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ABSTRACT

This paper presents the results of applying the Buckley-
Leverert® displacement theory to petroleum reservoirs con-
visting of a finite number of layers. The layers are assumed
io communicate only in the wellhores, and the reservoir
may be represented as a linear system. Most previous in-
vestigations of this nature were limited by assumptions
and by inconsistent calculation techniques. This study
improves on previous work by applying the Buckley-Lev-
erett displacement theory to a noncommunicating layered
system where permeability, porosity. initial saturation, re-
sidual saturation and relative permeability vary from layer
to layer in a logical and consistent manwer. Gravity and
capillary-pressure effects are neglected. A modification of
the Higgins-Leighton calculation method was wsed in this
study. Waterflood predictions were made with all properiies
varying, and then with only permeability varying using
several mobility ratios. These results were compared vvith
the Stiles and Dykstra-Parsons predictions. It is shown
that the latter methods generally give poor values for the
breakthrough recovery and pessimistic predictions for the
performance after breakthrough. Similar results were ob-
tained for a gas-displacement case.

INTRODUCTION

Field experience with immiscible displacement usually
shows constant producing conditions until breakthrough
‘of the displacing fiuid. Then oil production continues at
increasing displacing-to-displaced fluid ratios until the eco-
nomic limit is reached. Three different ideal mechanisms
are known that will produce this behavior: (1) relative
permeability effects as described by Buckley-Leverett front-
al advance theory,' (2) vertical stratification as considered
by Stiles,” Dykstra and Parsons® and others and (3) differ-
ent path lengths involved in areal (two-dimensional) flow
between wells as described by Dyes er ol Without ques-
tion, a combination of these factors modified by formation
heterogeneity and other known and unknown factors ac:
tually does control the behavior of real systems. This paper
presents résults of an investigation of certain factors
that should affect performance but which have received
little attention to date.

In 1944, Law’ demonstrated that porosity and perme-
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ability are often found to have normal and logarithmic-
normal distributions, respectively, throughout cored inter-
vals in natural formations. This led to the concept of the
noncommunicating, multilayered reservoir model for im-
miscible displacement. This model assumes that the res-
ervoir is composed of a number of layers that com-
municate only at the wellbores. Each layer is individually
homogeneous, but may be different from every other layer.
Stiles’ presented one of the earliest applications of this
model to waterflood performance. In addition. Stiles as-
sumed that the initial saturations and relative permeabili-
ties were the same for each layer, porosity was the same.
displacement was piston-like, fluids were incompressible
and injection into cach layer was proportional to that
layer's permeability capacity (permeability-thickness prod-
uct). The last assumption would be true if the mobility
ratio for the displacement were unity.” Dykstra and Par-
sons® used the same model as Stiles, but rigorously in-
cluded mobility ratios other than unity for piston-like dis-
placement., Dykstra and Parsons used their general result
to produce charts for log-normal permeability distributions
between layers. Similarly, Muskat® published analytical so-
tutions for linear and exponential permeability distribu-
tiens.

In 1959, Roberts’ described a scheme for calculating
water-drive performance for the noncommunicating, lay-
ered reservoir mode! which considered two-phase flow in
the displaced region. Roberts used the same mode] and as-
sumed that the injection rate into a layer was proportional
to that layer's permeability capacity, but that flood front
locations could be evaluated from the Dykstra-Parsons re-
sults. These assumptions are inconsistent, and a material
balance cannot be maintained except for a mobility ratio
of unity. At the same time, Kufus and Lynch’ coupled
Buckley-Levere.. displacement theory with the layered
model to provide an improvement of the Dykstra-Parsons
method that was consistent,

In 1960, Higgins and Leighton® presented a numerical
method for calculating waterflood performance also con-
sidering two-phase flow in the displaced region. The result
was used to investigate variation in absolute permeability
and oil viscosity. An excellent, detailed history of using
the noncommunicating, layered reservoir model was pre-
sented by Nielsen.”

