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ABSTRACT 

A theory is presented for calculating the performance his­
tory of complete water-drive systems producing from idealized 
stratified formations. The general equations are applied to 
systems where the permeability stratification is either of the 
exponential or linear type. Calculations were carried through 
for different degrees of permeability stratification, but with 
special emphasis on the effect of the mobility ratio between 
the produced oil and the invading water on the resultant 
performance. These results are also expressed graphically as 
curves for the initial water breakthrough recovery, for the 
different degrees of stratification, as a function of the mobil­
ity ratio, and of the composition of the produced fluid stream 
as a function of the cumulative oil recovery. For several typi­
cal cases the latter has also been plotted as a function of the 
cumulative oil and water throughflow. The general result is 
that when the mobility of the oil is lower than that of the 
invading water the channelling tendency resulting from the 
permeability stratification becomes aggravated as the higher 
permeability zones become flooded out. Situations of this 
type would obtain when producing low gravity or highly 
viscous oils. Conversely, if the mobility of the oil is high com­
pared to that of the invading water, the flooding of the high 
permeability zones will lead to a retarding and choking effect, 
and the gross bypassing phenomena will be partially sup­
pressed. These conditions would correspond to those of flood­
ing high gravity or low viscosity oils. A discussion is given 
of the various basic assumptions made in the analysis, includ­
ing that of ignoring the stripping phase of the production 
history as implied by relative permeability concepts. 

INTRODUCTION 

The physical ultimate recoveries from oil reservoirs are 
basically determined and limited by the physical oil displace­
ment processes associated with the reservoir producing mech­
anism. In practice, however, the economic ultimate recoveries 
are further limited by the mobility of the reservoir fluids and 
the uniformity· and continuity of the producing formation. In 
fact, it is the differential depletion between the component 
parts of the composite reservoir which ultimately determines 
the total recovery at the time of field abandonment. While this 
observation applies to both the solution gas drive and gravity 
drainage mechanisms, in which use is made only of the energy 
contained within the original oil-bearing reservoir, it is of 

1References given at end of paper. 
Manuscript received in the office of the Petroleum Branch December 27, 

1949. 

even more paramount importance under operations wherein 
the energy associated with extraneous fluids provides the 
ultimate oil expulsion mechanism. Whether the invading fluid 
is the water from an edgewater drive, water injected for pres­
sure maintenance, gas injected for pressure maintenance, or 
gas returned to the formation in a cycling program, it is often 
the continuity and uniformity of the producing section which 
will control the economic efficiency of the operations. 

The importance of the problem of reservoir non-uniformity 
does not, of course, lessen its complexity or the difficulties 
of its solution. In fact, these are inherently such that the con­
cept of a "general" solution is virtually meaningless. About 
all that can be reasonably hoped for is the analysis of specific 
and well-defined types of non-uniformity which may give some 
degree of approximation to actual reservoir conditions. Since 
variations in the nature of the reservoir which depend only 
on the position along the streamlines will not lead directly 
to major differential depletion development within the reser­
voir, the types of non-uniformity considered thus far have 
involved stratification assumptions. That is, the producing 
section has been replaced by a multi-layer "sandwich," each 
uniform areally, and differing from the others only in its 
basic physical constants as to thickness, porosity and perme­
ability. The fluid motion in the composite system is thus 
approximated by a parallel superposition of the independent 
fluid movements in the individual strata. 

For the specific application to cycling operations the theory 
of the effect of permeability stratification has been developed 
for both discontinuous' and continuous types of permeability 
stratification. Among the latter, treatments have been given of 
systems in which permeability distributions are governed by 
exponential, linear' or probability' functions. In all these 
studies complete dynamical equivalence was assumed between 
the injected dry gas and the displaced wet gas. The overall 
effective permeability of each stratum was therefore consid­
ered as constant and independent of the degree of invasion 
of the injected fluid. 

