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NOTZS Oll FLUID DISPLACEIZENT IN P030US ROCKS

1. Introduction

With few exceptions, production of petroleum reservoirs involves
one or more aspects of fluid displacement - that is, displacement of one
fluid by a second. Natural fluid displacement occurs, for example, when
water Iinfluxes into the reservoir and displaces oil, or gas, that lay orig-
inally near the hydrocarbon-water contact. A second example is the "drive"
or displacement of oil by gas as the gas comes out of solution in the oil
phase. The material balance methods presented in Section E allowed one to
evaluate, in the case of water influx, the amount and rate at which the water
enters the petroleum reservoir. This becomes the amount and rate at which
hydrocarbons are displaced in the invaded reservoir volume. To calculate the
invaded reservoir volume, one must have an appropriate value for the volumetric
displacement efficiency. This is shown by Equation 1.1.

WE = 7758 ¢ Vi = 'k (1:1)
where
Vi = reservoir volume invaded, acre-ft.
E = volumetric displacement efficiency, fraction
¢ = porosity, fraction
W = influx volume, bbl.

e

Material presented in this section concerns the evaluation of E
in the above equation. This is best done by considering that the volumetric
displacement efficiency to be composed of three other efficiency numbers with
the relationship:

E= ED . EA . Ev (1.2)
The internal displacement efficiency, E_, in Equation 1.2 represents
hydrocarbon saturation change within portions of ?he reservoir where fIuid
displacement has been in effect, per unit of initial hydrocarbon saturation.
That is: AS

h
E_=—"
D S, (1.3)
where
ﬁSh = hydrocarbon saturation change
Shi = hydrocarbon saturation at start of displacement

The areal displacement efficiency, E,, accounts for the fraction of
the reservoir that is contacted by displacing éluid, in an areal sense while
the vertical displacement efficiency, » represents the fraction of reservoir
that is contacted by displacing fluid, in a vertical sense. The product,

E, = E,, represents the fraction of the reservoir in which fluid displacement
has occured.

Basics of calculating internal displacement efficiency, E_, will be
covered in sub-sections 2 and 3. Areal and vertical efficiency con?epts will
be introduced in the fourth sub-section. Sub-section five will cover the
Dykstra-Parsons method of handling vertical efficiency. The last section
will list computer abstracts that pertain to fluid displacement calculations.
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2. Fractional Flow

We can say that a unit weight of any fluid at a given point has a
potential ¢. Insofar as subsurface flow is concerned, we usually are interested
only in the fluid pressure at the location and its position. Thus, we can say,

) ¢ =p + pgh (2.1)
where h is the distance above some arbitrary plane.

We know from basic fluld flow mechanics that:

E = - %- grad ¢ (2.2)
If we consider flow in the u direction, then:

[4. --3(2)

It is very important to remember that %% is a negative value; that is,

flow goes from high ¢ to a low ¢,

d _ lim a¢ _ lim 2-%

ﬁﬁ - - @ du Auwro  Au Auro u, = uy
do
The fact that o is negative is why
55 the - sign is placed before the k/u.
8| - ©

If we consider a linear section of

"R porous media inclined at angle o
i Lc'iﬁr' from the horizontal and in which flow
is going in the upward (u) direction,
we can write:

kp (d °n) ) [dpn ah |
[qn]u ™ w/ T Ty dw T Pp® Gu_ (2.4)

ko d Qo ko d Po 4 p g gh (2.5)
Bl 5 T aw /| T T W du o~ du
u o o
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where

flow rate per unit area
effective permeability

viscosity

pressure

distance in the direction of flow
density of the fluid
gravitational constant
= displacing fluid
= pil (displaced) fluid

o'me T Ccw e .0

m o
E_t:
oo

It might be well to inspect Equations 2.4 and 2.5 to see if they are
correct. Let's first consider the situation for a horizontal bed. Here a
is equal to zero. dh must also be equal to zero as dh = sin a . q, then has
du du
a positive value (flow towards the right because dpa is negative, and we have

two negatives. So we are alright with regard to gﬂe pressure gradient. Let's
now let dpD = o and consider only the effect of the bed dip. For the situation

du
illustrated dh, or sin o, is a positive value. . however, is negative (because
du
of the negative sign before the brackets) - which means that flow would be down
hill. This is what we would expect.

Since two phases are present and the interface between phases is curved,
we must include any effect of capillarity. We will arbitrarily define the capillary
pressure, Pc, as

Pc = Pp = P, (2.6)
It follows directly that
o T " 2.7
du du 3u =

Solving Equations 2.4 and 2.5 for the pressure gradients and putting them into
Equation 2.7 gives:

aPc = - 9p¥p - PpB sin o + Jo'o + p g sin o, (2.8)
T e * o
u “ 0



If we arbitrarily let

Ap = (pD - po)

pgi;oi‘ 19

(2.9)

and consider the two fluids incompressible, flowing at constant total rate, g,

qQ=4q, +q,

Equation 2.8 develops into:

oP qu 3
o 0
+ Apg s8in a - = q (——
ko D \ ¥,

du

qu

Dividing through by o and changing signs:

(o)

(2.10)

b5 e
¥p

k u

_q_D[1+-—°--—P-:' = 1- ko I:apc +Apgsinu,] (2.12)

q Yo kD q ¥, du

9p
As i~ fD = fraction of displacing phase flowing,
k [ 9P
1 - E_;; — Apg sin o
fD =

k ¥p
[1 + —ki . T] (2.13)

o

Equation 2.13 is completely general.
is a negative value.
manner of defining it in Equation 2,9,

If flow is down-dip, sin o
If gas is displacing oil, Ap is negative because of the
The equation as it now stands considers

oil as the displaced phase, but any displaced fluid could be substituted.

In the "normal" water-wet sand, the capillary pressure decreases as

one moves back from the flood front.

Y R W,

L b= N

- T T T T T T T Sal

w —

(See sketch).

Therefore, the sign of

aPc in Equation 2.13 is positive

du

as is the Apg sina term. 1In
other words, the usual situation
is that capillarity assists
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displacement in water-wet sands and reduces displacement in oil-wet sands.
However, because APC across reservoir distances of hundreds of feet is apt

to be only a few psi, the values of aPc in most instances, are so small as to
du
be negligable. Therefore, for BPclau, essentially zero:

k
l - ;Eﬁ Apg sin o
£ = 2.
D k ¥p
1 + =2 .« = (2.14)
ky ¥
k kro
As ku =k o kro and EE L ond Equation 2.14 can be written:
D rD
kk
£o Apg sin «
£, = ¥4 (2.15)
k u
1 + ro , D
rD 1’i:)
If k = millidarcys
bp = 1bs/ft3
uo, uD = centipoise
q = B/D/ft? cross section,
then [?.34(10‘6) kk_ bp sin a ]
£, = i Mol ; (2.16)
k u
1 + o . ..—D..
krD Uo

However, the more usual units of k = darcys
Ap = A specific gravity with respect to
water = (Ay)w

yield :
[0.488 k kro (AY)W sin o
w b X
) L (2.17)
1§ X8 S

krD l'lt:>
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Notice that both Equation 2.16 and 2.17 can, for a particular system, be

simplified to:

fD =

l-ak
O

¥ % Yxo . D

krD Py

(2.18)

Note that the values of a can be either positive or negative.

3.

Frontal Advance (Buckley-Leverett Equation)

We consider a linear flow system as shown of cross sectional area A,
porosity ¢, and thickness dx, and flow q barrels a day through it. £ is the

As the pore volume =

change rate of:

or

Integrating, this

dx

yields:

s

n
‘lrdx
)

5.615 4 ( dfp
A as,
5.615.q ( dfy )
A as,
5.615
- Xt T

D
fraction of q that is displacing
fluid and (fD - de) is the frac-

tion leaving. Rate (barrels a
day) of displacing fluid accumu-
lation in the element =

displacing fluild in - displacing
fluid out. .

=qfy-gqg (fD - de) (3.1)

= q df, €3:.2)

barrels, the accumulation causes a saturation

(3.3)

) dt (3.4)

D
t
fdt (3.5)
t=o0
d f
qt (E-S_D) (3.6)
: D .
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Equation 3.6 is very important. It says that the distance, Xg s to
D

which a plane of saturation, S_, moves to, having started from location X
is equal to a constant 5.615/¢ times the throughput per unit area, gt,
A

and the slope of the f_ wvs. S_ curve at the value of SD.

