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Prediction of Waterflood Behavior in a Stratified System

J. E, WARREN
J. J. COSGROVE
MEMBERS AIME

ABSTRACT

A general model which approximates tbe e{{ect
of cros>flow has been developed to give a practical
method for predict ing the water florid behavior of
a stratified reservoir. The model is based on a
modification of Diets’s theory and allows {or
variations in b,oth the permeability and hydro.
carbon pore volume,

tn the particular cases considered, it is assumed
that the permeability can’ be characterized by a 10C
normal distribution and-the hydrocarbon pore volume
bj a normal distribution. A simple graphical method
which enables the practicing engineer to predict the
behavior of a stratified system is presented The
results o btaiqed by the proposed method are compared
with those obtaiaeil by the Dyk,stra- Parsons methoa!

As a result of this &tudy the fotlowing conclusions
have been drawn: (1) Tbe effect of crossflow irr a
stratified system cqn be appreciable, particularly
at very favorable or very unfavorable mobility
ratios; (2) Under notvnal coirditions, the ef/ect of
van”ations in the hydwcarbon pore volume can be
neglected; and (3) The failure to use all of the
available permeability data can lead to large
errors in the prediction of the behavior ofa stratified
reservoir,

iNTRODUCTION

.Various method shave been proposed to characterize
and to predict the waterflood behavior of a stratified

‘reservoir. Most of the methods assume that the
reservoir is composed of discrete homogeneous
continuous layers. With this model, the degree of
stratification can be measured by several parameters
based on core-analysis data. Among rhese ?e the
Lorenz coefficient I and the variation of a log-
normal permeability distribution.2

The behavior of ~stratified systems is usually
3 Dykstra-Parsons 4 methodpredicted by “the StiIes,

or some modification of tliese, In both of these
methods the reservoir is divided into discrete
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homogeneous Iayers with no cross-flow between
layers, In the Stiles method the mobility ratio is
assumed to be equal co unity while in the Dykstra-
Parsons method it is allowed to take on any value.

Other predictive methods have been proposed
Hiatt’s 5 method rdlowa for cross-flow between the
beds and a method by Schmalz and Rahme 6 correlates
the recovery directly with the Lorenz coefficient.

In this new approach, which is essentially a
continuous analog of Hiatt$s method, the effects of
both mobility ratio and croes-flow between the beds
have been included. It, is assumed that the permea-
bility can be represented by a log-normal distribution
and the hydrocarbon pore volume or porosity by a
normal distribtition. These types of distributions
have been observed by several authors, 1~2’4 and
most field data seem to confirm their observations;
e.g., if these distributions are assumed and there
is a 1:1 correspondence between porosity and
permeability sa.nples, the commonly encountered
linear relationship between porosity and the log of
permeability is obtained.

Since, in many field cases th~ permeability and
porosity data are truncated or cut-off at predetermined
upper and/or lower values, the effect of discarding
part of the data was investigated with the proposed
method. A better technique for truncating the data
is suggested.

THEORY

In the derivation of the method CObe described in
this paper the foHowing assumptions are made:
“ L Capillary forces are ‘negligible per se; their
effects are only manifest in the relative permea-
bilityy curves.

2, The fluids are iinrniscible,” incompressible and
homogeneous.

3. The reservoir is horizontal and uniformly thick;
l.. ,

it & initially Iiqgid saturated i,e,,. connate water
“.
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\:. and oil.., ..= OrI@nat manuscript reeelved in Society of petroleum
Engineers offioe March 22, 1963. Revised manuscript received 4. The reservoir i? composed of di’screte layers,
htrwah24, 1964. Paper presented atPermian Basin OU Re-
covery Conference, held In Mldlend, Te x. May +10, 1969. each having its own, permeability, porosity and~..

lRefm=neee Siven at end of PaPer* conhate water saturation; each layer is homogeneous,
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isotropic and uniform in thickness. The permeability y
can be represented by a log-normal distribution and
the hydrocarbon pore volume by a normal distribu-
tion.