In the case of the displacement of oil by water, the assump­
tion of dynamical equivalence between the water and oil will 
be strictly valid only by accident. Even if the oil viscosity 
should be the same as that of the water, the effective perme­
ability to the oil in the presence of the connate water will in 
general be quite different from that of the water behind the 
water-oil interface flowing past the trapped residual oil. As a 
result the effective permeability for the stratum as a whole 
and rate of water invasion will change with time as the 
intrusion continues. The differential fluid motion in the indi­
vidual strata will thus also vary with time. Qualitatively, it 
is easy to predict the resultant effects. If the permeability 
to viscosity ratio of the invading fluid exceeds that of the fluid 
displaced, the stratification and bypassing effect of the perme-
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ability variation itself w:ill be accentuated. Conversely, if the 
permeability to viscosity ratio of the invading fluid is less 
than that of the fluid displaced, the rate of fluid advance in 
the mQre permeable strata will become increasingly retarded 
as the invasion continues, and the channelling tendency will 
be reduced. It is the quantitative aspects of these phenomena 
which require detailed analytical treatment and will be the 
subject of the following sections. 

GENERAL THEORY 
A little consideration will show that even for a single uni­

form stratum the history of the fluid motion when the invading 
and displaced fluids are not dynamically identical will be 
extremely difficult to determine. In fact, thus far only the 
cases of simplest geometry, namely linear, radial and spherical, 
have been quantitatively treated! General well pattern effects 
are necessarily ignored in such simplified approximations, 
and the produced fluid is assumed to change suddenly and 
completely to the invading fluid when the latter first reaches 
the producing wells. The effect of incomplete pattern sweep 
efficiency has been taken into account in the study of cycling 
operations in formations with exponential permeability dis­
tributions! It can also be formally included in a general 
theory of the composition history. of the production from strati­
fied formations even when the invading and displaced fluids 
are not assumed to be dynamically equivalent. From a prac­
tical standpoint, however, the resulting analysis is virtually 
intractable. 

The only theoretical treatment thus far reported on the 
recovery of oil by invading water in undepleted stratified 
formations without ignoring the differences in mobility 'be­
tween the oil and water is that of Dykstra and Parsons." A 
discrete layer analysis was used in this study, and a prob­
ability permeability distribution was simulated by proper 
choices of the individual permeabilities of a 50-layer subdi­
vision of the composite section. In this paper will be given 
the general formulation of the problem for continuous per­
meability distributions, and this will be applied specifically 
to the expQnential and linear distributions. 

If it is assumed that the permeability-saturation character­
istics of all the strata in the composite section are the same 
and that the residual oil saturations behind the water-oil 
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FIG. 2-THE VARIATION OF THE RATIO OF MAXIMUM TO MINIMUM 
WATER BREAKTHROUGH RECOVERIES IN EXPONENTIALLY STRATIFIED 
MEDIA WITH THE STRATIFICATION RATIO, r, FOR THE LIMITS OF INFI­
NITE AND VANISHING MOBILITY RATIOS. 

interfaces are the same, as well as the oil saturations in the 
uninvaded areas,* the rate of water invasion or oil production, 
in reservoir volume, for any unit thickness lamina at depth z, 
of homogeneous permeability k, will be expressible as: 

Q(t, z) = k F(kt} (1) ** 
where the function F(kt) expresses the effect of the displac­
ing fluid invasion on the overall resultant permeability, and 
the factor k accounts for the absolute permeability of the 
lamina. The cumulative throughflow to the time t will then be: 

Q(t,z)=k 
t 

J 
0 

(2) F(kt) dt . 

initial water breakthrough will develop when the total 
throughflow equals the volume of clean recoverable oil in the 
lamina, i.e., when: 

Q(t, z) =AS/= k 
t 

J F(kt) dt 
0 

(3) 

where A is the initial oil productive area, S the areal sweep 

efficiency, and f the net displacement porosity, i.e., the prod­
uct of the porosity and the increase in local water saturation 
in the water invaded area or decrease in oil saturation. Since 

by Equation ( 3), AS 7 is evidently a function only of kt, it 
may be formally inverted so as to give: 

-.r-( ASJ) 
t(breakthrough) = --­

k 
(4) 

where '¥ is the inverse of the integral of Equation ( 3). Equa­
tion ( 4) shows that the breakthrough times will in general 
be inversely proportional to k, as in the case of cycling oper­
ations where the differences between the invading and dis­
placed fluids are neglected. 

The cumulative recovery from the whole section of thickness 

•These assumptions of uniformity, together with that for f below 
are made both for reasons of simplicity and the Jack of any well estab'. 
li~hed a'ternative assumptions. Actually, however, the method of analysis 
given here could a 1so be applied if these parameters were taken as 
variable with depth or k, although the formal analysis would become 
considerab!y more complicated. 

