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NOl'LS 01~ FLUID DISPLACSi I:i.!:NT IN ?O~OUS ROCKS 

1. Introduction 

With few exceptions, production of petroleum reservoirs involves 
one or more aspects of fluid displacement - that is, displacement of one 
fluid by a second. Natural fluid displacement occurs, for example, when 
water influxes into the reservoir and displaces oil, or gas, that lay orig­
inally near the hydrocarbon-water contact. A second example is the "drive" 
or displacement of oil by gas as the gas comes out of solution in the oil 
phase. The material balance methods presented in Section E allowed one to 
evaluate, in the case of water influx, the amount and rate at which the water 
enters the petroleum reservoir. This becomes the amoi.mt and rate at which 
hydrocarbons are displaced in the invaded reservoir volume. To calculate the 
invaded reservoir volume, one must have an appropriate value for the volumetric 
displacement efficiency. This is shown by Equation 1.1. 

(1.1) 

where 
V. =reservoir volume invaded, acre-ft. 

l. 

E volumetric displacement efficiency, fraction 
~ porosity, fraction 
W influx volume, bbl. 

e 

Material presented in this section concerns the evaluation of E 
in the above equation. This is best done by ' considering that the volumetric 
displacement efficiency to be composed of three other efficiency numbers with 
the relationship: 

E = E • E • E 
D A V 

(1. 2) 

The internal displacement efficiency, E , in Equation 1.2 represents 
hydrocarbon saturation change within portions of Phe reservoir where fiuid 
displacement has been in effect, per i.mit of initial hydrocarbon saturation. 
That is: 

(1. 3) 

where 
~Sh = hydrocarbon saturation change 

Shi = hydrocarbon saturation at start of displacement 

The areal displacement efficiency, E , accolUlts for the fraction of 
the reservoir that is contacted by displacing t1uid, in an areal sense while 
the vertical displacement efficiency, Ei,, represents the fraction of reservoir 
that is contacted by displacing fluid, ln a vertical sense. The product, 
EA • EV' represents the fraction of the reservoir in which fluid displacement 
has occured. 

Basics of calculating internal displacement efficiency, E , will be 
covered in sub-sections 2 and 3. Areal and vertical efficiency conHepts will 
be introduced in the fourth sub-section. Sub-section five will cover the 
Dykstra-Parsons method of handling vertical efficie~cy. The last section 
will list computer abstracts that pertain to fluid displacement calculations. 
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2. Fractional Flow 

We can say that a unit weight of any fluid at a given poi~t has a 
potential t. Insofar as subsurface flow is concerned, we usually are interested 
only in the fluid pressure at the location and its position. Thus, we can say, 

t II: p + pgh (2.1) 

where h is the distance above some arbitrary plane. 

We know from basic fluid flow mechanics that: 

-+ 
q 

k ... - - grad ~ (2. 2) 

If we consider flow in the u direction, then: 

[ q]u ~ - ~(::) (2. 3) 

It is very important to remember that 

¢ ... - -

u., 

[qo]u • 
~ 

( dd:~) ~ ... -
\.ID lln 

[ qo]u • 

k 
( dd:o) a 

k 
0 0 --

l.lo l.lo 

d~ 
du is a negative value; that is, 

flow goes from high ~ to a low ~. 

d~ lim 6~ lim 
- = - "" du 6u+o 6u 6u+o 

d~ 
The fact that ~ is negative is why 

the - sign is placed before the k/µ. 

If we consider a linear section of 
porous media inclined at angle a 
from the horizontal and in which flow 
is going in the upward (u) direction, 
we can write: 

[ d Po 
du + pDg d~] 

du (2.4) 

[ d Po + db J pog du du 
(2.5) 
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where 

q - flow rate per tmit area 
k .. effective permeability 
ll - viscosity 
p .. pressure 
u - distance in the direction of flow 
p .., density of the fluid 
g .. gravitational constant 

sub D ., displacing fluid 
sub o - oil (displaced) fluid 

It might be well to inspect Equations 2.4 and 2.5 to see if they are 
correct. Let's first consider the situation for a horizontal bed. Here a 
is equal to zero. dh must also be equal to zero as dh = .sin a. qD then has 

du du 
a positive value (flow towards the right because dp is negative, and we have 

0 

two negatives. 
now let dpD = o 

du 

So we are alright with regard to ¥Ne pressure gradient. Let's 
and consider only the effect of the bed dip. For the situation 

illustrated dh, or sin a, is a positive value. qD, however, is negative (because 
du 

of the negative sign before the brackets) - which means that flow would be down 
hill. This is what we would expect. 

Since two phases are present and the interface between phases is curved, 
we must include any effect of capillarity. We will arbitrarily define the capillary 
pressure, P , as 

c 

p 
c = Pn - Po (2. 6) 

It follows directly that 

ap ClpD ap 
c 0 = au au au 

(2. 7) 

Solving Equations 2.4 and 2.5 for the pressure gradients and putting them into 
Equation 2.7 gives: 

CIP 
c 

au - pDg sin a + + p g sin a • 
0 

(2. 8) 
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If we arbitrarily let 

(2. 9) 

and consider the two fluids incompressible, flowing at constant total rate, q, 

Equation 2.8 develops into: 

aP 
c 

du + 6pg sin a - .. 
0 

Dividing through by q µo and changing signs: 
-k-

0 

[ 1 
k 

~] k [ape qD + 0 
1 - + = 0 

q µo q µo au 

(2.10) 

+ (2.11) 

l1pg sin a.] (2.12) 

As 
qD 

f D fraction of displacing phase flowing, = = q 

k [ ape 
sin a ] 1 

0 + l1pg 
q µo au 

fD ... 

[1 k 
•n J + 0 

~ µo 
(2.13) 

Equation 2.13 is completely general. If flow is down-dip, sin a 
is a negative value. If gas is displacing oil, Ap is negative because of the 
manner of defining it in Equation 2.9. The equation as it now stands considers 
oil as the displaced phase, but any displaced fluid could be substituted. 

In the "normal" water-wet sand, the capillary pressure decreases as 
one moves back from the flood front. (See sketch). Therefore, the sign of 

ap 
c in Equation 2.13 is positive 

au 
as is the Apg sin a term. In 
other words, the usual situation 
is that capillarity assists 
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displacement in water-wet sands and reduces displacement in oil-wet sands. 
However, because llP across reservoir distances of hundreds of feet is apt 

c aP 
to be only a few psi, the values of ~-c in most instances, are ~o small as to 

au 
be negligable. Therefore, for oP /au, essentially zero: 

c 

As k = k • k and o ro 

If k = millidarcys 
lip = lbs/ft 3 

µ
0

, µD = centipoise 

k 
1 0 llpg sin a -

fD = 
µoq 

k \JD 
1 + 0 

~ µo 

k ro 
c --- , Equation 2.14 can be written: 

krD 

kk 
1 

ro llpg sin a -
fD = µoq 

k \JD 
1 + ro 

krD • \Jo 

q c B/D/ft 2 cross section, 

then 

[
7. 8_4_(_1_0-_

6
_)_k_k_r_o_ll_P_s_i_n_a J 

f c 1 - \Joq 
D ------~---------------"-------~ k 

1 + ro 
krD 

However, the more usual units of k = darcys 

(2.14) 

(2.15) 

(2.16) 

lip a ti specific gravity with respect to 
water c (lly) 

w 

yield 

[
_o_. _4a_a_k_k_r_o _<_ti_r_>_w_s_i_· n_a ] 

f = 1 - µoq 
D ---------------------------k 

(2.17) 

1 + ro 
krD 
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Notice that both Equation 2.16 and 2.17 can, for a particular system, be 
simplified to: 

l - a k ro (2.18) 

Note that the values of a can be either positive or negative. 