D

D

£Sp
/
} Mo\l or WK ey
£ G
_____ Sp¢
[

dSD

at about SD = 0.4. This saturation plane advances most rapidly per Equation 3.6.

df
From the left-hand sketch we can see that the maximum value of(—ig) occurs

Mathematical analyses indicate
that the shape of the S vs. x
curve can be modified at the nose
to give the following shape.
Location Xy is the displacement

front location. The displacing
phase saturation at the front is
- T Sp. S

2 D2.

A->

x
P
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Calculation of Average Saturation Behind the Front

Previous theory allows the computation of the SD - x curve. If we
consider the case where the B - L front has advanced to X¢, We can say that the
/ot the average saturation of dis-

placing phase, SD, behind the

front is equal to the sum of
areas A and B divided by Xpe

Area A + Area B

SD = % (3.7)
But
Area A = SD:E t X (3.8)
1.0
Area B = ]x dSD * (3.9)
Spe
As
x = Lﬁ&a( dfn) (3.10)
¢ ds
D
5 615- q L.0 (3.11)
Area B = .A j as .
: L B
B !
S r’ﬁ
Df
5.615 g fp @ 5y =1 (3.12)°
™~ Ad
I de
f. @5
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5.615q
Area B - Ad [(fn @sy=1) - (£ @ st)] (3.13)
As (£, @Sy =1) =1 and (f) @5 ) = f. (3.14)
- 5.615 q _
Area B o2 G- £ (3.15)

Going back to Equations 3.7 and 3.8 and replacing x_ by its equivalent

f

daf
_5.615 g D
*s A% ( ds ) (3.16)
D/

we obtain

)
¢ Df
f / (3.17)

(3.18)

D

at SDf) to fD

value.

Significance of Equation 3.18 is
shown by the sketch. The average
saturation S_ can be obtained by

extending the operating line (tangent
= 1 and reading the
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As the saturation change of the displacing fluid must be equal

to the hydrocarbon saturation change, the hydrocarbon displaced at breakthrough
will be:

: - g
(Sp - Spg) = Spg = Spy * 3t (3.19)
ds
D/
- 1
(SD - SDi) S (3.20)
D

£

Let's now consider how to obtain the hydrocarbon recovery after break-
through of the front. This wiil be the recovery during the subordinate phase of
production. To do this we picture the situation of the front having progressed
beyond the outflow face (or has continued past the producing well). Referring

/o to the figure, the outflow face
is at distance X, from the start,

while the front has progressed

to distance Xee It is immediately

apparent that we have the same
situation as when the front was
located at distance X There-

fore, without going through the
development, we can say:

c A > Ac ;Lf
After breakthrough

A« 5.0
3 = § +——Dc (3.21)

sDc Dc (dfn )
dSD

c
‘; c i1 As previously, the hydrocarbon
Pe Y i recovery will be:
] esretn
[ 1=£.0)
D = - _ Dc
E l Spe = Spy Spe = Spy * NEAW (3.22)
| . e
1 Soi | ds,
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Calculation of Injection Volume Required to Reach Average Saturation Conditions

The fractional flow equation and the Buckley-Leverett relation-
ships permit one to calculate average displacing phase saturation behind
an advancing displacement front from measured or correlatable reservoir
parameters. This in turn leads to the evaluation of the hydrocarbon phase
recovery and the internal displacement efficiency number, E.. The relation-
.ships to be developed in this section relate to the quantity of displacing
fluid required to achieve & given hydrocarbon recovery and to the producing
volume ratio of displacing phase/displaced phase at breakthrough of dis-
pldcing phase at the outflow face of the system.

Consider a segment of reservoir as

A indicated in the sketch. Let the

v, cross sectional area perpendicular
_.b‘-‘ | —> - - to flow be A square feet, and length

A > between inlet and outlet faces be

[ Xe 3 l X feet. The umit pore vclume, in

barrels is:
Ax ¢
v ===
p 5.615

(3.23)

Consider that at a particular time, V_ barrels of displacing
fluid has entered the unit volume. Assuming constant pressure prevails
during displacement an equal volume of fluids will be displaced from the
unit. The dimensionless pore volumes of displacing fluid will be:

v v

D D
Vip = vp Y x_ $/5.615 (3.24)

Equation 3.6 can be modified to fit the present situation by
writing it as:

df
L. _5.615 D
(xSD xo) X, vy VD (dSD ) (3.25)

Solving Equations 3.24 and 3.25 yields:

de
‘iD =1/ Eg; (3.26)
[ o

This relationship is important. It says that the reciprical of the slope

of the fracional flow curve at saturation conditions existing at the outflow
face is the dimensionless pore volumes of displacing fluid required to
achieve this saturation.

The relationship of average saturation between inflow and outflow
faces of the unit reservoir volume and injection volume comes from Equations

3.21 and 3.26.
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That is,

S. =8 + (1-°f

Dc Dc v (3.27)

Dc) iD

Note that one requires the saturation and fraction of displacing phase
flowing at the outflow face to use Equation 3.27.

Because calculations of water displacing oil are so frequently
encountered in reservoir and production engineering calculations, certain
of the above equations will be rewritten for the water+oil displacements.

x
Reservoir oil displaced = Vp (ASB) ¢ (3.28)
2]
A xc ¢ _ xc
"ses |G T Sw (323

Stock tank oil displaced/produced:
A x, ¢ — X '
Y seis s, |G Sw 00

Flowing water-oil ratio at outflow face,

£

£
WOR = % = ——¥2 (3.31)

oc wC

Surface producing water-oil ratio,
f B

wcC [
- S WE (3.32)
0 Q- fwc) B,

Surface water cut,

fwc/Bw F'H'O

fwc/Bw + (1 - fwc)/Bo 1+ Ewo

Cut = (3.33)

Injection time, . El ) iD . A x, [
i 56151
w w
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4, Mobility Ratio, Sweep Efficiency, Stratification

These three parameters are very important to the recovery of
hydrocarbons by displacement processes. Mobility ratio is fixed by the
viscosities and saturations on each side of a displacement front. Sweep
efficiency depends on mobility ratio and the geometrical relationship of
injection/producing wells (in injection projects). Stratification effects
are caused by permeability differences (usually in a vertical sense) in
the reservoir sections in which fluids are moving.

Mobility Ratio

The mobility of a fluid is defined as the ratio of effective
permeability to viscosity.,

F‘

A ===2 (4.1)
L
Note that effective permeability depends both on saturation and saturation
history, i.e., imbibition or drainage process.

Mobility ratio expresses something of the ability of a displacing
fluid to do an effective displacement. It is defined as the ratio of fluid
mobility behind the front to fluid mobility ahead of the front. For example,
the mobility ratio of water displacing oil would be defined by the relationship:

;\w kw Yo
o w (o]
5.
/ T ¥ il The sketch illustrates what 1s called
;/ ) "piston displacement." Only water is
AN, LroaTy ‘ @i/ flowing behind the front, and only oil
4 Wafe~ K _,éc is flowing shead of the front. The
Sw \46“\\\\ effective permeabilities for this sit-
NS A uation would be water permeability at
o \\ \\\k \ng-‘:: \\\\\\\\\ residual oil saturation and oil permea-

be &9‘“’ 2 de R 'c"“_’l bility at interstitial water saturation.

If more than one fluid is moving behind the front, as illustrated
in this sketch, it is preferable to use an effective mobility for the two
phase flow in region 2. 1In this instance:

l A '( -kz + 52 ) (4.3)
@l'iéc) \ o1l 2 u, o Wy
.y ( 3, )l 2
S (B Ses] © watuated sk i avwrage metirstion of
b\\Lx . thtﬁ region 2. .

i"Ecgﬂ:n 2 -l-k- Pcﬁu:n i -il
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The mobility then becomes:

Az k k k
1 Yo uo po

i Mobility ratios for most reservoir displacements range between
0.1 and several hundred. Displacement efficiency decreases as mobility
ratio increases.