5. Despite differences in absolute permeability,
the same relative permeability curves, based on
the hydrocarbon pore volume, apply to all layers.

6. The displacement process can be represented
by the move~ent of a, sharp pseudo-interfac~ only
oil flows on one side of the interface and only
water fIows on the other.

,7, The porous medium is quasi-linear, i.e., the
cross-sectional area normal to the flow can be
represented as a function of the distance travelIed
by the front.

& The gravitational effects are negligible—
relative to the viscous effects.

9. The displacement efficiency and mobility
ratio remain constant throughout the life of the
project.

With these assumptions, * it is shown in the
Appendix char the fractional flow of displacing
phase /D is given by

.f~:
I . . . . .

1

. (2)

l++ [*

and the average reduced saturation (vertical sweep)
by ,

-.

where

SD ZI-P(K)+
ti--exp(-ln Uf’/f@2/( 2S2K))

& HA

. .* **-,* ● *$**** ● “ . . (4)

. . . . . . .0. . . (5)

‘Recovery(n) = SDED , . .- . . , .“ i . . 0(6)

where

ED = displacement efficiency

the volume of oil which is affected by the injected
fluid. In this application of the modified Dietz
method, /~, the fractional flow of the displacing
phase, represents the ratio of the displacing flow to
the total flow across any vertical plane perpendicular
to the direction of flow, The reduced displacing
phase saturation SD is the integrated reduced
saturation in any vertical plane;, and, ths average
reduced displacing phase saturation SD is the
integrated vahte of SD behind the front — the
vertical sweep. If the hydrocarbon pore volume, +
or +’, (1 - SW=), is assumed to be constant, then

b = 1++[:-~(~)] ● “ . : .(7)

& =so+ (1-f~) /(df~/dsD), . . .(8)

where

s~= l-P(K).........(9)

and .

df~ AfKexp(-.5u~) . . . . ( 10) ~
~= [M-( AH)F(K)]2KM

Furthermore, if the hydrocarbon pore voIume is
aasumed constant and the permeability data are
truncated at a lower value K 1, and an upper value
K2,

f*=
I

[ 11F(K)-FW)‘, ‘..1+~*

~; = So +(l-’fD )/idfo/dSo). “,

wh”ere

(11)

(12)
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of the total volume of oil which, is displaced from “

*It is .epparent: that anY displacement process which so= 1-[”=]” .’ (13)
satisf lea these assumption can be de sceibed by the derived
equations} e.g., cyclins parforrnancet
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and

df/) Kexp(-.5u~)@(@-P(@)—=
473” [MF(K2)+F(m”w -nK,)J2K~

It is now possible, by using the above equations,
to predict the behavior of a stratified system. How-
ever, before the calculations can be performed,
values of P(K), F(K) and M have to be determined.

The distribution function P(K) can be characterized
by its variation V. The variation can either be
determined graphically from the permeability data
or from its ‘Lorenz coefficient L. The Lorenz
coefficient is related co the variation V by the
following expression: .

L=erf (1/(1 -V)). ● . . ● ~ ,(14)

A graph of this function is given on Fig. L If
the harmonic average and the arithmetic average of
the perme abilities are known, the variation V
can be approximated by

V% I-exp (-h(K~/#J ) . . . .(15)

and the mean permeability by

The first moment F(K) of the permeability data
can be obtained from P(K) by” a simple graphical
technique dhich is demonstrated, i~ the section
entitled “Example Problem”.

The mobility ratio M which is assumed to remain
constant throughout the life of the project is given
by

p Et,M:’* ”*”.”. . . (16)

where k ~~ is the average relative permeability to
the displacing phase behind the front. It can be
approximated by the value of k ,d at the average
reduced saturation determined from a Buckley-
Leverett calculation. If ~o/f@ <20 and the Naar-
Henderson7 approximations (imbibition) are used
for relative permeability then

~rD
‘..16
k 70

and the mobiiiry ratio “can be approximated by

The displacement efficiency E D also has to be
determined. Stahl 9 suggests that ED be based on
the difference between the initial and residual
saturations; however, this gives an upper limit for
the recovery. A lower limit on ED can be obtained
by using the average reduced saturation at bresk-
chrough from a Buckley-Leverett calculation. If
ILoiI.LD <20 and the Nasr.Hender son approximations
for relative permeability are used, then the dis-
placement efficiency ED is e~al to ().5.