**While the product kt is indicated in Equatien ( 1) as the basic e]e. 
men~ of the arg!'!"ent F. to emph!'size the ro!e played by a potentially 
varying permeability, it 1s the ratio of le to the viscosity which is ac­
tually the important dynamical variab1e. 
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H, at a time t befere breakthrough, will then be, as a fraction 
of the recoverable oil in the reservoir, 

_ H t H _ 

Q(t) = J kdz J F(kt}dt/ A J fdz (5) 

and that at initial water breakthrough will be: 
_ H ktb H_ 

Q(tb)= f dz J F(r)dr/A J fdz 
0. 0 0 

(6) 

where t" is the breakthrough time in the highest permeability 
layar, as defined by Equation (4) for k = k(z =HJ. It is 
assumed in Equations ( 5) and ( 6) , and in all the subsequent 
analy~e,, that the various permeability strata have been rear­
ranged in increasing sequence from z = 0 to z = H. 

After the first water breakthrough in any individual stratum 
there will be a gradual rise in water-oil ratio as the initial 
water cusps expand and ultimately completely envelop the 
producing wells. The history of this latter phase of the oil 
production will evidently depend on the well pattern, field 
geometry, and relative producing rates of the wells. While 
its effect could be formally introduced into the general theory, 
there is little point in such a generalization, since the assumed 
functional form for this phase of the history would neces­
sarily have to be quite specific and arbitrary and would not 
warrant the additional laborious computations required for 
its numerical evaluation. Accordingly, it will be assumed 
hereafter that the production in any layer is converted to 
100 per cent water as soon as there is any breakthrough at 
all.* This is equivalent to setting the pattern sweep efficiency, 
S = 1 in Equation ( 3), etc. 

Proceeding to the period after breakthrough in the most 
permeable layer, i.e., for t > t", the fractional oil content in 
the total fluid production will then be: 

Zo J k(z)F(kt)dz 

R"(t) 
H 

(7) 

0. 
f k(z)F(kt)dz 

*This simplification involves the further assumption that there is no 
"subordinate phase" or stripping of the residual oil behind the advancing 
water-oil interface. This will be further discussed later. 
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FIG. 3 - THE VARIATION OF THE OIL CONTENT IN THE PRODUCTION 
FROM EXPONENTIALLY STRATIFIED WATER-DRIVE RESERVOIRS WITH 
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FIG. 4 -THE VARIATION OF THE OIL CONTENT IN THE PRODUCTION 
FROM EXPONENTIALLY STRATIFIED WATER-DRIVE RESERVOIRS WITH THE 

CUMULATIVE RECOVERY, FOR ;;; = l; Q = CUMULATIVE RECOVERY, 
AS A FRACTION OF THE TOTAL RESERVOIR DISPLACEABLE RECOVERY. 

r =STRATIFICATION RATIO; ;;; =(MOBILITY OF DISPLACED OIL)/(MO­
BILITY OF INVADING WATER). 

where z0 is determined by the condition: 

k( z
0

} = '¥( Af} 
t 

(8) 

and represents the depth to which breakthrough has already 
occurred. 

The cumulative oil production as a fraction of the total 
recoverable oil in the reservoir will then be: 

_ H _ Zo t H _ 

Q(t)= [A J fdz + J k(z)dz J F(kt)dt]/ A J /dz 
Zo 0 0 0 

(9) 

If the permeability included in the net productive section 
has a non-vanishing lower limit, the production phase gov­
erned by Equations (7) and (8) will terminate after break­
through in the tightest layer, as determined by Equation ( 4). 
Under the assumption of 100 per cent pattern efficiency, i.e., 
S = 1, this will necessarily terminate the whole oil production 
history, although in practice a limiting value of R 0 will gen­
erally control the state of abandonment. 

The Function F for Linear Flow 
As a practical matter drastic simplifications must be made 

in applying the general equations developed above. As a first 
step a functional form must be derived for the function F. 
For this purpose the case of an ideal linear system will be 
assumed here as was done by Dykstra and Parsons," since 
anything more complex which might be of practical signifi­
cance would be virtually intractable from a strictly analytical 
standpoint. 