Sweep Efficiency

The term "sweep efficiency" usually is used in connection with
patterndisplacements, although one can very well consider sweep efficiency
of, say, water displacing oil updip as a result of water influx. Other terms
are often used in place of sweep efficiency. Amoung these are areal dis-
placement efficiency (used in previous discussions), areal sweep, areal
coverage, coverage, area swept, and pattern efficiency. Regardless of the
term used, the purpose is to express the fraction of the basic area that has
been swept or processed by the displacing fluid at any particular time.

An example of areal sweep efficiency is

shown in the sketch. The shaded portion
- represents the area within a repeated

¥ five spot pattern that has been contacted

by displacing fluid injected at the center
well at breakthrough into the four producing
wells. As sketched, the areal sweep effi-
clency is about 0.7
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Areal sweep efficiency is a function mobility ratio, pore volumes
of fluid injected, and the geometrical relationship of injection and pro-
ducing wells, The chart immediately below (Figure 4.1) shows the areal sweep
efficiency at breakthrough as a function of mobility ratio for repeated
five spot geometry.

1'0 ‘ I IS0 RNAREERRNG podii pay) LOg g RBANT 90 1) o0l
. 1 4 B4 8 ERELLER 11 ATn Ty e el xvwh I
s 1AL Areal Sweep Efficiency
=‘_\0.9 s at Breakthrough vs.
g Hh Mobility Ratio
% o8 L Repeated 5 Spot
o L) PSS 62 P L -4
::: i LI T T ':_
[} | RN 15111 410) S W AL X §
[ [ g i
&0.7 1 : I H |.: ,-.[L.f F' : L _"
3 I HINLY RS LAY O ) B
= [HRRHI I 11 LT O O LAY q:
[ 7] { [ - :. M I1 S 1) RO 1|. uld. 4t 4
T ¥ 1 CEEL) Ak P I T
o 0.6 TT :I}% i bl ] L T 5 o
E i JiIF i " [t PR P (1] 1A v iy
< 11 M A Y Iii[ 1,;!:'.:':[3-! ::T 4
0.5 ,; it A b LI LY L P B T
P S A A
0.4 oot r FRAY AL R 4 ) L
0.1 0.2 0.4 0.6 1.0 2 4 6 10
Mobility Ratio -
Figure 4.1
PV Py Py
3 ar ' r ' r
o B
Y
o 0
o or ay
ar
an 0
w0
\ m% a0
A Mo OIS B Me 1O £ [ o] Me RAO
ar ar ar
“rm? KA
o2 [ T
o ol 1{" \
D ‘---.u B 173 4 HeTIB
e PRODUCING WIELL PN« PORL VOLUME INJECTED
K OINJECTION WELL BY, » BREARTHROUSH

Figure 4.2
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Figure 4.2 illustrates shapes of displacement fronts and areal sweep
efficiencies at breakthrough found by Haberman (Trans AIME 219 (1960)
264). Note the "dendritic" type of displacement encountered at high
mobility ratios.

Areal sweep efficiency continues to increase after breakthrough
of displacing fluid to the producing well, although not as fast as before
breakthrough. Figure 4.3 shows areal sweep efficiency values as a function
of displaceable pore volumes injected and mobility ratio. The "ticks" on
the 45° line indicate breakthrough sweep efficiencies.

A displaceable pore volume represents a volume consistant with
maximum saturation change of the displacing fluid. Thus, for water as
the displacing fluid, one displaceable pore volume is represented by:

VD = VR ¢ (ASW) (4.5)
max
where
VR = bulk reservoir volume, bbl.
¢ = porosity, fraction
) . wem -
T (1 o Swi) if no gas phase is present.
= (1- sgr - SDr - Swi) if gas phase is present
and displaced.
8 .8 = residual hydrocarbon saturations at infinite
gr’ “or
water throughput.
Stratification )

Variability of permeability in a vertical sense results in
lowering recovery of displaced phase for a given amount injected phase.
The reason for this is that the displacement process moves much faster
through high permeability portions of the reservoir tham it does through
the remaining bulk of the reservoir. As a consequence, breakthrough
occurs earlier (lower value of displaceable pore volumes injected) and,
if the mobility ratio is adverse, the high permeability "streak" continues
to transport a large proportion of the injected fluid to the producing wells
and effectively slows displacement in the remainder of the reservoir.

Effects of stratification on displacement processes are difficult
to predict mainly because we can make observations only at wellbores. We
have no direct knowledge of the permeable paths, or stratification into
layers, in the inter-well distances. However, experience has shown that
sands that show a large degree of variability of permeability in well cores
will give poorer flooding results than will sands that are more homogeneous.
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The adjacent sketch illustrates the

}3ucf-T elementary concept of displacement in
stratified reservoirs and the manner

of defining vertical displacement

efficiency, E . Depicted is a vertical

cross section through an injection well
and producing well. Injection fluid
has advanced irregularly as a result
of permeability variation in the section
e— x —= as indicated by the shaded area. Vertical
displacement efficiency is defined in
terms of the distance of furthest advance, x , and in this instance would be

the shaded area divided by the area h * x .

A method of evaluating E , for given mobility ratios and permeability
variation was developed by H. Dyksgra and R. L. Parson in 1948 and will be
looked at in detail in the next section.



SCHEMATIC OF EFFICIENCY

FACTORS

E =

Sue; in Volume A — Syc in Volume A

sHCi in Volume A

Z A Volumes
A Volumes +

B Volumes

2_ AVolumes + 7 B Volumes
Total Pattern Volume

6L o 6L 2d
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RESERVOARTEKNIKK TITI

DYKSTRA - PARSONS METHOD OF CALCULATING
LINEAR DISPLACEMENTS IN LAYERED :SYSTEMS

P g y i & ;
In this method an o0il reservoir is characterized as a layered
system and recovery is calculated as a function of the permea-
bility variation of this layered system and the mobility ratio.

Assumptions:

1. The reservoir consists of isolated layers of uniform
permeability with no cross flow between layers.

2. Piston-like displacement; that is only one phase is
flowing in any given volume element.

3. Flow is linear.

4. The fluids are incompressible; that is there are no
transient pressure effects.

5. The pressure drop across every layer is the same.
6 Mobility ratic, porosity, and fluid saturation are the
same in each layer. (This it not a necessary assumption

for the method but was made in the interest of simpii-
fying the calculations of coverage charts.)

Thegzz

It will be assumed that the reservoir may be thought of as a
series of layers piled one on top of the other. It may be true
that two adjacent layers have the same permeability. In general,
however, the absolute permeability will vary from one layer to
the next. In any given layer the permeability is taken to be
constant. In each layer it will be assumed that there is piston-
like displacement, i.e., cnly o0il is flowing ahead of the front
and only water 2ehind the front. This means that in any layer
all the oil is produced at breakthrough that will be produced.



46.

DYPARS pg 2 of 12

Consider first the determination of the velocity of the front in
any layer. By Darcy's law:

k dpP

Qs = = o 5% . (la)
uo X
k dP

qw = =N = (1b)
uw

Suppose the flood front is lccated at x,, and let AP, be the
difference in pressure betwéen the poin% %, and the Influx end
of the layer. Then

A i
1 (2)

The difference in pressure between the efflux end of the layer
and xl'is

AP - AP, _ (3)

where P is the difference in pressure between the efflux end of
the layer and the influx end. Hence

k (AP - aPl),

o
qQ = e — (%)
o Mo L Xy
When equations (2) and (3) are added:
Moq X p_q (L-x.)
wow 1 (o Jfe) 1 -
— * - = - -AP (5)
W . o

-

However, inasmuch as.the fluids are incompressible and only all
0il or all water is flowing,

q = q = 4q . . (6)

. 2 -k AP

Q% ¢4 . ny o (7)
v— %, *+ —— (L-x .
krw i i kro 1

It ic now desired'to find the ratio of the distance of advance
in one layer where x., = L, i.e., where breakthrough has just

occurred, to the int%rface position Xy in ‘any other layer with
a smaller permeability (see sketch). “The pressure drop will be
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——————————————————————————————————————— -1
kq L -
_________________________ 9
1
——'1
k2 xz L .
________________ -
k i,
3 %3 ¢!
b e e e
T 1
Ky 5 !
b e e e e e

assumed to be the same across all the layers. The ratio of rates
is given by

H H
W o
E—'_ Xl - k_ (L—Xl)
g ks rw ro
o rtE (8)
1 1w, Mg
rw ro
where k. and kn, are taken to be the same in each layer. But
dx. dx
_ 3. . _ 1
9 T g > YU T g (8)
Hence
H 8}
kl xl L ]-(‘9-" (L-»xl)
dx k. rw ro
._-__l = 4+ 1 (10)
dx ko
2 1 B Mg
W ro
To find %, it is nccessarv to integrate the above equation:
L
Iy v 1 ® T u
v fo) - 1 W -2 (T (11)
e W (L-x,)ldx, = + — Xz * o (L-x.)[dx 1
“ruw 2 kro 1 1 ki krw roe %
o) o
The limits are chosen so that both interfaces start off at the
inlet at the same time. It is desired to find the ratio xi/xl
when %y = Lis

Integration gives:

X
a + Mt = 4 E% [xZ + 2M(Lxg) - Hxi] (12)



48.