3. Frontal Advance (Buckley-Leverett Equation) 

We consider a linear flow system as shown of cross sectional area A, 
porosity $, and thickness dx, and flow q barrels a day through it. fD is the 

As the pore volume = 
change rate of: 

or 

fraction of q that is displacing 
fluid and (fD - dfD) is the f rac-

tion leaving. Rate (barrels a 
day) of displacing fluid accumu­
lation in the element~· 

displacing fluid in - displacing 
fluid out. 

(3.1) 

(3. 2) 

A • dx • p 
5.615 barrels,the accumulation causes a saturation 

dSD qdf D 
= A dx $/5.615 dt 

(3.3) 

dx 5.615 q cfD) = dS dt Acp 
D S 

D 

(3.4) 

Integrating, this yields: 

.. 5.615 q 
Acp 

x + 
0 

5.615 
Acp 

(3.5) 

t = 0 

(3.6) 
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Equation 3.6 is very important. It says that the distance, xS , to 
D 

which a plane of saturation, SD' moves to, having started from location x
0

, 

is equal to a constant 5.615/~ times the throughput per unit area, .9.!_, 
A 

and the slope of the fD ~ SD curve at the value of SD. 

(elfo 
c;f.Sp 

I /,0 -

f I\~) t ,~x fhlAf-
fYf-

fD ~ as\1 .,5D 

So"' - - - .s· . P<. 

0 
~ 

0 / 
, 

SD--. I :;i. ~ 

From the left-hand sketch we can see that the maximum value of(:::) occurs 

at about SD s 0.4. This saturation plane advances most rapidly per Equation 3.6. 

Mathematical analyses indicate 
that the shape of the S vs. x 
curve can be modified at the nose 
to give the following shape. 
Location x 2 is the displacement 

front location. The displacing 
phase saturation at the front is 

SD2. 
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. Calculation of Average Saturation Behind the Front 

Previous theory allows the computation of the SD - x curve. If we 

consider the case where the B - L front has advanced to xf, we can say that the 

But 

As 

/.~ the average saturation of dis­
placing phase, SD, behind the 

0 

Area B 

Area A + Area B 
xf 

Area A = SDf 

Area B -= 

x = 5. 615 q ( dfD ) 
Alfi dS 

D 

front is equal to the sum of 
areas A and B divided by xf. 

(3.7) 

(3.8) 

(3.9) 

(3.10) 

5.615 q 
Aili f 

1.0 

dfD • ds/ 
dS ,· 7D 

S 
,. :n 

(3.11) 

Df ,,. 

5.615 q (3.12) . 
• A4> 
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5. 615q 
[(fD@ (fD @ 8Df) J Area B - Alf> s .. 1) - (3.13) D 

As (fD @ SD = 1) = 1 and (fD @ 8Df) .. fDf (3.14) 

Area B 5.615 q 
(1 - fDf) (3.15) .. 

A4> 

Going back to Equations 3.7 and 3.8 and replacing xf by its equivalent 

cfD ) x = 
5.61p q (3.16) 

f A$ dSD 

we obtain 

8nf -~ ./ qi 
SD = 

(1 - f 
SD .. 8Df + Df 

cfD) 
dSD 

f 

-
I 

-/-p-i-

1 
I 
1~) 

.fv 
~S'ilt 

I 

I 

() 
~Sl>t 

0 s. I ,, st>_,. 

rfD) 
dSD 

. f 
5.6;?5 
}If> 

9 

) 

f 

/ 

+ 5.6).5 51 (1 - fDf) ;.r (3.17) 

cfD) 
dSD 

f 

(3.18) 

Significance of Equation 3.18 is 
shown by. th~sketch. The average 
saturation SD can be obtained by 

extending the operating line (tangent 
at SDf) to fD m 1 and reading the 

value. 
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As the saturation change of the displacing fluid must be equal 
to the hydrocarbon saturation change, the hydrocarbon displaced at breakthrough 
will be: 

.. (3.19) 

1 

=( dfD) 
dSD 

f 

(3.20) 

Let's now consider how to obtain the hydrocarbon recovery after break­
through of the front. This will be the recovery during the subordinate phase of 
production. To do this we picture the situation of the front having progressed 
beyond the outflow face (or has continued past the producing well). Referring 

l~ to the figure, the outflow face 
is at distance x from the start, 

c 
while the front has progressed 

~ to distance xf. It is immediately 

0 

c 

~o~/ 
L 

,· 
/ . 

After breakthrough 

apparent that we have the same 
situation as when the front was 
located at distance x . There-

c 
fore, without going through the 
development, we can say: 

(3. 21) 

As previously, the hydrocarbon 
recovery will be: 

- (3.22) 
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Calculation of Injection Volume Required to Reach Average Saturation Conditions 

The fractional flow equation and the Buckley-Leverett relation­
ships permit one to calculate average displacing phase saturation behind 
an advancing displacement front from measured or correlatable reservoir 
parameters. This in turn leads to the evaluation of the hydrocarbon phase 
recovery and the internal displacement efficiency number, ED. The relation-

.ships to be developed in this section relate to the quantity of displacing 
fluid required to achieve a given hydrocarbon recovery and to the producing 
volume ratio of displacing phase/displaced phase at breakthrough of dis­
placing phase at the outflow face of the system. 

... ~---xc. 

Consider a segment of reservoir as 
indicated in the sketch. Let the 
cross sectional area perpendicular 
to flow be A square feet, and length 
between inlet and outlet faces be 
x feet. The unit pore vclume, in 

c 
barrels is: 

v 
p 

Ax ~ c =---5.615 (3. 23) 

Consider that at a particular time, VD barrels of displacing 
fluid has entered the unit volume. Assuming constant pressure prevails 
during displacement an equal volume of fluids will be displaced from the 
unit. The dimensionless pore volumes of displacing fluid will be: 

VD VD 

ViD = lf""-= A x ~/5.615 
p c 

(3.24) 

Equation 3. 6 can be modified to fit the present situation by 
writing it as: 

(xs - x ) II: 
5.615 • v ( dfD) (3.25) x II: 

D 0 c A9 D dSD 
c 

Solving Equations 

(3. 26) 

This relationship is important. It says that the reciprical of t~e slope 
of the fracional flow curve at saturation conditions existing at the outflo~ 
face is the dimensionless pore volumes of displacing fluid required to 
achieve this saturation. 

The relationship of average saturation between inflow and outflow 
faces of the unit reservoir volume and injection volume comes from Equations 
3. 21 and 3. 26. 
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That is, 

Note that one requires the saturation and fraction of displacing phase 
flowing at the outflow face to use Equation 3.27. 

(3. 27) 

_ Because calculations of water displacing oil are so frequently 
encountered in reservoir and production engineering calculations, certain 
of the above equations will be rewritten for the water+oil displacements. 

x 
Reservoir oil displaced c V (6S ) c 

p 0 0 

Stock tank oil displaced/produced: 

Flowing water-oil ratio at outflow face, 

f f 
WOR IC~'"' WC 

f 1 - f 
OC WC 

Surface producing water-oil ratio, 
f 

Surface water cut, 

F .. __,.... __ w_c_ 
WO (1 - f ) 

WC 

B 
0 . -

B 
w 

fwc1Bw Fwo 
Cut s f /B + (1 - f )/B .. 1 + F 

WC W WC 0 W9 

Injection time, 

(3. 28) 

(3.29) 

(3.30) 

{3.31) 

(3.32) 

(3.33) 
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4. Mobility Ratio, Sweep Efficiency, Stratification 

These three parameters are very important to the recovery of 
hydrocarbons by displacement processes. Mobility ratio is fixed by the 

·- viscosities and saturations on each side of a displacement front. Sweep 
efficiency depends on mobility ratio and the geometrical relationship of 
injection/producing wells (in injection projects). Stratification effects 
are caused by permeability differences (usually in a vertical sense) in 
the reservoir sections in which fluids are moving. 