It may be shown that the rate of throughflow per unit cross 
Eection at any time t in a linear system in which a liquid ( w) 
is displacing another ( o}, may be expressed as: 

*EQuation (10) can be derived by applying the analysis given in "Flow 
of Homogeneous F:uids Through Porous Media," §8.3, for two-fluid 
linear encroachment systems. 
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FIG. 5-THE VARIATION OF THE OIL CONTENT IN THE PRODUCTION 
FROM EXPONENTIALLY STRATIFIED WATER-DRIVE RESERVOIRS WITH THE 

CUMULATIVE RECOVERY, FOR ;;;- = 10; Q = CUMULATIVE RECOVERY. 
AS A FRACTION OF THE TOTAL RESERVOIR DISPLACEABLE RECOVERY. 

r =STRATIFICATION RATIO; ;;;- =(MOBILITY OF DISPLACED OIL)/ MO­
BILITY OF INVADING WATER). 

where mw, m 0 are the "mobilities" for the displacing and dis· 
placed fluids, L the total length of the system, l:;p is the 
driving pressure differential, which is assumed to be con-

stant,* and [is the net displacement porosity. The mobility 
is defined as the ratio of the effective permeability to the vis­
cosity. By reference to Equation ( 1) it follows that the func­
tion F is given by: 

(11) 

The cumulative throughflow per unit cross section to the 
time t will be, on integrating Equation (10): 

JL r Q(t,z) = 1-
1 7ii' 

Tii )am,t J . (12) 

The time for breakthrough is obtained by setting Q(t,z) 

equal to [L, and is found to be: 

I+m 
to = (13) 

amw 

To proceed further it is necessary to specify the nature of 
the permeability, k or mw, distribution.** Here, too, one .must 
make, as a matter of practical necessity, a further simplifi­
cation in considering that the mobility ratio m is a constant, 
independent of the absolute permeability. As to the perme­
ability distributions themselves, the exponential and linear 
distributions will be analyzed in detail. 

*It is also tacitly assumed throughout this work that at all times the 
pressures are above the bubble point, corresponding to a complete water 
drive operation of an undersaturated reservoir. 

**Under the assumption that the relative permeabilities both ahead and 
behind the water-oil interfaces are independent of the homogeneous fluid 
permeabilities, the distributions of the latter, as given by Equation (14) 
or (21), will apply also to the effective permeabilities and mobilities which 
enter directly in the analysis. 

EXPONENTIAL PERMEABILITY 
DISTRIBUTION 

As in the case of the previous• study of cycling operations 
(m = 1), the exponential permeability distribution will be 
taken in the form: 

k = kmln e"'fH; b =log T (14) 

where km•n is the minimum permeability, at z = 0, rkmin 
the maximum permeability at z = H, H is the net thickness 
of the section and, as already indicated, the various strata 
are considered to be rearranged in a monotonic sequence 
increasing with depth. The parameter r defines the particular 
exponential distribution of interest, and will be termed the 
stratification ratio. It will also be assumed that there is no 
cross flow between the strata, which will not be strictly true 
unless the vertical permeability is zero, and that the net 

displacement porosity f is independent of k, which also will 
represent an approximation assumption. 

Under these assumptions the total throughflow from the 
whole section at a time t before any breakthrough has <level· 
oped, as a fraction of the total recoverable oil, will then be 
given essentially by integrating Equation ( 12), as: 

1 H 
Q(t)= /· [1-\fl-

(1-m)H 
] dz 

0 

I - \f 1-(1-irt' )t/rtb ~ 

1 \fl-(l-'fff)t/to-1 1 \fl-(l-irt')t/rtb-1 J 
- - log + - log-======--

b \f 1-(1-m')t/tb + 1 b \f 1-(1-m')t/rtb + 1 

where th is the time of initial breakthrough, 
(1 +m} 

(15) 
as given by: 

(16) tb=-----
ar mw min 

mw min corresponding to kmin• 
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FIG. 6-THE VARIATION OF THE CUMULATIVE RECOVERY, Q, IN EX­
PONENTIALLY STRATIFIED WATER-DRIVE RESERVOIRS WITH THE MO· 

BILITY RATIO ;;;, TO FIXED VALUES OF THE WATER-OIL RATIO Rw, 

AND FOR FIXED VALUES OF THE STRATIFICATION RATIO r. Q = 
CUMULATIVE RECOVERY AS A FRACTION OF THE TOTAL RESERVOIR 

DISPLACEABLE RECOVERY. ;; (MOBILITY OF DISPLACED OIL)/(MOBIL­
ITY OF INVADING WATER). 
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At this time Q will have the value: 