DYPARS pg 4 of 12

vhere
M = krw Yo
ol el
. ro W
On rearrangement:
Xi - ‘X- ko ) -
(1-M) [r—l + m[ii]— k—l (1L +M) =0 (13)
1

Solving this quadratic equation gives

X,
. M fL/;Z + Ei (1 - M2)

1l =
T R bl
When x; also refers to the first layer k; = k; and x; = L, or
_Mia '

Hence the minus sign must be chosen in equation (14). Thus when
the jth layer has broken through,

k.
2 f B
3. . M-% "'}"(—.-(l—Mz)

i D (162

.3
=
J

afr

wnich give:z trhe distance of advance of the frent in layer i having
a permeatility less tnan 3 when Jlayer j has Droxen through.

If in eguation (13) tne mobility ratio i is set equal
to one, then:

*

il

(17)

.

]
Jﬂwﬁ

This is just an expression for the basic assumption of the Stiles
method, that the ratio of the distances of advance in the various
layers is the same as the corresponding permeability ratio. Thus
the Stiles method will give the same answers as the Dyksira-Parsons
method when the mobility ratio is- unity.

It is now of interest to find an expression for the
coverage when the nth layer has broken through. The coverage is
defined as the fraction of the reservoir which has been invaded
by water, Let N be the total number of layers in the system.
Number the layers in order of decreasing permeability.
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When the nth layer has broken through, all the layers

with permeability greater than that of the nih

have broken through.

has advanced in the
broken through is

k.
M jv/;2 + L (1= m2)

X.
= n
il - M- 1
n
* X.
T
X L

i

layer will also

Hence the fraction of the reservoir for
which the layers have been completely flooded out is n/N.
remaining layers, which have permeabilities less than the nth
layer, will be only partially sweptl out.

The

The distances the flood

jth layer (j>n) when the nth layer has just

(1e)

(19)

is just the fraction of the jth layer which has been swept out.

The complete coverage is then just:

5, [

COVERAGE = j’; n (20)
or
k- \ =
M_JM2+EJ-(1-M2)
n
n+ ] (N = 1)
COVERAGE = 122 = (21)
but
IM = (N - n) M. (22)
i>n
Hence
. k - \
s (Nem)M 1 /:+ 31 - M2
n¥Sgr - g L k !
COVERAGE = J ‘;] (23)

The above formula makes it possible to calculate the coverage, or
fraction of the reservoir which has been invaded by water, when

" the nth layer has broken through..
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An expression for computing the water-oil ratio when
the nth layer has broken through will now be derived. When the
nth layer has broken through, only water is flowing in the layers
with permeability greater than that of the nth layer. The total
flow rate of water per unit breadth is:

Q s EHAZq = AZ XH :ﬁ&‘i .A_.E
¥ j<n ] 5<n Mo, L (24)

Only o0il is flowing out in the layers with permeability less than
that in the nth layer. The total flow rate of oil per unit
breadth is: .. £

Q, =82z JHqg s e

(e} ; " »:
n 3>n j o

Bquatlon (7) must be used for q44, since there is a front mov1ng
along in the layers where oil 1s flowmng out. Thus

= 5 Hk . AP _
Q=82 1 |-3 1 (26)
n j>n W [e) -
X: *+ — (L-x.)
| W J kro ]
i Hk, AP
Q. =4z § |- e E (27)
°n s%n M, X Mo 3w
: £ ¥ g B
rw ro

But equation (18) may be used for xj/L so that:

| - y 22 1
Qo,,=A2] |- = - (28)
' M-\/Mz+ —1(1-M’) —1+\412+F?-(17M2)
W 2 A
| B M1 J M-1
Hk krw AP _
ju L ’
Q, =% |- = = = (29)
o M-V Ll(1-m2) eV laen2) :
n : n
i H=1 ' H-1 i
Hi, Xy OP
Q =8z.§ |- IMy L (30)
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The water-oil ratio when the nth layer has broken through and for
layers of equal thickness is then: .

Z ka4

Q 3 3
WOR. = D = z . (31)
n Qon Z "'kj
j>n TR
v/%* - El (1 - 42)
g n .

This expression can be used to calculate the water-oil
ratio when the nth 1ayer has just broken through. The produc1ng
water-oil ratio F;, is then given by By tlmes the value given by

. equation (31), or

- 'Fwo = B0 x WOR | ;

The cumulative oil recovery, Np, is calculated from the
following equation:

7758 Ah¢C (S . - S_) Ea '
Np = S B Ol or - (32)
Q

where Ah is area thickness product in acre-feet
¢ is fractional porosity
C is coverage from equation (23), or from charts
S_. and Sof are initial and residual oil saturations

Ea is areal sweep efficiency '™
B, is oil formation volume factor.

The calculation of the recovery as a function of time
will now be considered. If the Fuo is plotted against the recovery
on rectangular coordlnates, a curve would be obtained which looks
something like that in the following sketch.

]

wo

- -. RECOVERY =~ - 5
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Now the water-oil ratio, F,, is given by

o’
aw
dw :
F = ﬂ_v.{ = dt_ . ..-N..E. ’ . (33)
w? 30 de d p . .
dt

#here W_ is the cumulative water zrcduced. The guestion can then

e askeg, w“hnat does the area under the ! V5 reccvery curve

represent? The area is just: o
| Np Np aw
AREA. L & (FWO)dNP = a\-—— = \\IID (3"‘ )
o p =

Thus the area under the curve is just the water produced up to
?hﬁfgiven recovery NP' The water injected W; when the recovery
is Np is just:

W. = W_+ B + W

3 B oNp {35)

F

Wr being the volume of water required for fill-up and is equal to
7758 Ah¢(89i-5 r)- The time required to reach a given recovery
is just: 9
v
TIME,; £ = = (36)
w
where iy is the water injection rate (assumed to be constant).
Thus by finding the area under the Fyo-Np curve up to a given
Np, it is possible to obtain curves for the cumulative water
injected as a function of Fyo and the cumulative production as a
function of time. To find the production rate it is only neces-

sary to divide the differences in recovery by the corresponding
differences in time.

Coverage Charts

The above equations hold for an arbitrary permeability
distribution. Dykstra and Parsons wanted to obtain generalized
curves in which the permeability distribution could be charac-
terized by a single number, so that engineers would not need to
perform the rather long calculations necessary to compute the
Fwo-Np curve. To obtain such generalized curves, they assumed
that if the percentage of the permeabilities greater than a given
value was plotted ggainst that permeability on log probability '
paper, a straight line results. They characterized this ‘straight
line by the permeability variation which was defined to be the
median permeability minus the permeability at 84.1 cumulative
percent, this' difference divided by the median permeability. The
permeability variation essentially measures the slope of the
straight line. Only this permeability variation is necessary to
characterize the distribution as far as the calculations are con-
cerned. The reason for this is that the magnitudes of the permea-
bility are not important, inasmuch as oniy ratics of permeabilities
appear in the calculations. Thus it was possible to calculate
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curves giving the coverage as a function of the permeability variation and
mobility ratio for any given water-oil ratio. These calculations were
made and put in the form of two charts in the original paper as Figures 9
and 10 for water-oil ratios of 1 and 25. Since the time, computers have
become available and made it possible to make calculations covering a wide
range of water-oil ratios. New coverage charts have been prepared recently
and are now available covering a WOR range of 0.1 to 100. A set of 10
charts are included with this write-up.