Mobility Ratio 

The mobility of a fluid is defined as the ratio of effective 
permeability to viscosity., 

k 
>. = _o 

0 lJO 
(4 .1) 

Note that effective permeability depends both on saturation and saturation 
history, i.e., imbibition or drainage process. 

Mobility ratio expresses something of the ability of a displacing 
fluid to do an effective displacement. It is defined as the ratio of fluid 
mobility behind the front to fluid mobility ahead of the front. For example, 
the mobility ratio of water displacing oil would be defined by the relationship: 

M 
WO 

If more than one fluid is 
in this sketch, it is preferable to 

0 ..,..,.,~~---~~...:::...~~~~~ 

t4" 'fq1en 2. ~ &o1cn I -.f 

(4. 2) 
llo 

k 
0 

The sketch illustrates what is ·ca~led 

"piston displacement." Only water is 
flowing behind the front, and only oil 
is flowing ahead of the front. The 
effective permeabilities for this sit­
uation would be water permeability at 
residual oil saturation and oil permea­
bility at interstitial water saturation. 

moving behind the front, as illustrated 
use an effective mobility for the two 
phase flow in region 2. In this instance: 

). ·(kw + ko) (4. 3) 
2 llw ll0 

2 

where the effective permeabilities are 
evaluated at the average saturation of 
region 2. 



The mobility then becomes: 

M 
WO -(:: + :: ) /(~) 

2 1 
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(4. 4) 

Mobility ratios for most reservoir displacements range between 
0.1 and several hundred. Displacement efficiency decreases as mobility 
ratio increases. 

Sweep Efficiency 

The term "sweep efficiency" usually is used in connection with 
p!tterndisplacements, although one can very well consider sweep efficiency 
of, say, water displacing oil updip as a result of water influx. Other terms 
are often used in place of sweep efficiency. Amoung these are areal dis­
placement efficiency (used in previous discussions), areal sweep, areal 
coverage, coverage, area swept, and pattern efficiency. Regardless of the 
term used, the purpose is to express the fraction of the basic area that has 
been swept or processed by the displacing fluid at any particular time. 

An example of areal sweep efficiency is 
shown in the sketch. The shaded portion 
represents the area within a repeated 
five spot pattern that has been contacted 
by displacing fluid injected at the center 
well at breakthrough into the four producing 
wells. As sketched, the areal sweep effi­
ciency is about 0.7 
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Areal sweep efficiency is a function mobility ratio, pore volumes 
of fluid injected, and the geometrical relationship of injection and pro­
ducing wells. The chart immediately below (Figure 4.1) shows the areal sweep 
efficiency at breakthrough as a function of mobility ratio for repeated 
five spot geometry. 
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Figure 4.2 illustrates shapes of displacement fronts and areal sweep 
efficiencies at breakthrough.found by Haberman (Trans AIME 219 (1960) 
264). Note the "dendritic" type of displacement encountered at high 
mobility ratios. 

Areal sweep efficiency continues to increase after breakthrough 
of_ displacing fluid to the producing well, although not as fast as before 
breakthrough. Figure 4.3 shows areal sweep efficiency values as a function 
of disglaceable pore volumes injected and mobility ratio. The "ticks" on 
the 45 line indicate breakthrough sweep efficiencies. 

A displaceable pore volume represents a volume consistant with 
maximum saturation change of the displacing fluid. Thus, for water as 
the displacing fluid, one displaceable pore volume is represented by: 

VD 

where 

VR 

' (tis ) 
w 

mx 

Stratification 

.., 
VR ' 

(tis > (4.5) 
w max 

... bulk reservoir volume, bbl. 

= porosity, fraction 

= (1 - s - swi) if gas phase is present., no or 

(1 - S - S - S .) if gas phase is present gr or wi 
and displaced. 

= residual hydrocarbon saturations at infinite 
water throughput. 

Variability of permeability in a vertical sense results in 
lowering recovery of displaced phase for a given amount injected phase. 
The reason for this is that the displacement process moves much faster 
through high permeability portions of the reservoir than it does through 
the remaining bulk of the reservoir. As a consequence, breakthrough 
occurs earlier (lower value of displaceable pore volumes injected) and, 
if the mobility ratio is adverse, the high permeability "streak" continues 
to transport a large proportion of the injected fluid to the producing wells 
and effectively slows displacement i~ the remainder of the reservoir. 

Effects of stratification on displacement processes are difficult 
to predict mainly because we can make observations only at wellbores. We 
have no direct knowledge of the permeable paths, or stratification into 
layers, in the inter-well distances. However, experience has shown that 
sands that show a large degree of variability of permeability in well cores 
will give poorer flooding results than will sands that are more homogeneous. 
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The adjacent sketch illustrates the 
elemen~ary concept of displacement in 
stratified reservoirs and the manner 
of defining vertical displacement 
efficiency, E • Depicted is a vertical 

v 
cross section through an injection well 
and producing well. Injection fluid 
has advanced irregularly as a result 
of permeability variation in the section 
as indicated by the shaded area. Vertical 
displacement efficiency is defined in 

advance, x , and in this instance would be 

the shaded area divided by the area h • x • 

A method of evaluating E. , for given mobility ratios and permeability 
variation was developed by H. Dyks!ra and R. L. Parson in 1948 and will be 
looked at in detail in the next section. 
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RESERVOARTEKNIKK III 

DYKSTRA - PARSONS METHOD OF CALCULATING 

LINEAR DISPLACEMENTS IN LAYERED , SYSTEMS 

I /.h". n t is method an oil reservoir is characterized as a layered 
system and recovery is calculated as a function of the permea­
~i li ty variation of this layered system and the mobility ratio. 

Assumptions: 

l. 

2. 

3. 

4. 

5. 

6. 

The reservoir consists of isolated layers of uniform 
permeability with no cross flow between layers. 

Piston-like displacement; that is only one phase is 
flowing in any given volume element. 

Flow is linear. 

The fluids a~e incompressible; that is there are no 
transient pressure effects. 

The pressure drop across every layer is the same. 

Mobility ratio, porosity, and fluid saturation are the 
samP. in each layer. (This iE not a necessary assumption 
for the method but was made in the interest of simpLi­
fying the calculations of coverage charts.) 

It will 'be assu;ned that the reser'voir may be thought of as a 
series of ldyErs piled one on top of the other. It may be true 
that two adjat'i::>-::t layers have the Sa.Ile permeability. In eeneral, 
howevar, the absolute permeability will vary from one layer to 
th~ next. In c..ny given layer the permeability is taken to be 
constant. In each layer it will be assumed that there is piston­
like disj!lace;nent, i.e. , 011ly oiJ is flowing ahead of the front 
a~1d CJnly wat1~r ::: E":hind the front. This means that in any layer 
all the oil is produced dt break~hrough that will be produced. 
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Consider first the determina~ion of the velocity of the front in 
any layer. _ By Darcy's law: 

k dP 
qo = 0 - - dx lJ 0 

k dP w 
qw = - - dx µw 

Suppose the flood front is located at x , and let 6P be the 
difference in pressure between the point -x.

1 
and the tnflux end 

of the layer. Then 

= 

The difference in pressure between the efflux end of the layer 
and x

1
· is 

(la) 

(lb) 

(2) 

( 3) 

where. P is the difference in pressure between the efflux end of · 
the layer and the influx end. Hence 

= (4) 

When equations (2) and (3) are added: 

µ q x µ q (L-x1 ) 
'v w 1 o -o 

k + k = . -6P ( 5) 

w 0 

However, inasmuch as . the fluids are incompressible and only all 
oil or all water is flowing, 

It 

qw = qo = q ( 6) 

follows that: 

-k 6P 
qo = q = µw lJ 0 

·J< xl + 
~ (L-x1 ) 

rw ro 

( 7) 

I~ is no~ desired'to find the ratio of the distance of advance 
in one la]er ~here x = L, i.e., where brcakthrouflh has just 
occurred, to the int~rface position x1 in ~ny other layer with 
a smaller ?crmeability (see sketch). The pressure drop will be 
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assumed to be the same across all the layers. '!'he ratio 
is given by 

µw 
+ 

µo 
(L-x

1
) 

k. ~ 
xl ~ q. rw ro 

l. + l. - = 
kl ql µw µo 
~ 

x. + 
~ 

( L-x.) 
l. l. rw ro 

w11ere krw and kro are taken to be the same in each layer. 

dx. dx
1 = l. q. 

dt ql = dt l. 