Q(t.) =/In [ 1-~ i ni-\ll-{l-m
2
)/r r 

1 m-1 1 y'l-(l-m")/r-1 1 
- - log--+ - log-::=====---

b m+l b y'l-(1-m'}/r+l 
(17) 

After the initial breakthrough the cumulative fractional 
recovery will be, on applying Equations (10) and (14) to 
Equation (9) : 

- Zo 1 Zo 

Q{t) - 1 H + {1-m)H J [1-y' 1-{l-m)amwt ] dz 

T 1 = 1-r----log =-- [ 2im-y'1-(1-m')t/r r 
t (1-:m)b 

(18) 

where Zo is the value of z above which there has been water 
breakthrough at the time t, and t = t/t". The water-oil ratio 
will be: 

zo 
f k(z)F(kt)dz 

- Q., - 0 
Rw - - - ------

Q. H 
f k{z)F{kt)dz 

Zo 

(l-m')(t-1) 
(19) 

It will be readily verified that form= 1, as may be assumed 
for the case of cycling operations, Equations (17)-(19) re­
duce to: 

l'wjL' 
1); tb = , 

rf;;pk,..;,,(eff) 

[ 1 ~ +log t ] 

i 1 
Rw = 

1-t/r 
(20) 

which agree with those derived for this case previously. 

Fractional Cumulative Throughflow 

FIG. 7 - THE CUMULATIVE OIL RECOVERY HISTORY VS. THE TOTAL 
FRACTIONAL CUMULATIVE WATER AND Oil THROUGHFLOW IN EX­
PONENTIALLY STRATIFIED WATER-DRIVE RESERVOIRS FOR DIFFERENT 

VALUES OF THE MOBILITY RATIO, ;;:; = (MOBILITY OF DISPLACED 
OIL)/(MOBILITY OF INVADING WATER). IN All CASES THE STRATIFI­
CATION RATIO= 20. 
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FIG. 8 THE VARIATION OF THE INITIAL BREAKTHROUGH RECOVERY 
IN LINEARLY STRATIFIED SYSTEMS WITH THE MOBILITY RATIO OF THE 

INVADING AND DISPLACED FLUIDS. Q(fb) = FRACTION OF TOTAL 
DISPLACEABLE OIL RECOVERED AT TIME OF INITIAL BREAKTHROUGH, 

fb. ~ = (MOBILITY OF DISPLACED OIL)/(MOBILITY OF INVADING 
WATER); r = STRATIFICATION RATIO OF ASSUMED LINEAR PERME­
ABILITY DISTRIBUTION. 

On the other hand, in the limit of m~oo, in which the in­
vading fluid (water, mw) has a negligible mobility as compared 
to that displaced (oil, m0 ), Equations (17)-(19) reduce to: 

2 1 µwfL2 

Q( tb) = -(1 - ; t. ' 
b y'r 2rf;;pk.,.;,,{eff) 

- 1 r 2 -
Q(t>t.) = 1-b log l + b(l-y'l/r), 

(l -1) 

2(1- y't/r) 
(21) 

And in the converse limit of m ~ 0, where the resistance to 
the invading fluid is negligible as compared to that displaced, 
the water-oil ratio will rise precipitously to infinite values 
immediately after initial breakthrough, and the total frac-

tional recovery Q will he essentially that at t", as given by 
Equation (17) form= 0. 

The values of the fractional flooding recovery at the time of 

first water breakthrough, Q{t.}, as given by Equation (17), 
are plotted vs. the mobility ratio m in Fig. 1 for fixed values 
of stratification ratio r. As previously anticipated, for m<l, 
i.e., when the mobility of the displacing fluid (water) exceeds 
that of the fluid displaced (oil) the bypassing tendency is 
accentuated and the breakthrough recovery is reduced. Con­
versely, when the mobility of the displacing fluid is lower than 
that displaced, m> 1, the continued entry of the former in the 
higher permeability strata will automatically retard itself and 
the breakthrough recovery will he increased. These effects 
increase with increasing stratification ratios r. The ratio of 
maximum breakthrough recovery, form= oo, to the minimum 
at Tri = 0, is plotted vs. r in Fig. 2. The total maximum range 
of the effect of the mobility contrast is 3.26, for r = oo. 