Correlations of Recovery with Coverage

In the original paper, a correlation was presented (Figure 11)
of a "recovery modulus" and coverage, C. The recovery modulus is defined as

R [].— Sw (WDR)—O'z] , where R is the fractional recovery of the original

oil. Coverage, C, is a function of WOR and also of permeability variation
and mobility ratio. The correlation was based on results of laboratory
core floods and gave best results for initial oil saturations lying between
45 and 60 per cent. The correlation was particularly useful in estimating
a recovery factor when oil saturation were assumed to lie close to the
range meutioned above.

C. E. Johnson (Trans AIME 207 (1956) 345) was able to siwplify
use of the correlation by constructing charts for WOR's of 1, 2, 5, and 100.
On these charts, lines of constant recovery modulus values are plotted as
functions of mobility ratio, M, and permeability variation, V. These charts
are shown on pages 100 and 101. The procedure is to find the value of reccvery
modulus from the appropriate Johnson chart and, knowing the water satucation,
Sw’ calculate the fractional recovery, R. Stocktank oil recovery can theu

be calculated from the relationship:

EA * R

_ 7758 Ahg S_.

P B,

Proceaure for Using the Dykstra-Parsons Method

The steps for calculating recovery with the aid of the coverage charts
is as follows:

1. Assemble permeability data in descending order. Calculate
"percentage equal to or greater than" for each entry.

2. Plot percentage against log permeability on probability paper.
Calculate permeability variation from

kso - Kg4.1
Kso

¥y =
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3. Calculate mobility ratio,
M= Po

By Ko
L. From charts get coverage, C.

5. Calculate recovery from the followingsequaticn:

Np - 7758 AhCC (Sg; - B ) E,
.Bo

6. Plot mp vs F,g-

7. Integrate NP - F,o curve graphically to get WP.

8. Calculate Wy o= wF + NPBO + wp'

9. Time in years is given by
il
e x 365 ¢

10. Calculate oil and water rates from

1,

By + Fwo

q°=

Qy = quwo:'or 4, = i, - Boa,

REFERENCES

1. Dykstra end Parsons, API Sec. Rec. of 0il in the U.S.,.p.lGO

2. Johnson, Trans AL 207, 345 (1955).

2nd Ed, 1950. -
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Notes on Predicting Pattern Performance
During Water Injection Operations

Reservoir engineers are oftem called upon to estimate the profit-
ability of water flooding a given property or reservoir. There are a
number of methods described in the literature that can be used. Each
method involves several assumptions about the sub-surface reservoir
behavior and each has a different degree of complexability in carrying
out the calculations. The Higgins-lLeighton method, for example, is so
detailed that it can only be used in conjunction with a large computer,
It problbly offers the better solution, however, all things being equal.
Simpler methods, capable of being carried out with hand-held calculators,
often offer solutions (predictions) sufficiently accurate for preliminary
evaluations of the flood and may, in certain instances, be sufficiently
accurate for use as the final prediction method.

The method described in these notes falls in the second catagory.
It is relative simple and straight forward and can be handled by desk
calculator. It models a multi-layer pattern flood with provision for
the displacement of gas ahead of the oil bank as well as displacement
or oil by the injected water. The primary assumptions in the method
are these:

1. The reservoir volume to be flooded (pattern) is handled as
a group of layers with no cross flow between layers. Thus,
it is similar to an assumption in the Dykstra-Parsons
method.

2, Within a given layer there are no saturation gradients behind
the two fronts. This means that the displacement is piston
like (or leaky-piston) in nature, This also is similar to
an assumption of the Dykstra-Parsons method. However, one
can develop a similar method that uses a Buckley-Leverett
type of displacement.

3. Water intake into each layer is proportional to the layer
injectivity at the time (which changes in each lgyer as the
flood progresses). However, to simplify these notes and
concentrate on describing the displacement process model
involved, it will be assumed that the layer injectivities
are constant in time and proportional to the kh product
of the lgyer.

The first section of the notes will describe the behavior of
a single lgyer of the model. Later sections will describe the
process of combining the behavior of all layers to yield the desired
pattern behavior. Field behavior, which invols superposition in time
of a number of pattern behaviors will not be covered in these notes.
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Single Layer Behavior

The geometry of the segment of reservoir to be considered is
that of a developed 5-spot pattern con-
sisting of one production well at the center
and four injection wells located at the
corners. This is illustrated in Fig. 1.

To simplify description behavior in only

% of the pattern (cross-hatched area) will
be considered.

Figure 2 illustrates layering within
the unit volume, As indicated previously,
no cross flow of fluids occurs between
lgyers. This means that water entering a
given layer at the injection wellbore

@
WW/A@/X///‘% remains in and displaces hydrocarbons from

® that layer.

Figure 2

Figure 3 illustrates location of two
displacement fronts in a given (j) layer
prior to fillup., At this point only free
gas has been produced for the layer. The
area processed by the injected water is
labled Region 3 and has an areal coverage
value of Eg,. Region 2 is an area which
contains oil that has been displaced from
Region 3 plus some residual gas remaining
from the displacement at the oil-gas front.
The areal coverage factor of the oil-gas
front is Ego. Region 1 contains initial
saturation conditions.

Region Region Region
o8 10 o ' ®lo 0 &0

¥ /7&5 fron

! o

s g |« less | of = le=]

+i .- s

f [ oil » oil - "&' oil

d g 5

+ 3 3 L

d ) e “a‘ ;

w water o water Wh water
1 | ° 1 i T
Figure L a Figure b ' Figure hc

Figure L, above, illustrate several saturation-distance situation
along the diagonal connecting the injection and producing well is Fig 3.
In the field, pressure increases from the producing well to the injection
well, Gas that is left behind the oil-gas displacement front is consequently
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compressed and taken into solution in the oil in Region 2., Thus there is
the possibility that the gas saturation = distance profile should look
somewhat like that in Fig Lha. On the other hand, not knowing how far
back_in Region 2 gas saturation exists it is easier to assume saturation
profiles like those of Fig Lb or Lc. Figure Lb assumes residual gas
saturation exists all the way through Regions 2 and 3, while Fig lc
assunes that residual gas remains only in Region 2, Some small diferences
in pattern performance result from how the residual gas phase is assumed
to 1ie. Figure Lb is often used and results in the easiest analysis of
the pattern behavior, Figure lc seems a little more in keeping with
postulated field behavior and will be the situation used in these -notes,

Considering the situation pictured in Fig 3 (prior to fillup)
the oil and gas displaced from Region 3 must be in Region 2 or have been
produced., Gas originally in Region 3, or part of it, could have been
produced but oil from Region 3 must still be in Region 2. In terms of
the areal coverage factors Egy and E,, and a volume balance of the
displaced oil phase we can compute tﬁg relative areas processed by the
two fronts as follows:

Given ! _
Eaw™ ®Rrea /ncleded 1n /&‘;m'n L

Ea.o" Ea_w = &amwa l'n cluded Ve &ﬁﬂﬂﬂ <
(A 50)3-"-'- ol/ 5(’-7“&f¢1.7(f'0h cﬁan?:_J B&Jon 3
(415'5)2 = ;as SaTierntion cﬁau;;r_ , Rgior

Eaw (U3%.); = (Fas~ Faw)(dSy). (1)
This kacds Yo .
- (43,)
&«° _ I = |+ :
Law ~ C"ﬂsﬂ}a i

Equation 2 is completely general. Nothing has been said about the
shapes of the two displacement fronts or of the mobility ratios that
pertain to the fronts. K

In general, the mobility ratio at the oil-gas front is apt to be
quite low - probably less than 0.1, while the water-oil mobility ratio
at the water-oil front is apt to be greater than one. Each mobility ratio
can be calculated from the saturation conditions considered and the phase
viscosity ratio.

