 86; 
<Xn are roots of: U' (anr1) = 0. 

89. Pressure decline in a closed lens produced by a single well: 
Figs. 256 and 257. 

FLOW OF GASES 

90. Gas flux through a linear sand column: 11.2(4). 

Q = k'Yo {p2Hm - p 1Hm} = mass flux per unit area. 
µ(l + m)L 

'Yo = gas density at unit pressure. 
m = characteristic of type of flow, and is defined by the equation 

'Y = -y 0pm; m = 1 for isothermal flow. 
p2, pi are the pressures at the ends of the column of length L. 

91. Strictly radial (isothermal) gas flow (mass) into a well: 
11.3(3). 

Q = 7rkh"(o(Pe2 
- Pw 2l. 

µ log rc/r"' 

92. Gas flow into a well with arbitrary pressures over the 
boundaries of the system: 11.3(4). 

27rkh-yo(Pei+m - Pu.·Hm) 
Q = (1 + m)µ log re/rw · · 

Pei+m, Pwi+m = averages of Pei+m, Pwi+m over the boundaries of 
radii re, r w (well). 

93. General formula for gas flow into a well: 11.3(5) (cf. 35). 

27rkh-yo(p/+m - Pwi+m) 
Q = (1 + m)µ Jog c/rw · 
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94. Production capacities of partially penetrating gas wells: 
Figs. 262 and 263. 

95. Relation of average gas-oil ratios in a field to the depletion 
of its oil eon tent: 11.8(1). 

p ~ _!~~Pi ~- p). 
PiR 

P = fractional oil recovery until the time that the average 
reservoir pressure has fallen to p. 

p; = initial reservoir pressure. 
Ri = initial formational gas-oil ratio. 
R = average gas-oil ratio during the pressure drop from p;, to 

p. Equality holds when there are no free gas sands; in­
equality refers to a product.ion accompanied by a free-gas­
zone depletion. 

96. Gas-oil ratio for communicating gas and oil zones: 
11.9(4). 

R = µoPe(l - Ye~~~ = mass of gas per unit volume of oil 
µgye/h 

produced. 
µ 0 , µ 0 = viscosities of oil and gas, flowing as homogeneous fluidf>. 

Pe = reservoir pressure. 
Ye = thickness of oil zone at large distance from well. 
h = total sand thickness. 

97. Gas-oil ratios for noncommunicating gas and oil zones: 
11.10(3) and Figs. 267, 268, 269. 

R = Ro+ kgµoho(Peu 2 
- Pw

2
). 

2koµgho(Peo - Pw) 
Ro = gas-oil ratio due to the gas originally dissolved in the 

oil. 
ku, k0 = permeabilities of gas and oil zones. 
h0 , h0 = thicknesses of gas and oil zones. 

p~0 , ]Jeo. = reservoir pressures in gas and oil zones. 

98. Effect of tubing lowering on the gas-oil ratio from wells 
exposed to a gas zone overlying the oil zone: 11.11(2), (3) and 
Figs. 273 and 27 4. 



ht ~ ha: 

R' 
R-
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(hu-h,){pe2-[pw- -yg(h2-he)]}+ht{pe2-[ Pw--yg(hg - he)J2} 

h { - 2 (- -yghu)
2
} 

g Pe - Pw - -2 

ht ~ hu: 

R' ho(Pe - PwHPe2 
- [Pw + -yg(hi - hu)]2} 

R = [h (- - - ) - -yg(ht - hu)2][- 2 - (- - -ygh!!.)2J· o Pe Pw 2 Pe Pw 2 

R = gas-oil ratio with tubing set above the gas zone. 
R' = gas-oil ratio after lowering the tubing to a depth hi 

below the top of the gas zone. 
hu, ho = thicknesses of the gas and oil zones. 
Pe, Pw = reservoir and bottom-hole pressures, as reduced to the 

level of the gas-oil interface with the tubing set above 
the gas zone. 

'Y = density of oil-gas mixtures in well bore opposite the 
producing horizons. 

99. Production decline in a closed gas reservoir drained by a 
well held at a constant bottom-hole pressure: Fig. 277. 

100. Pressure decline in a closed gas reservoir drained by a well 
producing at a constant rate: Fig. 278. 
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