The preceding techniques (and many related ones) were
similar in that differences in initia] saturations, residual
saturations and relative permeabilities from layer to layer
were neglected. It is well known that the irreducible water
saturation is an important function of absolute permeabil-
ity. Calhoun” showed that the irreducible water saturation
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increasus by about 5 percent of pore volume each time
the permeability is cut in half for a variety of rocks. Simi-
lar results are given by Amyx, Bass and Whiting.”

Naar and Henderson showed that the residual nonwet-
ting phase saturation under imbibition is approximately
one-half the initial saturation of that phase. Thus, the re-
sidual nonwetting-phase saturation should be affected by
the residual water saturation. Finally, the work of Corey"
and Naar and Henderson indicates an attendant change in
relative permeabilities for both imbibition and drainage
pracesses as a consequence of irreducible water and re-
sidual nonwetting-phase changes. In addition to changes
in phase saturations just described, it would also be rea-
sonable to expect variations in initial saturations if the
layers had been subject to depletion. Sheldon® found a
wide range in initia]l gas saturations for depletion of the
noncommunicating layered system.

DESCRIPTION OF METHOD

A model similar to that of Higgins and Leighton" was
used in this study. The reservoir was considered to be
composed primarily of a finite number of homogeneous
layers, The following properties were allowed to vary be-
tween layers: absolute permeability, porosity, thickness.
initial saturations, residual saturations and relative perme-
ability-saturation relations. The following assumptions were
made: (1) constant width and length for all layers, (2)
negligible capillary and gravity forces, (3) constant outlet
pressure, (4) constant pressure drop for all layers at a
given time, (5) constant injection rate for the reservoir
(for ease of comparison with other models), (6) incom-
pressible and immiscible fluid flow and (7) no crossflow
between layers.

Each layer was divided into a number of flow cells (Fig.
1}. Injecting an incremental volume of water — used here
for the injection fluid, although both water injection and
gas injection were studied — into the first cell causes water
and oil to move from cell to cell resulting in production
from the last cell. This results in a change of saturation.
The fractional flow of oil and water from cell to cell may
be determined from relative permeability and viscosity
ratios. The specific resistivity for flow in cell i is

Ax )
res, =| -; - 3
k_’“ + IL'L
P It

and the total resistance to flow in layer j is
3
NC
> res,

i

R‘ = ——];;_/_]-, e e e e (2)

where NC = total number of cells in the jth layer. The
total resistance (o flow for the entire reservoir is

1
Rr = ‘Tv-,:———-r . . . . . . . . . . (3)

where NL = total number of layers in the reservoir, Since
the total pressure drop is assumed to be the same across
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Fic. 1—Carcuration MobrL.
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each layer, it is possible to calculate the injectivity of the
jth layer at a given time by the following proportion:

by ,,i"_' L= R, 4)
fo NI R,

& by

j=1

Clearly, this ratio will be a function of time for each layer
when the mobility ratio is other than unity. By fixing the
outlet pressure and the total injection rate it is possible to
calculate the rescrvoir injection pressure and the injection
rate for each layer as a function of time.

The incremental volume of water injected into the first
cell of each layer is the product of that layer’s injection
rate and a small increment of time. Time increments on
the order of 0.1 to 0.5 days were used in this study, al-
though values outside this range were examined for accur-
acy of the solution. The fractional flow of water from cell
10 cell during the time period was calculated from satura-
tion conditions existing at the start of the period using the
fractional flow equaticn

/= .Ik Y 0
| K

k. H/.L,,

The calculations require use of a digital computer; how-
ever, the programming is not particularly difficult.