The new method of predicting the behavior of a
strati~ied sysrem was compared with the Dykstra-
Parsons (DP) method. The basis of comparison
was that used by Stahl, 9 In” this comparison the
coverage C from DP method was compared with
~D since both quantities indicate the vertical
sweep efficiency. The results are shown in Fig.
2 for a permeability variation of 0.8. For unfavor-

VARIATION. V

FIG. 1 — CORRELATION OF LORENZ COEFFICIENT
AND VARIATION,
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able mobility rdtios, the new method gives a lower
TD at a given water-oil ratio than the DP method.
For a mobility ratio of unity, the two methods
coincide, but far favorable ratios, the new method
gives a higher .$D at a given water-oil ratio.

The apparent anomaly is cauaed by cross-flow.
At unfavorable mobiIity ratios, the pressure dis-
tribution is such that cross-flow occurs in the
direction which tends to cause the flood front to
become unstable; hence, the recovery is lower.
At favorable mobility ratioa,, the reverse is true;
cross-flow tends to stabilize the front and improves
the recovery, Fig. Sshowsthe results fora variation
of 0,5. The trend of the results is the same as
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FIG. 3 — COMPARISON OF PREDICTIVE METHODS
(v = 0, 5).
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those athigher variation, bucthe differences between
the methods are reduced.

Figs. 4 through 6 show the effect of truncating
the perineability data, The solid curve on Fig, 4
shows a log-normal permeability. distribution with
a median value of 5 md and a variation of 0.705.
The usual method of truncating the data is first to
select the cut-off values, and then determine the
distribution.

For example, in the above case, if the data are
truncated at K = 1 and K = 25 the dashed curve is
obtained. Now, if the best straight line is drawn
through these points, a variation of 0.615 is obtained.
Tbys, if the data are truncated in this manner,
errors will be introduced. Actually, exponential and
linear distributions can be represerited as de-
generate forms of log-normal distributions which
result from truncation.

The correct method of truncating data is to use
all the available data to construct the permeability
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FIG> 5 — EFFECT OF CUT-OFF (V= 0, 8).
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distribution curve, to select the points of truncation,
~d co use Eqs. II, 12 and 13 to predict the behavior.

The results obtained using proper truncation ,sre,
shown in Figs. 5 and 6! in both case% the POInt*
of truncation were chosen at P(K) = 0.1 for the
lower value and P(K) = 0.9 for the Upptir value.
Fig, 4 indicates results for a vsriation of 0.8 and
various values of mobility ratio M, In all cases the
truncated data indicate a higher recovery. Truncating
the data increases the calculated recovery; this is
particularly true for high values of the variation
because in these cases the high permeability
values are eliminated, thus retarding the advance
of the flood front, This effect is greatly reduced
as the variation decreases, which is demonstrated
in Fig. 6 for ,a variation of 0.5.

The effects of a variable hydrocarbon pore voliuae
are shown in Figs, 7 through $4 These figures show
the results for various combinations of hydrocarbon
pore volume, variation of the permeability data
and mobility ratios, For all the cases considered,
the effect of changes in the hydrocarbon pore

I .0
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o I 1 , I
80 100

WATER-OIL RATIO (W.O, RJ

FIG. 7 — EFFECT OF VARIABLE HYDFOCARBQN
PORE VOLUME (V = 0.8, MOBILITY RATIO = 5)0

1
‘1 If the porosity andvolume could be neglected.