Hence 

µw 
+ 

µo 
(L-x

1
) ~ xl ~ dx. k. rw ro 

l. = + l. 

dx
1 Kl" llw µo 

~ xl + 
~ 

( L-x.) 
l. rw ro 

o-f" 

To find x. it is necessary to inte;raTe the above equation: , .... 

rates 

(8) 

But 

(9) 

(10) 

(11) 

The limits are chosen so that both interfaces start off at the 
inlet at the same time. It is desired to find the ratio xi/x1 
when x 1 = L. 

Intebratjon g5vcs: 

(1 + M)L2 = + kkl [x~ + 2M(Lx.) 
• l. ,l. 
l. 

2 Mx.] 
l. 

(12) 
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where 

On rearrangement: 

. 2 -

0-M) [~il > 2M[~i)- :~ (1 + M) : O 

Solving this quadratic equation gives 

(M - 1) 

When x. also refers to the firs~ layer k. = k
1 

and x. = 
l. l. l. 

M : 1 
1 = M - 1 

Hence the minus sign must be chosen in equation (14). 
the jth layer has . broken through, 

-~2 k. 
M + l. (1 M2) x. x. E -

l. l. J = L = x. (M - l) 
J 

(13) 

(14) 

L, or 

(15) 

Thus when 

(16) 

·,fr;icr1 Five: tr.e cistance of adva!1ce of t:1e frcn-c in layer. i having 
a perr.1ea:...:.J i~~· lt.::s:: t :-: ar. j •·:ht:n .la~;er j :0-.a~ '.:lro~!=r: tnrou5h. 

If in equation (13) tne ~ability ratio ~ is set equal 
to on~, then: 

= 
k. 

l. 

J< 
l 

(17) 

This is just an expression for the basic assumption of the Stiles 
method, that the ratio of the distances of advance in the various 
layers is the same as the corresponding permeability ratio. Thus 
the Stiles method will give the same answers as the Dykstra-P~~sons 
method when the mobility ratio is· unity. 

It is now of interest to find an expression for the 
covcrnge when the nth layer has broken thr•ough. The coverage. is 
defined as the fraction of the reservoir which has been invaded 
by water. Let N be the total number of layers in the ~ystem. 
Nwnber the layers in order of decreasing permeability. 
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When the nth layer has broken through, all the layers 
with permeability greater than that of the nth layer will also 
have broken through. Hence the fraction of the reservoir for 
which the layers have been completel~ flooded out is n/N. The 
remaining layers, which have permeaLilities less than the nth 
layer, will be only partially swept out. The distances the flood 
has advanced in the jth layer (j>n) when the nth layer has just 
broken through is 

\h2 k. 
M + J (1 M2) x. l< 

n _J_ = x M - (18) 
n 

x. x. 
_]_ = J 
x 1 (19) 

n 
... _ --

is just the fraction of the jth layer which has been swept out. 
The complete coverage is then just: 

.or 

but 

Hence 

COVERAGE = 
n + I 

j>n [:~] 
N 

n + r 
COVERAGE = j>n 

l M = CN - n) M. 
j>n 

COVERAGE = 
n + CN-n)M 

M-1 

F kJ. 

~ 
(1 -

1 
- M-1 

(1'1 - 1) 

.I ~-2-+_;__j_( l---M-2-..) \ 

J>n n 
N 

(20) 

(21) 

(22) 

(23) 

The above formula makes it possible to calculate the coverage, or 
fraction of the reservoir which has been invaded. by water, when 
the nth layer has broken throug~ .. 

·. 
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An expression for computing the water-oil ratio when 
the nth layer has broken through wi11 · now be derived. When the 
nth layer has broken through, only water is flowing in the layers 
with permeability greater than that of the nth layer. The total 
flow rate of water per unit breadth is: 

. [- k.k p] 
Q = rHAZq = Az rH __ J ~ AL 

w j w. • l.l n <n J J <n w 
(24) 

' Only oil is flowing out in the layers with permeability less than 
that in the nth layer. The total flow rate of oil per unit 
breadth is : :r; 

= 6Z rHq . 0. 
J>n J 

(25) 

Equation (7) must be used for q0 i, since there is a front moving 
along in the layers where oil is flowing out. Thus 

Q = AZ 
on 

Q = AZ 
on 

: 

r [-j > n 

Hk.AP 
J 

Hk. AP 
J L 

µw x. µ x. 
~ -c + r (1---c) 

rw ro 

But equation (18) may be used for x./L so that: 
J 

Hk· AP 
J L 

- {M-\~2+~(J.-M2 )} {-1+~2:~(1-Mz ~},,. 
µ k ).J k· .· w n o n 
JC- M-1 ~ M-1 

rw ro 

Q = AZ r· 
0 n j>n 

k 
Hk. rw l:lP 

J falw L 

C26) 

(27) 

(28) 

(29) 

(30) 
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The water-oil ratio when the nth layer has broken through and for 
layers of equal thickness is then: 

• t' k 
. • • L j 

J <n - ·. 
• I .• ... (31) 

This expression can be used to calculate the ~ater-oil 
ratio when the nth layer. has just broken through. The producing 
water-oil ratio fwo is then given by 8

0 
times the value given by 

equation (31), or 

· Fwo = B
0 

x WOR .· 

'rhe cumulative oil recovery, Np, is calculated from the 
following equation: 

where 

Np = 
7758 Ah~C CS . - S ) Ea 

. oi or 
. B ---

o 

Ah is area thickness product in acre-feet 
~ is fractional porosity 
C is coverage from equation (23), or from charts 

S . and S . are initial and residual oil saturations oi . or 
Ea is areal sweep efficiency : 
~o is oil formation volume factor. 

(32) 

The calculation of the recovery as a function of time 
will now be considered. If the fwo is plotted against the recovery 
on rectangular coordinates, a curve would be obtained which looks 
something like that in the following sketch. 

t 
.. 

.-

·. 

RECOVERY · - · · - · 
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Now the water-oil ratio, Fwo' is given by 

Fwo = 

·dwp 
dt dW = = _ __E 
dNP -dNP 

dt ..... 

~h~re W is the curaulative water ~r~duced. 
be askeg, ~hat does the area under the -

;-;o 
represent? The area is just: 

AREA= J.Np(F )dN 
• (J WO p 

~~e ~u~stion can th~n 
vs recovery cu~ve 

( 3:.; ) 

Thus the area under the 
th~" given recovery Np. 
is Np is just: 

curve is just the. water produced up to 
The water injected Wi when the recovery 

(35) 

Wr being the volume of water required for fill-up and is equal to 
?75~ Ah~(S~i-S~r). The time required to reach a given recovery 
l.S JUSt: 

TIMI:, t = 
w. 

l. 
..--
l. w 

( 36) 

where iw is the water injection rate (assumed to be constant). 
Thus by finding the area under the Fwo-Np curve up to a given 
Np, it is possible to obtain curves for the cumul-ative water 
injected as a function of Fwo ~nd the cumulative production as a 
function of time. To find the production rate it is only neces­
sary to divide the differences in recovery by the corresponding 
differences in time. 