The method used, a modification of the Higgins-Leigh-
ton method, is actually a numerical solution to the Buck-
ley-Leverett frontal advance equation using an explicit
approach and neglecting gravity and capillarity. Perhaps
a more sophisticated numerical calculatior could have
been used, but the one chosen lends itself to easy under-
standing and seems to be adequatc for purposes of this
study. There was some difficulty in choosing a sufficiently
fine cell length (mesh spacing) to track the front accurate-
ly. Mesh sizes of the order used by Higgins and Leigh-
ton" were used on a problem almost identical with theirs
and gave fractional injectivities that oscillated with time,
To reach a balance between reasonable computation time
and a sufficiently small mesh to track the front accurately.
it was necessary to use a finer spacing in the vicinity of
the front and a wider spacing elsewhere. Fractional in-
jectivities accurate to four figures were then obtaincd with
no oscillations. Further discussion of the numerical tech-
nique is included in the Appendix.

WATERFLOOD

The waterflood performance of a reservoir consisting of
10 layers was studied using the method previously out-
lined. The results of this method (hereafter called Buckley-
Leverett solution) are compared with results obtained us-
ing both the Stiles and Dykstra-Parsons techniques.

The permeability in the model reservoir was considered
to be log-normally distributed with a variation of 0.5 as
defined by Standing, Lindblad and Parsons.” Porosity was
assumed to be normally distributed and related to the ab-
solute permeability by the following equation taken from
Warren and Skiba."

- 0y ,

¢ = ¢"+m atk/ky)y -0 . L . L L (B
The specific relation used in this study is shown in Fig. 2
and Table 1. Connate water, considered synonymous with
residual water. is a function of absolute permeability

(Fig. 2. Table 1). This relation was adapted from Fig.
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TABLE 1 — VARIATION OF SATURATIONS AND POROSITY
WITH ABSOLUTE PERMEABILITY

Connate Initial
Water Gas
Perme- Satura- Satura-
ability tion Porosity tion*
Layer (md) (percent) (percent) (percent)
1 750 23.7 20.3 6.3
2 560 27.3 18.6 4.8
3 -1 455 29.8 17.4 39
4 380 32.1 16.4 3.3
5 ‘\ 325 34.0 15.5 2.9
6 275 36.0 14.5 24
7 235 38.0 13.6 21
8 195 40.3 12.5 1.8
9 160 42.7 11.4 1.4
10 120 46.2 2.7 1.1

*@as injection case only,

3-27 of Amyx, Bass and Whiting.” and may be stated
analytically as

So. =5, — 2w In(k/ky) . . o0 . . . . (D)
Ty
The thickness was not varied between layers in order to
facilitate checking our results with those of other methods.
The initial water saturations were set equal to the connate
water saturations for the same reason.

The basic reservoir and fluid properties for the water-
flood cases are given in Table 2. The mobility ratio M is
defined as the ratio of the water mobility at residual oil
saturation to the oil mobility at residual water saturation.
This mobility ratio was used in the Stiles and Dykstra-
Parsons calculations. Other methods™® for determining
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TABLE 2 — RESERVOIR AND FLUID PROPERTIES,
10-LAYER WATERFLOOD MODEL

Case A Case B Case C
M 0.125 1.0 10.0
L ft 600 600 600
w, ft 600 600 600
h, ft 15 15 15
p(L), psia 2,000 2,000 2,000
stoy CP 2.0 4.0 40.0
Hey CP 1.0 1.0 1.0
B., res. bbl/STB 1.3 1.3 1.3
B, res. bbi/STB 1.0 1.0 1.0
iy STB/D 1,000 1,000 1,000
K. ... (1—28)* [2—(1—28)"]...
Ko st §* s
v 0.5 0.5 0.5
kv, md 300 300 300
? 0.15 0.15 0.15
5. 0.35 0.35 0.35
a. 0.04 0.04 0.04

0.0853

O, 0.0853 0.0853

water mobility for this ratio were not examined in detail
since this was, not the main purpose of the study. The
residual oil saturation is a function of S.. for the water-
flood (imbibition) cases.