I

connate water saturation can be expressed as
functions of permeability and if constant values of
porosit y and connate water ‘are to be used, the

appropriate values are those which occur at the
median or the geometric mean of the permeability

data.
r

Finally, it should be pointed out that if the system
is sssumed to have a constant permeability” (this
value of permtssbility should be the median or
geometric mean value of the core samples) and
gravity effects are included, behavior similar to
that of a stratified system can be obtained. Thus,
field behavior resembling that described in this
paper does not necessarily indicate that the
reservoir ia siratifiedi

EXAMPLE PROBLEM

In the example problem it will be assumed that
the . porosity is constant, that the permeability
data which are tabulated in increasing order in
Table 1 and a mobility ratio of 2.o4 are given. The
procedure to be employed is the following

CHARACTERIZE PERMEABILITY
DISTRIBUTION

,
1. Plot permeability data on log-probability o

paper (Fig. 10~ this is the P(K) curve.
2. Calculate the variation V which is siw~n KU

,.

/
V = (K84:170-K507J K84. 17.

= $50-252 ‘
550

= .542

3, Calculate the standsrd deviation ON

.
Is? --------
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w
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;& -r

g

Fa .
a 1+.=.150 –.
u ~q ● .040
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1
1
1
1
1
1

,;
2
3
3
2
3
3
1
1.
8
2
5
1~.

;
1
2
4

TABLE 1 - PERMEABILITY DISTRIBUTION

~h
—

1

;

4
5
6

:
10
13
16

:
24
2s
26
29
31r
36
37
40
41
43
44
46
50

‘MD

35
47
58
77

1%
107
110
119
140
160
170
200
210
2s0
260
270
310
330
400
410
500 “
520
600
640
730

P(K) (% less than)

o
2
4
6
8

10
12
14

. 16
20
26
32
36
42
48
50
52
58
62
72
74
80
82
86

:

Note: K values are not given et equal h increments. Them.
fore, when cam uting per cent less than, the data must be

Jweighted accor lngly; k., far K = 170, per- cent Iese than

= “x ~00 = 32 per cont.
50

UK = h 1—= .784
l-v

CONBTRUCT THE FIRST
MOMENT CURVE, F(K)

1. Read the permeability value ~ at p(K) =
50 per cent from Fig. 10.

2. Calculate KSO% exp (02K )
3. Plot KSO% exp (u2K) at p(K) = 50 per cent.
4. Draw line parallel. to P(K) curve rhrough this

point. This is the F(K) curve. No w, with the P(K) and
F(K) curves, it is possible to predict the behavior
of the system using Eqs. 7, 8 and g.

The, calculated results are listed in Table 2 and
Fig. 11.

CONCLUSIONS

As a result of this study, the following conclusions
can be drawn.

-L The effect of cross-flow in a stratified system
can be appreciable particularity at very favorable
or very unfavorable rnobilit y tat ios.

2. Under normal conditions, the effect of varia-
tions in che hydrocmbon pore volume can be neglected.

3. The failure to use all available permeability

TABLE 2- CALCULATED VALUES
FOR FIRST MOMENT CURVE, I=(K)

dfn

SD
A

P(K) KMD F(K) fD dsD SD WOR
—-— —. .—. —

,95 ,05 70 .008 .996
09 ,1 92 ,02 :%
,8 02 130 *O5
.7 ●3 168 ,09 .954
.6 ,4 208 ,15 .921
*5 *5 252 .22 6879
4*. 06 309 .30 ,826

,3 .7 379 ,40 .754
,2 .8 485 ,52 9653
,1 ,9 690 ,69 .478
●OS .95 Wo ,80 .338

,048
,135
*197
,266
.351
.458
.616
.855

1,277
2,707
3.602

-- 249
,974 99
.927 39
.873 21
,825 11,6
,764 7,26
.682 4*75
,588 3.1
.472 1.88
.293 ,92
.234 *5 I

+’= porosity,

P(+) = distribute on function for hydrocarbon pore
volume data, dimensionless,

+A = arithmetic mean hydrocarbon pore volume,
dimensionless,

“4 = standard deviation of hydrocarbon pore
volume data, dimemsionIess,

K = permeability, L2,

Iu9

me -“ //

I

I

FIG. 10 — PERMEABILITY DISTRIBUTION FOR .-
EXAMPLE PROBLEM.