Areal coverage factars, E;, for a number of standard patterns
(5-spot, 9-spot, direct line drive, etc.) are available in various forms
in the literature (see, for example, SPE Monograph #3 on waterflooding).
The attached chart shows 5-spot values determined by Caudle and Witte,
(Trans ATME 216,(1959) LL6). While not shown on this chart, E, values
for mobility ratios less than 0.15 are, for practical purposes, unity.

The term, displaceable pore volume, used in waterflood calculations
is defined as the unit pore volume multiplied by the maximum achievable
difference of water saturation in the area processed by the injected
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water. Thus, for a single layer of the S5-spot pattern illustrated in
Fig 1, the displaceable pore volume, V4, amounts to

Va(bbl) = 7758 A h # A S, (3)

where
A = pattern (layer) area, acres
h = layer thickness, feet
@ = layer porosity, fraction
A Sy = (Sy max = Syi) in Region 3
- (1"301-“831\-8"1) in Region 3

The term displaceable pore volume injected, ¥4, is, of course,
the volume of injected fluid divided by the displacegtle pore volume,

Vai = Wy /Vg (L)
when the injected fluid is water.

To 11lustrate some of the calculation procedures involved in
predicting pattern behavior it is helpful to use specified values for
variables in the calculations. In the following calculations the
pattern is assumed to be a S-spot and the following factors.

Pattern area, A = 10 acres
Pattern thickness (total) = 16 feet
Number of layers = L (equal thickness of L feet)
Porosity, @ = 0.25
Mobility ratios =
Mo =2 (water-oil front)
Mo = 0,1 (oil-gas front)
Layer permeabilies,kj = 700,500 40O, and 200 md.
Saturations, S

Region Sy So Sg
1 0,30 0.58 0,12
2 0.30 0.65 0,05
3 0,68 0.32 0,00

Injection rate, iy = 450 barreles per day
The above values result in the following values for Vp, Vg, and F.

Vp(pattern)=.711€ Ah ¢ = 7708 10:/6-0,28"= Flo3¢o bbl.-

=3/6320 (0.6E8-030)= /11522

Ve (Palleri) = Vi @d9u bb1

Gy = 4/ = o4& b4 ]
= . FLae _ 4%, (edB-08) _ 4 4

= Eaw (45)~ (e,/2~0,07)

.., = w¢ = YJo « 3647 7,39 jeor ylay
<y A/af //79&2 o /‘
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At this point it is well to develop equations for the cumilative
products produced from the layer and their rate of production at various
times, To do so we will consider three situations. these are:

1. Prior to fillup. Only gas is being produced

2, After fillup but before water breakthrough. Both
gas and oil phases are being produced.

3. After water breakthrough. Both oil and water
phases are being produced.

The first set of equations are for the cumilative productions removed
from the layer. Separate equations™ for rates will be developed later.

1. Prior to Fillup - Only Gas Production

-~ Gp Bs The basic approach is a volume balance on

; the gas phase; i.e., the produced volume is equal
to the original volume minus what is still there.
Refering to Fig lLc, it seen that original gas
saturation is in Region 1, residual gas saturation
is in Region 2, and zero gas is in Region 3.
Consequently, the gas phase volume balance is:

(Gp Bj)J‘ — vP.f l:SgL = (}"' Ea.o) 35; = (Ed-o “Edw):58] (5)

where

Sgi! Sg, = original gas saturation wvalue
Sgz = gas saturation in Region 2

Because pattern efficiency charts only provide Egy values Eq 5 can be
modified by recalling that Ezo = F Egy (eq 2,pg 3). Also, noting that
Region 1 contains the original gas saturation so that Sgi and S,, are
the same, Eq 5 developes into: &

(6pBo);= Voi Eauy [Fsgi-" Son (;--:)] (6)

Equations for oil and water phase productions during the "prior
to fillup" regime are, of course:

(NgBo)y = O Q)
(WpBw)J =0 (8)

At this point let's consider an example calculation of the
gas produced at fillup from one of the layers described on page k.
Under these conditions:

Em =1 : Egy = Ego/F=1/F =1/4.T1 = 0,212
From the 5-spot chart.for Egy = 0,212 and M, = 2. vdij = 0,212
Therefore, Wjj = 0,212 Vgy = 0.212 » 29480 = 6250 barrels.
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(GrBs5); = 7776c c0.212 (4.71+0.12 = 371-0.087)  (£36)

= GCHS™ b/,

' : = Wi ceyo _
[Fodwciiiy Time | t = TJ-HM.: e

Note: The slight difference of 5 barrels between the water

injected and the produced gas comes from round-off errors. They should
be the same, of course.

o da? 3,

2. After Fillup but Before Water Breakthrough

P Gp By During this production phase gas is still being
NpE. produced because of expansion of Region 3 and the
fact a gas saturation change occurs at the water-
® oil front. 0il is also being produced because of
/’(’@ the expansion of Region 3.

Jr/ 7 The gas volume balance can be obtained directly
'\w_ from Eq 5 by noting that Ezy = 1. Or, looking at
£ the sketch at the left, it can be seen that:

(('?ij)J' = VPJ' [Sgi — (!"an)sgz] (9

The cumulative oil production comes from an oil volume balance,
Refering to the sketch above, it can be seen that:

As we have specified that water breakthrough has not yet
taken place the water production equation is still

(WpBy)y = O (11)

An illustrative use of Eqs 9 and 10 is as follows: what will be
the reservoir gas and oil cumulative productions when the layer has
been produced for 100 days?

W, = ?J?J/a/ oo = /2SO bavrels.

Vs = 8L HES | o sps

Fron e -spet clart ,"r" Voo =0,3EC ) £q.,~70,382
- (Gp&;); = 77580 [e.12 = (1 -0,382) 0,00 | = C9/Z barzls,
(Wpbs); = 773780 [o.J'E' ~0,382-0,32- (1—0.355)0,4.;—]

— Y349 banz/ls.
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3. After Water Breakthrough

After water breakthrough there is still gas
production because Region 3 is increasing in
size and the gas saturation change at the water-
oil front., 011 phase is being produced because
of the diminishing size of Region 2.

As can be seem from the sketch at the left,
there is really no difference insofar as the
gas and oil phases are concerned, than the
situation depicted on the previous page. Only
the relative sigzes of Regions 2 and 3 are different. Therefore,

Egs 9 and 10 are valid for this pericd.

The volume balance on the water that has entered the lgyer and
that remaining is simple. The produced water volume is:

Woi = W — Vp.* Eaw(Sws=Swi)  (12)

There is some question as to whether the water quantities in Eq 12
should not contain the water formation volume factor,By; . It

is more correct to include it but as it is usually very close to
unity it often is omitted.

An alternate equation that can be used to calculate produced
water comes from a volume balance of all fluids in the pattern, that is:

ij = Wi.‘) - (NPBO)J - (GpBg);] (13)

To illustrate the after breakthrough production equations let's
calculate the lgyer production after one year of injection.

Wﬁaj i ‘:‘J'b/q L 3¢1T = Hroe2 baresls
#1062  _ /393

Vot = 29 4&o
FFron A= spetl clhert for Wyo = 439 ; 1Muwy= 2,
Eayy =0,€789.

" (G 39),;' - 77Jfgo[o,f2" (z-o,s?v)o.o\f']

~ &840 barrsls, (B ¥}
(NeBs)i = 77080 [orE-0,879- 0,32 I 0F17)0.60"]
= 17073 barel, (&5 r0)

Wp.= 4/063 — 77480 -0.€72(0.68-0,30)
= /5/50 bame/ls
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Layer Producing Rate Equations. Up to this point the equations have
been for the cumulative volumes of reservoir gas, oil, and water produced
from the layer as functions of time or cumilative water injected.
Ordinarilly one is equally interested in the rates of production of oil
and water (not so much far gas) during the flood as these values are
used to size equipment and calculate income to the project. As rate is
the time derivative of cumlative production, e.g. g, = dNp/dt , one can
alwgys resort to plotting cumulative production values ag t time and
determining tangent slopes at various tims. But the method to be used
in the following portion of the note is to differentiate with respect to
time egs 6,9,10 and 12,

Gas Rate Prior to F:.llug If one considers the sketch on page 5
that represents the '"prior to fillup" case, it is instantly apparent that

gas is being removed from the lgyer at the same rate that water is entering

the pattern. So, for this case

However, it is instructive to see if this relationship can be developed

from Eq 6 (or 8q 5) as the method of doing so will apply to developing
the other fluid rate equations. Starting with Eq 6 then:

(GpBg); = Ve[ Fi- Sge (F-1) | Eaw (6)
As Vp,‘, F, Si @nel Sgz GrE corrstants
Cg‘ J) a{f_Cgpbe = l/gIFsgi*S&a(F-I)]
. &[an f
T (15)
J Eﬁwd' D( Eq wJ' 5( Vo{cjﬁ o
bt = oAV el W
C{Vdu e 2(_ W(:J. . | . ?"w )
ik (¢ ~ dt VidSsw ~— V45w ¢
Therefors. .