Figs. 3 and 4 compare prediction techniques for Case A
where a favorable mobility ratio of 0.125 was used. “Re-
coverable oil” is the oil recovered when only residual oil
remains, The Buckley-Leverett solution is shown for two
models: Model 1 where all properties vary between layers.
and Model 2 where permeability varies but porosity.
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Fic. 3—WarerrLoobd Case A (M=0,125), Recovery vs WOR.
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connate water and residual oil are constant and equal to
the average values used in the Stiles and Dykstra-Parsons
calculations. Both the Stiles and Dykstra-Parsons methods
give much earlier breakthrough recoveries compared with
the Buckley-Leverett solution where all properties may
vary (Model 1). The differences do not show up as
clearly on the time plot (Fig. 4) because of the scale
chosen. Further, there is a significant difference between
the performance after breakthrough among the three
methods although the Stiles and Buckley-Leverett pre-
dictions do approach one another during the late stages
of the project. As might be expected, the Dykstra-Parsons
prediction and the Buckley-Leverett Model 2 predictions
(only permeability varies) are quite similar over the total
life. In fact, the results show that the Dykstra-Parsons
WOR curve should be drawn in a step-wise fashion ra-
ther than using a smooth curve through the points. Use
of a step-wise WOR variation would make the time
curves for the Dykstra-Parsons and Buckley-Leverett Mo-
del 2 agree more closely, This is because it is necessary in
the Dykstra-Parsons technique to evaluate

Np

f(WOR)dN,.,.........(S)

0

to determine the time required to reach a given recovery.

Figs. 5 and 6 show the predictions for Case B using a
mobility ratio of 1.0. The reservoir and fluid properties are
the same as Case A with the following exceptions: u, =
40 c¢p and k,, =S8 The Stiles and Dykstra-Parsons
methods are identical for a unity mobility ratio. Comments
regarding the performance of reservoir Case A apply sim-
ilarly to reservoir Case B. As expected, breakthrough occurs
much earlier for Case B than for Case A due to increased
mobility of the displacing phase.

The final waterflood prediction (Case C) for a mobility
ratio of 10 is shown in Figs. 7 and 8. The reservoir and
fluid properties are the same as Case B except that oil
viscosity has been increased to 40 cp. The Buckley-Leverett
Model 1, where all properties vary, gives a breakthrough
recovery identical with that predicted by the Dykstra-Par-
sons method. This is just a coincidence, and calculations
made with mobility ratios exceeding 10 show that the
Dykstra-Parsons method will give breakthrough recoveries
exceeding that of Buckley-Leverett Model 1.

As before, the performance after breakthrough as pre-
dicted by the Stiles and Dykstra-Parsons methods is con-
servative compared with the Buckley-Leverett solution

10
—— BUCKLEY-LEVERETT MODEL |
—=-~= BUCKLEY-LEVERETT MODEL 2
seeoer STILES
—— -~ DYKSTRA-PARSONS ,
[ 4
«
<
w
> 1+
W
=z
5
!
o] i .2 3 4 5 6 7 8 9 10

FRAGTION OF RECOVERABLE OIL
F16. 4—WarterrLoob Casg A (M =0,125), RecovERY vs TiME.

NOVEMBER, 1967

where all properties vary and two-phase flow behind the
front is considered. Hiatt" experienced this same effect in
comparing predictions made by the former methods with
actual performance of water-drive reservoirs. This differ-
ence is due not only to permeability variations and the
effect of production behind the front, but by a combi-
nation of factors including the interrelation of absolute
permeability, porosity, initial saturations, residual satura-
tions and relative permeabilities.
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GAS INJECTION

Performance of our model reservoir under gas injection
was studied using the modified Higgins-Leighton method
described previously. The same permeability-porosity-con-
nate water relations were used as for the waterflood cases.
One major difference was inclusion of an initial free gas
saturation that varied between layers (Table 1). These sat-
urations were determined by assuming an average free
gas saturation of 3 percent in the reservoir and applying
the method presented by Sheldon* to differentially de-
plete the layers until this average was reached. Reservoir
and fluid properties for the gas injection case are given in
Table 3.