“1

1.0

.9- ./’. I

‘a UA I VARIATION (V) = .S42

.1 IQ MOBILITY RATIO ~ 2.04 ..
F
m .3 ,.

1’
------ ----

0$ = hvdrocarbdn pore vohune = 4’( 1- .S.~.),
- FIG. ’11 —’ PREDICTION FOR EXAMPLE PROBLEM

rm = 0.542. MOBILITY RATIO= 2.041. I
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P(K) = distribution function of permeability data,.
dimensionless,

F(K) = first moment of P(K), dimensionless,

f(M = geometric’ mean of permeability data, L2:
KH = harmonic mean of the permeability data, L2,

a ~ = standard deviation of permeability data,
dimensionless,

“ff) = fractional flow of displacing phase, dimen-
sionless,

p ~ = viscosity of oil, MALT,

FD = viscosity of displacing phase, M/L.T,

kro = relative permeability COoil, dimensionless,

kP~ = relative permeability to displacing phase,
dimensionlesss,

z,~ = average relative permeability to displacing
phase, dimensionless,

‘rD POM .— mobility ratio, dimensionless,
kro p~

SD “=<integrated reduced saturation in any plane
perpendicular to direction of flow,
dim~nsionless,

~D = average reduced saturation behind the dis-
placing front (vertical sweep), dimen-
sionless, .

ED = displacement efficiency for hydrocarbon

R=

s Wc =
L=

v=
UC=
(JD.

u=
P-D=
P. =

h=

‘y.

Y=

Y=

L

z

.
30

pore volume, dimensionless,

recovery, dimensionless,

connate water saturation, dimensionless,

Lorenz coefficient, dimensionless,

variation, dimensionless, . ,

oil rate, L 3/T,

displacing phase rate, L 3/T,

total rate, L 3/T,

pressure in displacing phase, M/L T’?
pressure in oil phase, ”M/L T!

reservoir thickne SS, L,

coordinate paralleI to flow, L,

c~ordinate perpendicular to flow, L,

fraction of reservoir’ thickness invaded by
displacing phase in a plane perpendicular
to flow, dimensionless,
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FIG, 12 — PROPOSED MODEL.

Let us consider the flow across any plane through
the interface, Owing to the assumptions concerning
the dominance of viscous forces, the displacing
fluid will enter the most permeable layers first;
and, the reduced displacing phase saturation can
be obtained by incegratiox e,.g.,

% ‘ ~$’mlylh)”* ..
Y

Therefore, the following expression obtains:

(5a)

Or. i+iternatively,

1*&+“ @, ,sDsl.-& * . (6a)

Using the moment generating function,

Consequently,

24t!M!g. (7a)
1

sD=l-*[P#Jw’bp #*

From 3a and 4a, SD can be defined as follows:

( In .(K/#M)2

)
* = I-P(K)+ *-6XP -—

#m$?J 2UK2,,
.0, ,.. $ ****. (8aJ

The flow rates can now be obtained in a similar

.

_--. —.- .,-. .-——. ...—_.—

An equivalent form is that which follows:

From continuity of volume, we have

Da)

la)

and,

auo’
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Since the fluids are incompressible and capillary
effects have been neglected
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and

Therefore,

Let the first moment of a log-normal distribution.
P(K) be defined as follows:

Therefore,

&d, the fractional flow of the displacing phaae’
is given by ,
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13y analogy with the Buckley-Leverett theory, the
average reduced’ displacing phase saturation or
+ertical sweep can be obtained; i,e.,.

The derivatives can be evaluated to give the
following:
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From the definition of /D,

For those cases in which hydrocarbon pore
volume has a constant value,
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go=So+ (1-~)/(d~D/dsD). . . (20a)

For those cases in which the permeability data
are truncated at a lower value K ~ and an upper
value K2, let us define a new permeability dis-
tribution function,
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Then
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and

SO= SD +(l-~)/(d~/dSo). . . (Zsa) I
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