Vo LFoi- 352 (F-] iy dfau
(%9 25)) = Ve A T
As 435, = [l—&-L—q-;=(/——1)] awcl &t
Small values of Faw ol Eaw _ , wr 5‘—"‘

af Vde
(2?85)., = '24”'

17

At th instant that fillup is achieved there will be a major decrease

in the gas production rate. This is because the gas was being produced
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in accordance with the volumetric rate of advance of the oil-gas front
and, after fillup, the oil and gas being produced is a function of the
water-oil front advance rate, This will be handled in the next section.

Gas Rate After Fillup,  Equation 9 on page 6 gives the cumilative
gas produced after fillup. This can be written as:

(9pBs)i = Yoy (Spi-%p2) + Vei gz Faw' O
By following the exact same procedure as on the previous page we get:
S . E

Whre 43, = Swi — Swi

[ Eaw) _ s al 2lfictte
()= sewe 22l ey

Equation 19 applies any time after fillup of the layer., Note that

a sharp change in rate will occur at water breakthrough as this is the
condition at which the slope of the areal efficiency curve changes unity
to some smaller value.

0il Rate After Fillup. As pointed out previously, the equation
for the cumilative oil production is the same before and after water break-
through. Of course, before fillup the produced oil volume is zero.
Rewritting Eq 10 in slightly different form, we have:

(NoBs); = Vigi(Sei-Soz ) + Vp(Sop=Sop) Faw (20
Again applying the procedures shown on page 8 we obtain:

Bl = M.{N-E’E‘ﬂ'_“‘ 21

Water Rate After Breakthrough. It is quite easy to see from
Eq. 12 that the water rate equation after breakthrough is:

(Fu); = 2'“,;(1— d’f"”) (22)

e Voo

In fact, it can be seen that before breakthrough this equation predicts
that g = O,

This concludes the development of the rate equations. It is
apparent that the slope of the areal efficiency curve is an important
pargmeter, as are certain key saturation values and the injection rate.
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If many calculations are to be made (10 or more layers) it is probably
best to fit simple equations to the efficiency curve and develop the
slope by taking the derivative of the curve fit equation. When only a
few calculations are to be made it is sufficient to construct tangents
to the efficiency curve and determine the slope by that means., The
tangent slopes are then plotted against Vg3 for easy reference.

Multilayer Behavior

The basic method of calculating the behavior of a multilayer
system is to apply the relationships developed for a single layer and
add the results. Because the permeability of the layers are different,
the fronts advance at different rates in the layers. In essence, the
calculation boils down to keeping track of the water that has entered
each layer and computing the layer outputs.

The following illustrative calculations are based on four layers.
It would be better to use more layers, say 10 or 20, but it is not done
as it involves too much calculation. In the calculations &ll layers are
of the same thickness, and have the same porosity. This is not necessary
to the method as layers may have different thickness and porosity. They
may also have different saturation values postulated in the different
regions. But these are complicating factors and generally are not worth
carrying out in a preliminary evaluation of a field prospect.

yinjection Producing 4 Figure 5 shows the permeability of
“well well — the four layer system to be calculated.
The calculation scheme is facilitated
Lager 1. 700 md by placing the highest permeability at
the top and working downward, This, of
course, may bear no resemblance to the
real situation in the field,

A tabular calculation format seems to

Layer 2 500 md

Layer 3 L0OO md

Layer L 200 md work best. This will be illustrated
on the following pages. The first cal-
Figure 5 culation will be for the condition of

fillup in the first layer. The second
calculation will be for 3 months of injection and the third for one
year of injection. In each calculation it ie assumed that the water
entering a layer is proportional to the permeability , kj , of the
layer.
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1. Condition - Fillup in Lagyer 1

B, =03 Wy=0; F=ULTl; Egpo =1.0;45,=038; Sg =0.12
Sge = 0.05 5 Soi = 0.585 Spz = 0.65 3 Sgy = 0432 ; Vo3 = 77580 bbl ;
Vgqj = 29480 bbl. Pattern injection rate,iy = L50 bbl/day

® @ ® @ © © @

_,é ¥ ,é_,'/ Za‘j' fao J £ aw,' W'y (C';P Eﬁ) J. (83 BB)J.
700 ©,389 /.0 0,212 g,212 ¢eJ3 174"
oo 0.276 o, 1%  O0.82 0,NZ  y4e? 25"

‘oo @22 oSN 9,021 p,12l 390 /eo
_ 2oo o, 0,286 o,061 o0,£6! 1790 J0
— lSeo /, 00 o J4e /6080 )

Wa ter MJ-'CC'{EA: W = VdJ' Z, Vd“J‘ = 8,J¥g S5 4Eo
= /6696 barrels
W/

L - B . /6096
Tite = s o = J3é& da.?s.

Calcalation 1j6tes i

@ Fawy = Eao)/F
© From £g v

® From £y L

i J‘far'ff;)j Vn./l-l-(. ‘

L P |

1

2. Condition - 3 Months of Injection

Wy = LS50 « 91,25 = 41063 barrels. ; Vpj = 77580 bbl ; Vgqy = 29480 bbl
DSy = 0,38 5 Soi = 0,58 5 Sgp = 0,65 3 Sy3 = 0,32 5 Sy = 04125 Sgz = 0,05

Q) @ ® @ ® ©
x:,f}_ (w) 'éh:j EMJ. Eaoy ( é{—lgf# ) oy
0.329 17397 od4Z Y2 / (
0.278 124" 0,387 0,387 / /
0,22& /00 0,309 6,309 / /

o /! 50 o, /181° B,  o,72& (

/,000 H{o 1,393
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@ ® ® @
Layer (GpBs); (%B5), (Webo); (&), (Wp);
! 74733 23 E44s ne' o)
{; 6932 17 Y477 /09
s g g d S
gitéo /63 Nye2 246 o

@/Cu/c&.?‘/on noYes :
() Eaoj = F+ Lawj NMofe +hat fcv.aa‘r' o had not filled up.

©® Eawbt fcr JM e = ONE™ Brmkﬁa.roujh has rnot occared
&rl 4 /a‘ >,

@B Eg 35417 exccp? fer las¥ /a.f..a_ Las# /a—;,tr
@@ E?J /6 & 2o

1

Ez G, 4.

3. Condition = One Year of Injection
W; = 450 ¢ 365 = 164250 barrels, See previous calculations for other
variables.
® ® ©) at‘(‘:'?w @ <
%o i Ve, Law, ( Aae )J‘ ( Gp 55).!' (?9 BS)J
174~ 2,168 6. 9¥e o,66 9123 /4
red /3% c,E27 [ Y s &910 e, 0
/00 1236 ©.8J 0,20 g732 e e
Jo Q, 620 o, e~ 0. 28! 4.3
45O 3¢ E/ r0:9
® @ @ . calcetation NoTs *
(n !Pﬁ‘)f (Z° ﬁ")f ( We wy’
18942 2, | 2 Ero P @ 7Tan 9«?:/7‘ method
17734 /3,0 /9181 1100 ®OO@ Fgv 7 E7
1376 12,4 /42 o0 (I Egs '° i
/031¥  32.& "9 /e Py e
L3146 720  L6d2z 3670 @@ S 2 £
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sults

The one year of injection”are quite interesting. Note that
about 94% of the water entering the first layer is being produced.
0il production from the first layer amounts to only about 13% of
the total. The initial quantity of oil in the patbern amounted to
161,366 reservoir barrels. At the end of this first year of injection
a total of 63,146 reservoir barrels have been recovered, This is a
a pattern recovery factor of 39%. The other thing to note is the
current surface water-oil ratio. Assuming an oil formation volume
factar of 1,1, the surface stock tank oil rate is 65,5 STB/day. The -
water producing rate is 367 barrels a day. This means that the expense
involved in treating LS50 barrels per day of injection water and 1lifting
and disposing of 367 barrels a day of produced water must be met by
income generated from the 65,5 stock tank eil barrels,

One can see from the form of the equations developed in this
note that a relative simple computer program can be written to handle
many layers and many time step conditions, The assumption of layer
injection rates proportional to their permeability is not the best
that could be made. A separate set of calculations could have been
made to handle the change in layer conductivity as the two fronts

progress through the layer (Deppe's method) but the general result
would not have been much different.