Coverage Charts 

The above equations hold for an arbitrary permeability 
distribution. Dykstra and Parsons wanted to obtain generalized 
curves in which the permeability distribution could be charac­
terized by a single number, so that engineers would not need to 
perform the rather long calculations necessary to compute the 
Fw0 -Np curve. To obtain such generalized curves, they assumed 
that if the percentage of the permeabilities greater than a given 
value was plotted qgainst that permeability on log probability 
paper, a straight line results. They characterized this ·straight 
line by the permeability variation which was defined to be the 
median permeability minus the permeability at 84.l cumulative 
percent, this ' difference divided by the median permeability. The 
permeability variation essentially measures the slope of the 
straight line. Only this permeabllity variation is necessary to 
characterize the distribution as far as the calculations are con­
cerned. The reason for this is that the magnitudes of the permea­
bility are not important, inasmuch as only rat1os of permeabilities 
appear in the calculations. Thus it was ro~siblc to calculate 
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curves giving the coverage as a function of the permeability variation and 
mobility ratio for any given water-oil ratio. These calculations were -
made and put in the form of two charts in the original paper as Figures 9 
and 10 for water-oil ratios of 1 and 25. Since the time, corr.puters have 
become available and made it possible to make calculations covering a wide 
range of water-oil ratios. New coverage charts hnve been prepared recently 
and are now available covering a WOR range of 0.1 to 100. A set of 10 
charts are included with this write-up. 

Correlations of Recovery with Coverage 

In the original paper, a correlation was presented (Figure 11) 
of a "recovery modulus" and coverage, C. The recovery modulus is defined as 

R [ 1 - SW (T.TQR)-o. 2 J . h R . h f i 1 f th . . 1 w , w ere is t e ract ona recovery o e or1g1r.a 

' oil. Coverage, C, is a function of WOR and also of permeability variation 
and mobility ratio. The correlation was based on results of laboratory 
core floods and gave best results for initial oil saturations lying between 
45 and 60 per cent. The correlation was particularly useful in estimating 
a recovery factor when oil saturation were assumed to lie close to the 
range mentioned e.bove. 

C. E. Johnson (Trans AIME 207 (1956) 345) was able to simplify 
use of the correlation by constructing charts for WOR's of 1, 2, 5, and 100. 
On these charts, lines of constant recovery modulus values are plotted ~s 
functions of mobility ratio, M, and permeability variation, V. These charts 
are shown on pages 100 and 101. The procedure is to find the value of recovery 
modulus from the appropriate Johnson chart and, knowing the water satuLation~ 
S , calculate the fractional recovery, R. Stocktank oil recovery can the1. 
w 

be calculated from the relationship: 

N = 
p 

7758 _Ah~ soi EA • R 

B 
0 

Proceaure for Using the Dykstra-Parsons Method 

The steps for calculating recovery wi.th the aid of the coverage charts 
is as follows: 

1. Assemble permeability data in descending order. Calculate 
"percentage equal to or greater than" for each entry. 

2. Plot percentage against log permeability on probability paper. 
Calculate permeability variation from 

v 
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3. Calculate ~ability ratio, 

M = kv Po 
µ.;ko 

4. From charts 6et coverage, C. 

5. Calculate recovecy fro:r. the following.equation: 

N . = .T758 AhOC {Soi ·- S0 r) Ea 
p --·-----· 

Bo 

6. Plot Np vs Fwo· 

1 · Integrate Np - .Fwo curve graphically to get WP. 

8. Calculate Wi = 'llF + NpBo + WP . 

9. Time in years is given by 

w { 

1v x 365 . 

10. Calculate oil and water rates from 

REFERENCES 

1. ~kstra and Parsons, API Sec. Rec. of Oil in the U.S., p.160 2nd Ed, 1950. · 

.2. Johnson, Trans AI1·~ 207, 345 (1956). 
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Notes on Predicting Pattern Perf onnance 

During Water Injection Operations 

Reservoir engineers are oftem called upon to estimate the profit­
ability of water fiooding a given property or reservoir. There are a 
number of methods described in the literature that can be used. Eac)l 
method involves several assumptions about the aub-suri'ace reservoir 
behavior and each has a different degree of complexability in carrying 
out the calculations. The Higgins-Leighton method, far example, is so 
detailed that it can only be used in conjunction with a large computer. 
It problbly offers the better solution, however, all things being equal. 
Simpler methods, capable of being carried out with hand-held calculators, 
often offer solutions (predictions) sufficiently accurate for preliminary 
evaluations of the fiood and ma;y, in certain instances, be sufficiently 
accurate for use as the i'inal. prediction method. 

The method described in these notes falls in the second catagor,y. 
It is relative simple and straight forward and can be handled b;r desk 
calculator. It models a multi-lSiYer pattern flood with provision for 
the displacement of gas ahead of the oil bank as well as displacement 
or oil by the injected water.- The primary assumptions in the method 
are these: 

1. The reservoir volume to be flooded (pattern) is handled as 
a group of la;yers with no cross now between lqers. Thus, 
it is similar to an assumption in the Dykstra-Parsons 
method. 

2. Within a given lSiYer there are no saturation gradients behind 
the two fronts. This means that the displacement is pistOn 
like (or leaky-piston) in nature. This also is similar to 
an assumption of the Dykstra-Parsons method. However, one 
can develop a similar method that uses a Buckley-Leverett 
type of displacement. 

.3. Water intake into each lqer is proportional to the lqer 
injectivity at the time (which changes in . ~ach lqer as the 
fiood progresses). However, to simplify these notes and 
concentrate on describing the displacement process model 
involved, it will be assumed that the layer injectivities 
are constant in time and proportional to the k:h product 
of the lSiYer. 

The .first section of the notes will describe the behavior of 
a single la;yer of the model. Later sections will describe the 
process of combining the behavior of all layers to yield the desired 
pattern behavior. Field behavior, which invols superposition in time 
of a number of pattern behaviors will not be covered in these notes. 
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Single i:.a;rer Behavior 

{ ,. 
~ 

~ 

~ 
\. 

+.a 
~ 

~ 

The geometry of the segment of reservoir to be considered is 
that of a developed 5-spot pattern con­
sisting of one production well at the center 
and four injection wells located at the 
corners. 'Ibis is illustrated in Fig. 1. 
To simpli.ty description behavior in only 

~ ~ of the pattern (cross-batched area) will 
~ be considered.. 

Figure 1 

Jni 
.K' 

® 
Figure 2 

.Region 
1 

Figure 3 

Region 
@;@ ~(i) 

gaa· 

oil 

water 
I 

Figure 4 a 

.... ... 
~ 

4 
·~ CJ 

~ 
:--. 
() 

s: 
0 ... 
iJ 
d 
i. 
.:s 

~ 

Figure 2 illustrates lqering within 
the unit volume. As indicated previous~, 
no cross flow of fiuids occurs between 
lqers. This means ·that water entering a 
given layer at the injection wellbore 
remains in and displaces hydrocarbons from 
that layer. 

Figure 3 illustrates location of two 
displacement .fronts in a given (j) layer 
prior to fillup. At this point only free 
gas has been produced for the layer. The 
area processed by the injected water is 
labled Region 3 and has an areal coverage · 
value of Eaw• Region 2 1.s an area which 
contains oil that has been displaced from 
Region 3 plus some residual gas remaining 
from the displacement at the oil-gas front. 
The areal coverage factor of the oil-gas 
front is Eao• Region 1 contains initial 
saturation conditions. 