Because of the rapid buildup of the water production after 
initial breakthrough, especially for m < 1, it is difficult to 
devise a satisfactory graphical representation of this later 
phase of the production history in terms of the water-oil 
ratio Rw. It has been found preferable to use as an index the 
percentage of oil in the composite fluid stream, in reservoir 
measure. This quantity, denoted by R.,, will he given simply 
by 1/(1 + Rw), and is plotted vs. the cumulative fractional 
displaceable oil recovery, for fixed values of stratific.ation ratio 
r and several values of mobility ratio Tri in Figs. 3-5. 
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The starting points of the curves of these figures represent 
the initial breakthrough recoveries. The general shifts of the 
curves, for mixed m, to the right as r decreases, are of course 
to he expected apriori. It is of interest to note, however, 
that whereas for m<l, Fig. 3, the systems with lowest break­
through recoveries, greatest values of r, have the steepest 
initial rates of fall in oil content of the flow stream, the con­
verse is true for m>l, Fig. 5. Moreover, whereas for m<l, 
the curves tend to he initially concave upward, they ultimately 
develop steep slopes, for all mobility ratios m, as the oil con­
tent of the flow stream becomes small and complete flooding 
develops throughout the reservoir. 

Figs. 3-5 show that the differences in ultimate oil recoveries 
for reservoirs with different stratification and fluid charac­
teristics will he considerably lower if the operations are con­
tinued to low oil contents than at initial water breakthrough. 
Thus, for m = 0.1 the recovery at one per cent oil content in 
the well stream will he only 30 per cent greater for r = 2 
than for r = 100, whereas the breakthrough recovery for 
r = 2 will he 3.7 times as great as for r = 100. For m = 10, 
the recovery at one per cent oil content for r = 2 will exceed 
that for r = 100 by only about two per cent, as compared to 
a ratio of 2.4 at initial breakthrough. Similarly for r fixed at 
20, the breakthrough recoveries for iii = 10 and 0.1 are in the 
ratio of 2.2, whereas the recoveries at one per cent oil content 
are in the ratio of only 1.06. 

The variation of the recoveries to fixed water-oil ratio, Rw, 
with the value of iii:, for several values of r, is plotted in Fig. 
6. Here again will he seen the effect of increasing mobility 
ratio iii: in improving the resultant recoveries. It will he noted, 
too, that the recoveriec; are more sensitive to iii in the range 
m<l than for m>l. The gross comparative positions of the 
curves reflect the degree of reservoir stratification and the 
limiting water-oil ratios to which the production is continued. 

The oil recovery vs. total throughflow or production history 
can he calculated from the relation (valid for 1 < t < r) : 

V(t) = Q{t) + 1+m: [ t. 

2mb 
1 - log t ] . (22) 

where V { t) is the cumulative total liquid production, in res­
ervoir volume, expressed in units of the total displaceable 

reservoir liquid content. Q(t} is the cumulative fractional oil 
recovery given by Equation (18). A typical set of production 
history curves calculated by Equations (22) and (18) are 
those plotted in Fig. 7 for a stratification ratio r 20. The 
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FROM LINEARLY STRATIFIED WATER-DRIVE RESERVOIRS WITH THE 
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AS A FRACTION OF THE TOTAL RESERVOIR DISPLACEABLE RECOVERY. 

r = STRATIFICATION RATIO; ;;, = (MOBILITY OF DISPLACED Oll)/(MO­
BILITY OF INVADING WATER). 

effect of the mobility ratio m is here strikingly shown by 
comparative values of the cumulative throughflow, JT, for 
equal total recoveries, and especially at high values of the 
latter. Thus, at a total fractional recovery of 35 per cent the 
total fractional throughflow would be 0.35, 0.36, and 0.55 for 
m = 10, L 0.1; at a recovery of 50 per cent these would he 
0.51, 0.57 and 1.5 respectively; and for 80 per cent cumula­
tive recovery the corresponding fractional throughflows or total 
reservoir fluid production would be 1.06, 1.68 and 8.0 for 
m = 10, 1 and 0.1 respectively. 