Two models were examined: Model 1 where all pro-
perties and saturations were varied, and Model 2 where
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TABLE 3 — RESERVOIR AND FLUID PROPERTIES,
10-LAYER GAS INJECTION MODEL

Case D
L 1t 600
w, ft 600
h, ft 15
p(L}, psia 2,000
iay CP 1.0
gy CP 0.02
B,, res. bbl/STB 1.3
B,, res. bbl/Mscf 1.0
iy MMscf/D 1.0
Kra (1-8)
Kia $(2-98)
3., 0.03
v 0.5
kv, md 300
® 0.15
S.. 0.35
0, 0.04

P 0.0853

only permeability was varied and remaining properties
were set at their average values, Figs. 9 and 10 present the
results of studying these two cases with a limiting GOR
of 50,000 scf/STB. The trends observed in the waterflood
cases are also shown; i.c.. a pessimistic prediction is ob-
tained when only the variation of permeability is included
in the calculations.

When this study began. it was considered that results
obtained from Buckley-Leverett displacement in the im-
proved layered model would give pessimistic results. In
the case of gas injection it certainly would be expected
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that a high initial gas saturation in the high-permeability
layer would lead to rapid breakthrough and a very rapid
increase in GOR, Surprisingly, this did not happen. The
low connate water saturation and higher porosity tended
to slow the advance of the front and overrode the effect
of initial gas saturation.

CONCLUSIONS

For both water and gas displacement calculations, the
model for which all properties varied gave a more favor-
able performance prediction than the model for which only
permeability varied from layer to layer. Insofar as the lay-
ered model (with all properties varying) used in this study
matches any real reservoir, we have to conclude that pre-
vious immiscible designs using Stiles or Dykstra-Parsons
predictions were probably pessimistic. Perhaps this is the
most important conclusion from the study. In addition, the
following conclusions appear warranted as a result of this
work.

1. Using standard layered models (such as Stiles or
Dykstra-Parsons) for displacement calculations may lead
to erroneous breakthrough recoveries, depending on mo-
bility ratio and rock properties. The predicted performance
after breakthrough is generally quite conservative, if not
overly pessimistic.

2. Using a model that accounts for changes in the
many interrelated rock properties such as permeability,
porosity, initial saturation, residual saturation and relative
permeabilities should give a better estimate of the break-
through recovery and the performance after breakthrough.
This applies to gas injection as well as waterflooding, and
assumes that the model adequately represents the reservoir.

3. The modified Higgins-Leighton method used here
should apply equa]]y/we]] to predict the performance of, or

NOVEMBER, 1967

allocate production from, several independent reservoir
with 2 common aquifer and commingled production. Thi
method should also guide engineers in allocating injecte
volumes to noncommunicating reservoirs or strata serve
by a common injection well(s).

4, In drawing a curve through the values of WOR v
cumulative oil production from a Dykstra-Parsons cal
culation, it appears better to draw a step function when th
mobility ratio is less than one, and a smooth curve for mo
bility ratics greater than one. This approach should giv
a better prediction of recovery and WOR vs time.

NOMENCLATURE

L = reservoir length, ft

W = reservoir width, ft

h = layer thickness, ft

x = linear distance from injection face, ft
p(L) = pressure at x = L, psia

V = permeability variation, dimensionless
k., = median permeability, md

¢ = mean porosity. fraction

o, = standard deviation of permeability data,
1 .
o, = In ——~, dimensionless
' 1-v
o, = standard deviation of porosity data, dimensionless
os, = standard deviation of connate water saturatio:

data, dimensionless
S, = mean gas saturation, fraction
S, = saturation of displacing phase, fraction
S.. = mean connate water saturation, fraction

Sl)_Suc
5 -]—swr
1 S for drainage

]_Sut‘

for imbibition

t
il

ACKNOWLEDGMENTS

The authors wish to thank H. S. Price and W. R, Coo
of the Reservoir Engineering Applications Section of Gu
Research & Development Co. for their helpful suggestior
and criticisms of this study. This work was started :
Texas A&M U. and appreciation is expressed to Robe
Whiting of the university faculty for his assistance.