Region 
@' 

Re£on 
@I@ I © ~ '© 

I I I I 

gas ~ gas 
.o 
~ oil· oil d .. 
d ....., . 

water " : ") I water 
I I 

Figure 14b I li Figure c 

Figure 4, above, illustrate several saturation-distance situation 
along the diagonal. connecting the injection and producing vell is Fig i. 
In the field, pressure :Lncreases from the producing well to the injection 
well. Gas that is left behind the oil-gas displacement front is consequently 
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compressed and taken into solution in the oil in Region 2. Thus there is 
the possibility that the gas saturation - distance profile should look 
somewhat like that in Fig 4a. On the other hand, · not knowing how far 
back in Region 2 gas saturation exists it is easier to assume saturation 
profiles like those of Fig 4b or 4c. Figure 4b L!sumes residual. gas 
saturation exists all the way- through Regions 2 and 3, while Fig 4c 
assumes that residual gas remains on'.cy' in Region 2. Some small diferences 
in patteni performance result .from how the residual gas phase is assumed 
to lie. Figure 4b is often used and results in the easiest analysis of 
the pattern behavior. Figure 4c seems a little more in keeping with 
postulated field behavior and wi.11 be the situation used 1n these·notes. 

Considering the situation pictured in Fig 3 (prior to i'illup) 
the oil and gas displaced from Region 3 must be 1n Region 2 or have been 
produced. Gas origin~ in Region 31 or part of 1t1 could have been 
produced but oil from Region 3 must still be 1n Region 2. In tenns of 
the areal coverage factors Eaw and E and a volume balance of the 
displaced oil phase we can compute ~ relative areas processed by the 
two fronts as follows : 

'71 ve11 ~ 
E 4 '4.J • tll,yec._ inc/"1,,rJed in 1&1 1cn 9 

£.~0 - EQ."4.J = et,t'2a., /n "/1-i.d,d ,n B~1cn e. 
(L1Sc)J= oll ~('..:f,,_,.~~ft'oi, c..~n~.) x:;~,o,,., 3 

( £\~)z.: ;.c..s ~Afu~n4,,, ~ti}' J fli110°n e 

~&.O ( l.J. S'c) 3 = ( £q,c - EQ.l.4J)(tJS5) 2. (1) 

TltJi fuels f" . 

F - I+ (2) 

Equation 2 is complete~ general. Nothtiig has been said about the 
shapes of' the two displacement fronts or of the mobility ratios that 
pertain to the fronts. .., 

In general, · the mobility ratio at the oil-gas i'ront is apt to be 
quite low - probably less than 0.1, while the water-oil mobility ratio 
at the water-oil front is apt to be greater than one. Each mobility ratio 
can be calculated from the saturation conditions considered and the phase 
viscosity ratio. 

Areal coverage factors, Ea1 for a number of standard patterns 
(5-spot, 9-spot, direct line drive, etc.) are available in various forns 
in the literature (see, for example, SPE Monograph #3 on waterflooding). 
The attached chart shows 5-spot values determined by Caudle and Witte 1 
(Trans ADtE 216, (1959) 446). While not shown on this chart, Ea values 
far :mobility ratios less than 0.15 are, .for practical purposes, unity. 

The term, displaceable pore volume, used in waterflood calculations 
is defined as the unit pore volume multiplied by the ma:d.mwn achievable 
difference of water saturation in the area processed by the injected. 



Pattern page 4 of 1.3 

water. Thus, for a single layer of the $-spot pattern illustrated in 
Fig 1, the displaceable pore volume, vd, amounts to 

Vd(bbl) • 7758 A h <J b. 5v 
where 

A • pattern (layer) area, acres 
h = la;yer thickness, feet 
" "' lqer porosity, fraction 

~-Sw • (Sw max - Swi) in Region .3 
• (1-S0r-Sgr-5wi) in Region .3 

(.3) 

The term displaceahle pore volwne in.jectedJ Vdi, is, of course, 
the volume of. injected fluid divided by the displaceaole pore volume. 

Vdi • Wi/Vd (4) 

when the injected fiuid is water. 

To illustrate some of the calculation procedures involved in 
predicting pattern behavior it is helpful to use specified values for 
variables in the calculations. In the following calculations the 
pattern is assumed to be a 5-spot and the :following factors. 

Pattern area, A • 10 acres 
Pattern thickness (total) • 16 feet 
Number of layers • 4 (equal thickness of 4 feet) 
Porosity, <J a 0.25 
Mobility ratios c 

Milo • 2 (water-oil front) 
Mog a 0.1 (~il-gas front) 

Layer permea.Dilies,kj "" 700,500 400, ~ 200 mi. 
Saturations, S 

Region 

1 
2 
3 

0.30 
0 • .30 
o.68 

0.58 
o.65 
0 • .3,2 

0.12 
0.05 
o.oo 

Injection rate, iw • -450 barrels per day 

The above values result in the following values for Vp, Vd, and F. 



( 

Pattern page 5 of 13 

At this point it is well to develop equations for the cumulative 
products produced from the layer and their rate of production at various 
times. To do so we lli.11 consider .three situations. these are: 

1. Prior to fillup. Only gas is being produced 
2. After fill up but before water breakt.hrough. Both 

gas and oil phases are being produced. 
). After water breakthrough. Both oil and water 

phases are being produced. 

The first set of equations are for the cumulative productions removed 
from the lairer. Separate equations~for rates will be developed later. 

1 • Prior to Fillup - Only Gas Production 

,---~~ .....+ C?p ~, The basic approach is a vol\Dlle balance on 
the gas phase; i.e., the produced vol\Dlle is equal 
to the original. volume minus what is still there. 
Ref'ering to Fig 4c, it seen that original gas 
saturation is in Region 1, residual gas saturation 
is in Region 21 and zero gas is in Region 3. 
Consequent:cy, the gas phase volume balance ia: 

® 

(Gpli,); = Vp{Ssi- (1-J:._o )s9 , -( ea.o-E"4...,)S5z] (SJ 

where 
sgi, Sg1 • original gas saturation value 

Sgz s gas saturation in Region 2 

Because pattern efficiency charts only provide Eal' values Eq 5 can be 
modified by recalling that Eao • F Eaw (eq 21 pg 3J. Also, noting that 
Region 1 contains the original gas saturation so that Sgi and sg, are 
the same, Eq 5 developes into: 

(6) 

Equations for oil .and water phase productions during the "prior 
to fillup 11 regime are, of course: 

At this point let's consider an example calculation of the 
gas produced at fillup from one of the layers described on page 4. 
Under these c'Oiiditions: 

E80 • 1 : Eaw • Eoo/F • 1/F • 1/h. 71 • 0.212 

(7) 

(8) 

From the S-spot chart.for Eaw • 0.212 and Mwo • 2. Vdij • 0.212 

Therefo~, W:l.j • 0.212 Vdj • 0.212 • 29480 • 62.50 barrels. 

------
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( Gp8:J},j - 77[8c. O,ZIC. ("'· 71 ·t?· IZ - 3, 71 · o·.or) 

= "'c ~- /;J,/. 
'v.//i 
----= t. 

J 

Note: The slight difference of 5 barrels between t.he water 
injected and the produced gas comes from round-off errors. They should 
be the same, of course. 

2. After Fillup but Before Water Breakthrough 

. ~~pBJ 
NpEo 

During this production phase gas is still being 
produced because of expansion of Region 3 and the 
.f'act a gas saturation change occurs at the water- · 
oil .front. Oil is al.so being produced because of 
the expansion of Region 3. 

3 
/ 

'°we: 

? 

The gas volume balance can be obtained directly 
.from Eq 5 by noting that Eao • 1. Or, looking at 
the sketch at the left, it can be seen that: 

{9) 

The cwnulative oil production comes .from an oil vol'Wlle balance. 
Ref'ering to the sketch above, it can be seen that: · 

(Np Bo); ~ l'J:,-[ S"o• - l:"a.w .Soa - (I- E"a.w) ~.~] (10) 

AB we have specified that water breakthrough has not yet 
taken place the water production equation is still 

An illustrative use of Eqs 9 and 10 is as follows: what will be 
the reservoir gas and oil cumulative productions when the layer has 
been produced for 100 days? · 

\,./<i =-- i'Jo/~ . 1c u -= 112.ro baYr-clr . 

w.· · 112.ro Vo·. t.J - - 0 3 8 z. 
f.J - '/o.i'- - . Z'1'f60 ' 

Fvc:>n1 rk. .r-::.pet- ~,fr~ Vdc.· '= o,39C. ' E"~=-0,3f~ 

.·. (Gp;}j = 77J'80 [o,tZ -(1-o,3~Z)·CJ.c.r] = t;,9/C.. 6a-n-rls. 