LINEAR PERMEABILITY DISTRIBUTION 
The linear permeability distribution may be defined by: 

k(z) = kmiu [ 1 + {r- l}z/H] (23) 
where here, too, the stratification ratio r is the ratio of the 
maximum permeability rk"''"' at z = H, to the minimum k'"''" 
at z = 0. The total throughflow at a time t before break­
through has developed, as a fraction of the total recoverable 
oil. will he, analogous to Equation ( 15) : 

H 

- 1 I 
Q{t) = (1-m)H 

0 
[1- y J - {1-iii)amwt]dz 

where: 

1 ~~ [ l+:bi {a-b}'l'-a'/2 ~]. 

a=l-(1-m')t/r; b=(l-Tif) {r 
{1 + iii)µw 

t == t/th; th==-----
ar kmin 

l)t/r; 

(24) 

(24a) 

The fractional recovery at first water breakthrough, i.e., 
T = 1, will then be: 

- I [ 2r J , " I '12 l Q(t,,} = /-.-.. , I+ )m -(1-(1-rrt} r) r 
.1( r-1 )(I-iii') 

(25) 
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FIG. 11 - THE VARIATION OF THE OIL CONTENT IN THE PRODUCTION 
FROM LINEARLY STRATIFIED WATER-DRIVE RESERVOIRS WITH THE 

CUMULATIVE RECOVERY, FOR ;,; = 1; Q = CUMULATIVE RECOVERY, 
AS A FRACTION OF THE TOTAL RESERVOIR DISPLACEABLE RECOVERY. 

r =STRATIFICATION RATIO; ,; =(MOBILITY OF DISPLACED OIL)/(MO­
BILITY OF INVADING WATER). 

.After the initial water breakthrough, t > 1, the cumulative 
recovery will be : 

Zo 

- Z0 1 I 
Q(t) = 1 - + [I - '1 J - -m)a.mwt]dz 

. H {1-m}H 0 v 

+ m (r/t 1) 2r/f 
= l I -Tri -,-/ +.3{1-T!i) {1-m' )( r-1) ~1Ti" - a'!' r 

(26) 

where z,, is the value of z above which there has been water 
breakthrough. It will be noted that at t = 1, Equation (26) 
becomes equivalent to Equation (25). And at the time of 

breakthrough in the tightest layer, t = r, Q becomes unity, 
as it should under the assumed conditions. 

The water-oil ratio during this period is given by: 

_ Qw -
Rw---

Q., 
3(1-m')'(l'-l)I r l 

4
m ~ 2+( 1-m"J-;:( y 1-(1-m")t/r 

Tn ( 3 - iit') ] (27) 

In the limit of m = 1, corresponding to cycling operations, 
R w reduces. as it should, to: 

i'-1 
R.= (~) 

1 

It will be noted, too, that at t = 1, Rw = 0, and that it be­
comes indefinitely large as l approaches r. 

The total reservoir fluid throughflow, in units of the total 
displaceahle reservoir content volume, may he shown to be 
given by: 

Throughflow = Q(i): 

=Q(t}----· - - r(l + m) [l 
2Tt'l(r -1) 

(t +-) : 1 1 [ 
2 t 

1 <;, l <;, r . (29) 

The vanat10n of the initial breakthrough recoveries with 
the mobility ratio m, as given by Equation (25), for fixed 
values of r is plotted in Fig. 8. The general shapes of these 

curves, reflecting the effect of the mobility ratio on the break­
through recovery, is similar to that shown in Fig. 1 for the 
exponential permeability distribution. As a whole the curves 
of Fig. 8 lie higher than those of Fig. 1, showing that for 
the same stratification constant and mobility parameter the 
linear permeability distribution represents a type of reservoir. 
non-uniformity which is not as serious as the exponential dis­
tribution. This is further indicated by the closer grouping of 
the curves of Fig. 8 than the corresponding ones for Fig. l, 
which again shows that the effects of the permeability varia­
tion will be much more limited when distributed linearly than 
when it varies exponentially. In fact, whereas the break­
through and subsequent recoveries become vanishingly small 
as r approaches infinity for the exponential distribution, the 
breakthrough recovery approaches the non-vanishing limit 
(2m+I)/3(l+m) as r becomes infinitely large in the linear 
permeability distribution. 