Summary of Equations
1. Prior to Fillup

(GpBy); = Vpj Eawi[Fosi- (F-0)ssz | ()
( %9 Bg)y = T (14)
2. After Fillup MBafore Water Breakthrough
(G,, Bﬁ)' = VP [59:. - (l-— Ea.u) Sga2 ] (9)
J
Bg)y = S92 iE:w
(% Ps), Guz-5i) % v ) A

(Nf: ﬁo J' = VHJ' ):Joé - EQ,«J 503“(1-511&0)50&] (10)
o s (Joz-JoR_) Fo d Faw 21
(e Be) = (Sw3z=Swi) Chw ol Vi )J' @)
3« After Water Breakthrough

0il and gas equations same as in 2, above.

Wp; = Wi~ Vi Eaw (Sws ~ St (12)
Q) = Tuy (1 _(??T) ) (22)
M.B. Standing

February 28,1981
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Fraction of Producing Stream
Which is Injected Material vs.
Repeated 5 Spot.

Displaceable Pore Volumes
Injected and Mobility Ratio.
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CSD Petroleum Industry Course

Displacement Problem 1

(This problem pertains to the displacement of o0il up-structure by an
influxing aquifer. The problem is to be solved using the Buckley-Leverett method).

The sketches below illustrate a section of reservoir in which water is advancing
up-structure as a result of pressure reduction in the o0il band section. To simplify
this problem two assumptions will be used : (1) the initial water in the oil zone
amounts ta 32% saturation and is constant with height. To say it differently, we will
neglect any effects of the initial transition zone saturation. (2) water breakthrough
into the 1lst 1line well occurs when the front reaches the elevation of the well.

In other words, we will neglect effects of '"cusping" of water into the well.

Q
Q
" )
9 _
¥ I bet— 4 = £ &
W I & o ! /.(-°
S ot 34 e 3 g i
(Y | o] tg
° _+_I_+ l—o— 279/, S /d"'f
M f |
t‘ 0 |_4_ G Fame lSF/”"e_ /1‘)/0 gﬁs.bb
< 5
\_\ ‘/ A {O ;50
R ol e— /320" / Md
Cf/-waler ccryﬂch"”r - «1</,. .
figeere [ hfzo Figure 2 .
Flan View of “Wendow' Section A-A 1n “Window
"Ifindow" Data Relative Permeability Data
Window length = 2600! . .
Window width = 1320! Sy krosimb  kry/kro] imb
Formation thickness = 20!
Formation dip = +35° 0.30 0.725 0,0000 (Siy)
Porosity = 0.235 0,32 0.615 0.0195
Permeability (abs) = 100 md 0¢35 0.470 0.072
Up-dip flow rate at oil=- 0.0 0.315 0,280
water contact = 750 Res,.bbl/day 0.l5 0,210 0.790
Fluid Saturations 0,50 0.133 E.Ogo
. . = 0,55 0,077 «750
Siy 2 0305 St - 0.32 0.60 0,036  11.85
Soi = O gL - 0.65 0,012  33.50
Fluid Properties 0,67 0.007  55.53
= 1,27 By = 1.02
= 1,16 cp Py = 0.38 cp

fo = WS Ww/etd oy = 65 1b/ft3
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Displacement Problem 1 Cont.

The oil that is displaced up-structure by the influxing aquifer water will
presumably be captured by the o0il wells. When the water-oil front reaches the
elevation of any well there will be an instantaneous jump in water-oil ratio
(this is because we are considering only one layer - the jump would be more grad-
ual if many layers were considered). We are, of course, interested in the amount
of o0il that can be recovered from the invaded volume (cross-hatched area in Fig 1)
as we continue to produce the wells. The items to be calcplated are:

¢D) How many barrels of stocktank oil will be displaced from the invaded
volume ( and recovered) when the front first breaks through into the first line
well ? What fraction of initial oil in this volume does this amount to ?

(2) What will be the surface producing water-oil ratio immediately
after breakthrough ? Assuming that the well ontinues to produce at the same

total fluid rate, what will the stocktank oil rate be ?

(3) When the first line well's cut reaches 95 %,what will be the amount
of o0il recovered from the invaded volume ? How long (years) will it take to reach
this cut ? ( Consider that the the aquifer influx rate into the window remains
constant at 750 reservoir barrels per day.)

-,

¢ 177 ,aj ;Qur' A
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Displacement Problem 2

(The purpose of this problem is to illustrate the application
of the Dykstra-Parsons method to evaluating the water flood potential

of a depleted reservoir).

Calculate the expected production (cumulative) of oil, water
and gas as a function of time using the Dykstra-Parsons coverage
charts. Also calculate the oil producing rate, bbl/day , as a function

Qo , bbl/D

Permeability of 1L core
samples are as follows:

Core Air Perm.
md,

3 O

AN
10
82
170
105

L7
19
70
20
22

38
63
42
1 135

[ O —y
WN = OVOO=I0 NEWN =

of time. Prepare a plot of the produced
quantities and the oil production rate as
illustrated by the sketch at the left. Base
your calculations on a reservoir pore volume
of one million barrels and a constant inject-
ion rate of 100,000 barrels a year. Assume
that all gas will be displaced (fill-up) from
the unit before any oil production is achieved.
Carry out your calculations to a producing
water=-oil ratio, Fyo , of 25,

Data for the calculation are these:

Initial gas saturation, Sgi 0.15
Initial oil saturation, Sgi 0.55
Initial water saturation, Sy 0.30

Residual gas saturation, Sgp 0.05
Residual oil Saturation, Spp 0.28

0il viscosity, p, 2.0 cp
Water viscosity, ay 0.5 cp
- oia form, vol, f&ct.,Bo 1.21
Water form, vol, fact., By, 1.01
Relative water permeability,
km at (Sor + Sgr) 00225
Relative oil permeability,
Bbl pore volume, Vp = 7758 Ahg 6
= 1(10°)

Water injection rate, i, = 1(105) bbl/Yr
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Displacement Problem 3

(This problem illustrates the calculation of fluid production
volumes and rates from a four-layer 5-spot pattemn.)

A — Regions _
| 20 acres Saturations 1 2 - 3
Water, Sy 0.28 0.28 0,85
0 Oil, éo 0.62 0.68 0015
G&S, Sg 0.10 ooo,-l 0000
’ £ 1.00 1,00 1,00
Figure 1 krw(at Sop, Region 3) = 0,655
4 Ly = 1000 B/D kro(at Syi + Sgy, Region 2) = 0,498
\ A A = 20 acres Y, = 2.66 cp
_ .. -} h = 36 feet Yy = 0,70 cp
o
> 375 md 1S Pattern injection rate, i, = 1000 B/D
1t 235 md ? Assume layer intakes proportional to
Figure 2

Use the above daba to calculate the following parameters:

(1)
(2)

(3)

The injection time (days) required to obtain fillup in
second (375 md ) layer,

The injection time (days) at water breakthrough in the
first (650 md) layer, and the cumilative production(s)
at this time

The following quantities at 5 years of injection.
a. Cumilative water injected, Wj
b, Cumlative stock tank oil produced, Np
¢. The oil production rate, q,
d. The water production rate, Qy

Guide Answers
(1) 77 days

(2) 186 days; N? = 91212 STB
(3b) N, = L689TY STB
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Solution Displacement Problem 1
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Solution Displacement Problem 2
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Solution Displacement Problem 2
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Solution Displacement Problem 3
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