REFERENCES

1. Buckley, S. E. and Leverett, M .C.: “Mechani~m of Fluid Di
placement in Sands”, Trans., AIME (1942) 146, 107-116.
2, Stiles, W. E.: “Use of Permeability Distribution in Wat

Flood Calculations”, Trans., AIME (1949) 186, 9-13.

3. Dykstra, H. and Parsons, R. L.: “The Prediction of Oil Reco
ery by Water Flood™, Secondary Recovery of Oil in the Unin
States, 2nd Ed., AP], New York (1950) 160.

4. Dyes, A. B., Caudle, B. H. and Erickson, R. A.: “Oil Produ
tion After Breakthrough — As Influenced by Mobility Ratie
Trans., AIME (1954) 201, 81-86.

5. Law, J.: “A Statistical Approach to the Interstitial Heter
geneity of Sand Reservoirs”, Trans., AIME (1944) 155, 20
222,

6. Muskat, M.: “The Effect of Permeability Stratification in Co
plete Water-Drive Systems”, Trans., AIME (1950) 189, 34
358.

7. Roberts, T. G.: “A Permeability Block Method of Caleulatii
a Water Drive Recovery Factor”, Pet. Eng. (Sept., 1959) B

8. Kufus, H. B. and Lynch, E. J.: “Linear Frontal Displaceme
in Multilayered Sands”, Prod. Monthly (Dec., 1959) 32.

9, Higgins, R. V. and Leighton, A. J.: “Waterflood Performan
in S:ratiﬁed{§Reaen'oirs", R15618, USBM (1960).

15



10. Nielsen, R. F.: “Generalized Infinitesimal ‘Layer Cake’ Theory
of Reservoir Production”, Prod. Montkly (July, 1966) 23.

11. Calhoun, J. C., Jr.: Fundementals of Reservoir Engineering,
The U. of Oklahoma Press, Norman (1953) 121.123.

12, Amyx, J. W,, Bass, D. M., Jr., and Whiting, R. L.: Petroleum
Reservoir Engineering, Physical Properties, McGraw-Hill Book
Co., Inc., New York (1960) 161.

13. Hiatt, W. N,: “Injection-Fluid Coverage of Multi-Well Reser-
voirs with Permeability Stratification”, Drill. and Prod. Prac.,
API (1958) 165.

14, Near, J. and Henderson, J. H.: “An Imbibition Model —Its
Application to Flow Behavior and the Prediction of Oil Recov-
ery”, Soc. Pet. Eng. J. (June, 1961) 61.70.

15. Corey, A. T.: “The Interrelation Between Gas and Oil Rela-
tive Permeabilities”, Prod. Monthly (Nov., 1954) 38,

16. Sheldon, W. C.: “Forecasting PI and k,/k, Behavior”, SPE
Paper 1332-G presented at SPE 34th Annual Fall Meeting,
Dallas (Oect. 4-7, 1959).

17. Standing, M. B,, Lindblad, E, N. and Parsons, R. L.: “Calcu-
lated Recoveries by Cycling from a Retrograde Reservoir of
Varying Permeability”, Trans.,, AIME (1948) 174, 173-175.

18, Warren, "J. E. and Skiba, F. F.: “Macroscopic Dispersion”,
Soc. Pet. Eng. J. (Sept., 1964) 215-230.

19, Craig, F. F., Geffen, T. M, and Morse, R. A.: “Oil Recovery
Performance of Pattern Gas or Water Injection Operations
from Model Tests”, Trens., AIME (1955) 204, 7.15.