(Npf3o)j ::::- 77J'8o [o,[B - 6. 38 2 · o, ~ e- (1-0,35~) G,,r] 
~ .3~ .9 1;~,.rEls .. 

' 
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3. After Water Breakthrough 

Gp 8s After water breakthrough there is still gas 
~ l'J B production because Region 3 is increasing in 

r---1----...... J: 
8
° size and the gas saturation change at the water­

p "" oil .front. Oil phase is being produced because 
of the disinishing size of Region 2. 

A.a can be seem from the sketch at the le:f't, 
there is really no difference insofar as the 
gas and oil phases are concerned, than the 
situation depicted on the previous page. ~ 

the relative sizes of Regions 2 and 3 are different. Therefore, 
Eqs 9 and 10 are valid for this period. 

The volume balance on the water that has entered the la;rer and 
that remaining is simple. The produced water volume is: 

V.lp.J' ::: ~It. - V~· · · £euu (Sw,-- Swi) (12) 

There is some question as to whether the water quantities in Eq 12 
should not contain the water formation volume factor,Bw • It 
is more correct to include it but as it is usuall:y very close to 
unity it often is omitted. 

An alternate equation that can be used to calculate produced 
water comes from a volume balance of all fluids in the pattern, that is: 

(13) 

To illustrate the after breakthrough production equations let's 
calculate the layer production after one year of injection. 

~li.J = 'fJ'CyA{ • .3l .. J- - J./16&:.2 bR..l'rE./.s 

,/ lllol:.2 I :1 93 lfd~J' = eCj 1./80 - I.;;, 

1=-n:>n1 ./ ... _ .s/~or chc.rf- (e!r ~c: = I, 3? ; t'lwu = 2. 1 

E e!t.c.u = o, e 7 9 . 

, '. (Gp B,)J == 77J'eo[o,1z.- (1- c,~79)o,a.r] 
_ 88'1-o vsrrs:.~. ._( .t:z. ') 

• 

(Np ~o) i = 77J-eo E>·./"B- o, 879. o,~c -(1- D,'f 7i)"·''-] 
-::: 170 73 b4rYC /~, (Erg ID) 

Wp/= J..! 1oto3 - 77.l8o .. o,879( o.~ 6- o,3o) 

= IS/~-o ha.rY£/.s 
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Larer Producin~te Equations. Up to this point the equations have 
been for the c ative volumes of reservoir gas, oil, and water produced 
from the l~er as functions of time or C'\Ull\ilative water injected. 
Ordinaril.ly one is equally interested in the rates o.f' production of oil 
and water (not so much far gas) during the fiood ais these values are 
used to size equipment and calculate income to the project. AB rate is 
the time derivative of cumulative production, e.g. Qo • dNn/dt , one can 
alw~ resort to plotting cumulative production values agalnst t:ilile and 
determining tangent slopes at various time. Bu.t the method to be used 
in the following portion of the note is to differentiate with respect to 
time eqs 6,9,10 and 12. 

Gas Rate Prior to Fill~. If one considers the sketch on page 5 
that represents the 11prior to illup11 case, it is instantly apparent that 
gas is being removed .f'rom the liqer at the same rate that water is entering 
t~e pattern. So, .f'or this case 

• 
C<lgBg> j • 1,,j (14) 

However, 1.t is instructive to see if this relationship can be developed 
.f'rom Eq 6 (or Bq 5) as the method of doing so will apply to developing 
the other fiuid rate equations. Starting with Eq 6 then: 

(Gp 'B~ ) J = \/Pi [ F ~ i - 'S 9 2 ( 1=- - I) J t= aw 

A :r V~ · F Sri. ct "o( J9 2. G! r!. c.ai l .S fo., 1 -I~ 
':" ) ) '? I/ 

Cic f3~).J· = ft_(r;pJ'35}J V13YS1i-"S,a(F-l)J 
c/ E.a.w 

T3" t 

.)Ip As~ 

~ ---of-r 
d\ld,·J 
Cl+- . , 

• "LwJ = \{J•ASw 

[ I-~ i - ~:a. ( F" - I) ] 

of.E~ 
:. 

(15) 

(16) 

At th instant that fillup is achieved there will be a major decrease 
in the gas production rate. This is because the gas was being produced 
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in accordance with the volumetric rate of advance of the oil-gas front 
and, after fillup, the oil and gas being produced is a f'\mction of the 
water-oil front advance rate. Th:l.s vill be handled in the next section. 

Gas Rate After Fillup. Equation 9 on page 6 gives the cumulative 
gas produced after ftliup. Thie can be written as: 

By i'ollowing the en.ct aame procedure as on the previous page ve get: 

-- (19} 

lOAt.1£, l1S'w ::::r ~W3 - ~w~ 

( cJ. ECLw) = s /o pc o'f a~al -Rlf.~~· c.; 
\ cf. \Id,;. CU-rV E • 

Equation 19 applies arty time after fillup ar the layer. Note that 
a sharp change in rate will occur at water breakthrough as this is the 
condition at which the slope of the areal efficiency curve changes unity 
to some smaller value. 

Oil Rate After Fillup. As pointed out previous~, the equation 
for the cUiiTUlative oil production is the same before and after water break­
through. Of course, before fillup the produced oil volume is zero. 
Rewritting Eq 10 in slightly different fonn, we have: 

(Np 'Bo)J = \~·(Soi. -So2) + VP.,-( So~- :So~) t:=a 41 (20) 

Again app~g the procedures shown on page 8 we obtain: 

( r,oBo )./ = ( Soe_ -..ro3) iw • (cf Ca_e;.u, .) 

~ .Sw J & Vele: J' 

Water Rate After Breakthrough. It is quite easy to see from 
Eq. 12 that the water rate equation after breakthrough is: 

(21} 

(22) 

In fact, it can be seen that before breakthrough this equation predicts 
that Qv • o. 

This concludes the development of the rate equations. It is 
apparent that the slope of the areal efficiency curve is an illlportant 
parameter, as are certain key saturation values and the injection rate. 
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If man;y calculations are to be made (10 ar more llcy'ere) it is probably 
best to fit simple equations to the efficiency curve and develop the 
slope by taking the derivative of the curve fit equation. When o~ a 
few calculations are to be made it is sufficient to construct tangents 
to the efficiency curve and determine the slope by that means. The 
tangent slopes are then plotted against Vdi for easy reference. 

Multilayer Behavior 

The basic method of calculating the behavior of a multilayer 
system is to apply the relationships developed for a single layer and 
add the results. Because the permeability of the layers are different, 
the fronts advance at different rates in the layers. In essence, the 
calculation boils down to keeping track of the water that has entered 
each layer and computing the layer outputs. 

The following illustrative calculations are based on four layers. 
It would be better to use more layers, say 10 or 20, but it is not done 
as it involves too nmch calculation. In the calculations all layers are 
of the same thickness, and have the same porosity. This is not necessary 
to the method as layers may have different thickness and porosity. They 
may also have different saturation values postulated in the different 
regions. But these are complicating factors and gener~ are not worth 
carry:ing out in a preliminary evaluation of a field prospect. 

•Injection 
+-well 

Layer 1 

Layer 2 

Layer 3 

Layer 4 

Producing l ~ 
well ~ 

700 md 

500 md 

400 md 

200 md 

Figure 5 shows the permeability of 
the four layer system to be calculated. 
The calculation sch~e is facilitated 
by placing the highest penaeability at 
the top and working downward. This, of 
course, may bear no resemblance to the 
real situation in the field. 

A tabular calculation format seems to 
work best. This will be illustrated 
on the following pages. The first cal-

Figure 5 culation will be for the condi ti.on of 
fillup in the first lqer. The second 

calculation wil1 be for 3 months of injection and the third for one 
year of injection. In each calculation it iJt assumed that the water 
entering a layer is proportional to the penneability , kj , of the 
layer. 
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1 • Condition - Fill up in Layer 1 

Hp • 0 J Wp • 0 ; F .. 4. 71 ; . Eao • 1.0 ; 4 Sw • 0.38 ; Sgi "' 0.12 
Sg2 • 0.05 ; Soi • o.58; 80 2 • o.65 J S03 • 0.32 ; Vpj • 7758o bbl ; 

Vdj • 29480 bbl. Pattern injection rate,iw • 450 bbl/dq 

0 ® ® © 

-£J ~~·/z~· EaoJ1 \kJ,·,,· (GpB5)/ (&~)J· 
700 013BS' 

1- -, 
LJ,_D_, 

S-oo o,c7B o. 71"/ 
'foo 0, Ze.2- o . .!'11 
~00 CJ,f// o,Z8b 

~ 1800 /,DO 1'-

0,212.. O,ZI~ ~eJ3 17J-
D,IJZ o,IJz '1"1-'7 /2.J-

0 I I 2. / 0 I / 2 I 3 J-7 0 ID 0 

O,MI o.c~ I 17?0 .,-a 
0 J~ b I lo 08 0 J./ f'"o 

I 

Kia far 1J1J~cirb:(" W<.' =- VdJ' E \/dlj = 0, J°¥~ • c ~¥/Jo 
= /~ 6 96 barr£/s 

~ . \-<// 
{ /111~ = --,- '!: 

(,Ml 
160 5'G:- = Jb det.;-s . 

"/ .J 0 

Ca./ctt.fa.-f-1011 l/o-/G~ ! 

@ Ea.c..>,/ = E.tt.c..// F 

© Fr'"on1 t=g Y-

G) Fro111 e7 I~ 
r - -, ==- s ta. .,-f, ·, 1 J vo. I UJ:.. • ·- - _, 

2. Condi.tion - 3 Months or Injection 

W1 s 450 • 91.25 a 41063 barrels. J Vpj a 77580 bbl; Vdj • 2948o bbl 

~Sw = 0.38 ; Soi• o.56 ; 802 • o.65 ; S03 .. 0.32 ; 8gi .. 0.12; Sgz • o.os 

0 ® @ @) © @ 

~';./~ 
~~t' (wJ' Vdi.J EOAJJ Ea.oJ' 

( d: eo.u.) 
fl Vo'.: J' 

o.389 t 7J- o,.J'fZ.. t:>,J'&f.c I I 

o,278 IE:.J- o.387 o,387 I I 
·o,22c. /00 0 1 309 c,3o9 I I 
o II I ~o 

... _ 
oi IJ./ 6, tJ'r o,72& I 

1.000 1-/ J'o '· 3/ 3 
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(j) ® ® @ (ij) 

l.A.':J~I"' (6p/3tj)/ (f~l;)/ ( Np!Jr))J ( io&)./ {Wp},l 

I 7.J-~ 3 Z3 B'i'fr /J-z 0 
2 6 '132 17 'I'/ 77 109 t '3 "'e9 / '?; 2 'f 8u 87 
'I- "IJ"'&,(,, * ~"* 0 0 

ef"''o /t13 /.J-'iO Z. e'/-S 0 

~I cu. lc.c.. T ion no -(Q~ ~ 
® Ea..oi = F· £0.auj f\_lon +ltei...-1 lo.fer 'I- "1Cl~ no+ (1ll~c/ '41'. 

@ E¢i.ubt (er 11.1/w, • O,J .. 8.J- 'E;na.lc:Hu--04~11 J,o.s no+ occal'Cc/ 

Ii) ~If /t:t.;ry, 
Ci)@ e -g ~ .t 17 -'']c.CC./"'f ~ /ca~I IDt..y,,.., LG.sf /&:crf&r c 6 ~ J l'f. 

@ @ t= 'i ~ /o L 2 o 

3. Condition - One Year of InJection 

Wi • 450 • 365 • 164250 barrels. See previous calculations for other 
variables. 

0 © '3,\ © 0 © 
~..:::; ( dcA,.., 

?w{ \lat'J Ea.wJ' Ol. V'at )/ (Gr Ds)l (f6 ~9)./ 
17J- Z.,tt.8 o,9J~ o,o" 9JC..3 l,Lf 

.---- /2J- /, J't./ 8 (), 8 :;7 o, IC.. 8910 c,O 

....... /OO 1,2-,re, o,SJ ... / cJ,Zo 87J2. .::.~ 

~o 0,bCO O, t.IJ- Q. 7J- 78 I (e. 4. 9 

J.f.JO ~41[e I /0,'9 

CT> @) ® @ 
Cal cu fa -f,o,, No 7£ z ~ 

(/\Ip 13.)/ (fo Bt1)/ ( \,Ip)./ ~"'J' 
. 

@ fr;i115q11-I- 11-1efliod 
/8':/'fZ.. 'f, I 3J-B/o /' tf,./-
177.3'1 13. 0 1'118 I 11 o,O ©© ~6;, 5><Tl'7 

ll-~[b 17, 'I II ~I Z. 8<J,O G)@) t:zs 10 t t:!.I 

1031'1 32. f.. ,, CJ 1a,J-
®A Ef~ 12.. <! 22. 

b31'fb 7c.C) ~~lez. 3'- 7, 0 
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~sults 
The one year of injection are quite interesting. Note that 

about 94% of the water entering the first l8i1er is being produced. 
Oil production from the first layer amounts to oncy about 13% of 
the total. The initial quantity of oil in the pattern amounted to 
161,366 reservoir barrels. At the end of this first year of injection 
a total of 63,146 reservoir barrels have been recovered. This is a 
a pattern recovery factor of 39%. The other thing to note is the 
current surface water-oil ratio. Assuming an oil fonnation volume 
fact<r of 1.1, the surface stock tank oil rate ie 65.5 STB/dq. The 
water producing rate is 367 barrels a dq. This means that the expense 
involved in treating 450 barrels per d8i1 ar injection water and lifting 
and disposing of 367 barrels a ~ of produced water must be met by 
income generated from the 65.5 stock tank oil barrels. 

0%2 can see from the f onn of the equations developed in this 
note that a relative si:mple computer program can be written to handle 
many 18\V'ers and many time step conditions. The assumption of layer 
injection rates proportional to their permeability is not the best 
that could be made. A separate set of calculations could have been 
made to handle the change in la;yer conductivity as the two fronts 
progress through the layer (Deppe•s method) but the general result 
would not have been much different. 

surmna.q of Equations 

1. Prior to Fll'.l.up 

(Gp 'B~ )j 

( '"t'J 13~) ./ 

(6) 

(14) 

2. After Fill up Bu'tBef'ore Water Breakthrough 

(6p 'Bs)• - VpJ· [ ~9~ - (1-1="a.w)S5e.] 
J 

( g~ l35)J• : Sgz iw • (el. Ea.w) • 
(S~ 3 -:s~t) :& of Vdl J 

( Nr B&))j - \/~. [So~ - CCU4.> S03 -(1- E~)soz.] 
( io 81))/ :::. { :5o2. .. Soi) , iw . ( ~ Ccit.J) 

(Sw3-.Sau~) · Vue: J 
3. After Water Breakthrough 

Oil and gas equations same as in 2, above. 

l-.lfJJ = WiJ - Vr:,· Ecu" ( s~3 -Sw_~) 

'iw/ ~ i.wj (I -( ~~:;)1 ) 
M.B. Standing 
February 28,1981 

(9) 

(19) 

(10) 

(21) 

(12) 

(22) 
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