20. Warren, J. E, and Cosgrove, J. J.: “The Effective Mobility
Ratio for Immiscible Displacement”, paper presented at 24th
Technical Conference on Production, Pennsylvania State U,
Circular 66 (1963).

21. Craft, B. C. and Hawkins, M. F.: Applied Petroleum Reservoir
Engineering, Prentice.-Hall, Inc., Englewood Cliffs, N.J. (1959)
402-408.

22, Douglas, J., Jr., Blair, P. M. and Wagner, R. J.: “Calculation
of Linear Waterflood Behavior Including the Effects of Capil-
lary Pressure”, Trans., AIME (1958) 213, 96-102.

23, Sheldon, J. W., Zondek, B. and Cardwell, W. T., Jr.: “One-
Dimensional, Incompressible, Noncapillary, Two-Phase Fluid
g;gw in a Porous Medium”, Trans., AIME (1959) 216, 290-

24, McEwen, C. R.: “A Numerical Solution of the Linear Dis-
placement Equation with Capillary Pressure”, Trans., AIME
(1959) 216, 412.415,

25, Fayers, F. J. and Sheldon, J. W.: “The Effect of Capillary
Pressure and Gravity on Two-Phase Fluid Flow in a Porous
Medium”, Trars., AIME (1959) 216, 147-155.

26, Hovanessian, S, A, and Fayers, F. J.: “Linear Water Flood
i\géli )Ggs\éifl)y and Capillary Effects”, Soc, Pet. Eng. J. (March,

APPENDIX

The modified Higgins-Leighton method used here is ac-
tually a numerical solution to the Buckley-Leverett dis-
placement equation. Gravity and capillary effects were
neglected, and end effects were considered negligible in

this field-sized system. Solutions to the Buckley-Leverett
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equation (or a similar equation) have been presented by
others, including the following: {1) Douglas et al.” used a
finite difference solution which included gravity but not
capillarity; (2) Sheldon er al®® used the method of charac-
teristics and the concept of shocks while neglecting gravity
and capillarity; (3) McEwen® presented a finite difference
solution using a predictor-corrector method (He neglected
gravity but included the capillary pressure term.); (4)
Fayers and Sheldon® used finite difference approximations
and included both gravity and capillarity; and (5) Hovan-
essian and Fayers® extended the work of Douglas et al.®
to include gravity and pressure profiles.

The equations solved in this work are

858, 25»
b — =0, .
3 TS 5 0<x<L

S»(x,0) = g(x), and
a (00 =h(1). . . . . . (A1)

The finite difference approximation used to solve Eq.
A-1 is explicit in time and uses backward spatial differ-
ences. Therefore, there are restrictions to the time step
size and mesh size to insure stability and accuracy of so-
lution. A fine mesh was used in the vicinity of the front
in each layer, while a coarse mesh was used in the rest of
the region. The mesh size depends on the accuracy needed.
Time step sizes on the order of 0.1 to 0.5 days were satis-
factory for this study. It can be shown that the numerical
method is stable if the ratio of time step to mesh size has
the following upper bound.

At 2464 . .
B S Gt pem I SISNC S (A

This is not the maximum upper bound, but will ensure
stability and serve as a starting point for numerical ex-
perimentation. From practical considerations, the upper
bound to-the time step-mesh size 1atio would have to be
less than that value that would allow one of the follow-
ing to occur in a mesh cell: §, > 1 — S, or §, < S,..

Eq. A-2 applied to waterflood Case A (M = 0.125) gives
a ratio of 0.16 days/ft. The same equation, applied to a
case where the mobility ratio was 20, gave a ratio of 0.14
days/ft. In the latter case, the more shallow slope of the
fractional flow curve was offset by the increasing water
injection rate in the high-permeability layer as the front
advanced in that layer, changing the ratio only slightly.
Ak
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