The gross overall effect of the mobility ratio in the linearly 
stratified formations, as expressed by the ratio of the maxi­
mum to minimum water breakthrough recoveries, fa plotted vs. 
the stratification ratio r in Fig. 9. These represent the ratios 

Q(tb) for m = oo to that for Tri= 0. The curve of Fig. 9 is 
of the same general shape as that of Fig. 2 for the exponen­
tially stratified system, except that the maximum asymptotic 
limit has here the value 2.0, as compared to 3.26 in Fig. 2. 
This once more reflects the smaller total effect of permeability 
non-uniformity when distributed according to a linear strati­
fication as compared to that when it follows an exponential 
distribution. 

The resultant production histories after first water break­
through in the linearly stratified systems are plotted in Figs. 
10-12. Here, as in the case of the exponential distributions, 
the ordinates represent the per cent reservoir oil in the com­
posite well stream, and the abscissas are the cumulative frac­
tional oil recoveries. The uppermos.t points of the various 
curves give the breakthrough recoveries. The general charac­
teristics of this set of curves are similar to those for the expo­
nential distributions plotted in Figs. 3 to 5. Once again the 
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more limited effects of the differential mobility in the linearly 
stratified system are exhibited by the closer grouping of the 
curves for_ different stratification constants and their general 
shift toward the region of higher recoveries. It is for the 
former reason that in Figs. 10-12 the curves for r = 20 have 
been omitted, because of the small separation between the 
curves for r = 10 and r = 100. It will be noted, too, on com­
parison of the corresponding figures for the linearly and ex­
ponentially stratified systems, that while as a group the 
curves for the former are shifted toward the right, those for 
the same values of r for the two types of stratification ulti­
mately cross, so as to result in somewhat lower cumulative oil 
recoveries at very low oil contents in the linearly stratified 
formations. The general effect of the mobility ratio m is 
again the same for the linear case as it is for the exponential 
case. That is, the curves shift toward increasing recoveries as 
m is increased, and they become grouped more closely for 
the different values of the stratification constant. This implies 
that the effect of the permeability variation will be less seri· 
ous the higher the value of the mobility ratio m. 

The variation of the recoveries to fixed water-oil ratios Rw 
with the mobility ratio m, for the two values of r, is plotted 
in Fig. 13. The similarities and differences between the curves 
of Fig. 13 and the corresponding ones in Fig. 6 for the expo­
nential distribution are quite apparent, and of the same 
character as discussed with respect to the composition history 
curves of Figs. 10-12. 

A set of curves, similar to those of Fig. 7, illustrating the 
cumulative oil recovery vs. the. total reservoir fluid production 
histories is given in Fig. 14 for r = 20 in the linear perme­
ability distribution. The implications of these curves are simi­
lar to those noted with respect to Fig. 7, and need no further 
specific discussion. 

For the sake of completeness the results analogous to those 
of Figs. 6 and 13 for the probability distribution have been 
replotted in Fig. 15 from graphs of Dykstra and Parsons." 
The parameter characterizing the probability distribution is 
here the "variation," V, which is related to the standard 
deviation IT of the probability distribution by: 

-IT v = 1-2 (30) 

V ranges between 0 and 1 as the corresponding formation 
changes from one of complete uniformity to infinite vari­
ability. It will be seen that the general features of the curves 
in Fig. 15 are similar to those of Figs. 6 and 13, although 
the quantitative effect of the mobility ratio m seems to be 
somewhat less in the case of the probability distribution than 
in either of the other distributions. 

DISCUSSION 
While the general features of the implications of the theory 

of the performance of stratified water drive reservoirs have 
been discussed above, it must be understood that the basic 
theory involves three fundamental assumptions. 

These are: (1) idealized stratification, (2) 100 per cent 
areal or pattern sweep efficiency, and (3) the absence of 
stripping action behind the water-oil interface. It is virtually 
necessary to make each of these assumptions in order to devel­
op a tractable formulation of the theory. However, it is well 
to understand what their physical implications are and the 
possible effect they may have on the final numerical results 
which are calculated by the simplified theoretical analysis. 

The assumption of idealized stratification will certainly 
never be satisfied in practice. Its significance lieq only in the 
concept that it may provide a statistical equivalence to the 
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FIG. 13 -THE VARIATION OF THE CUMULATIVE RECOVERY, Q, IN 
LINEARLY STRATIFIED WATER-DRIVE RESERVOIRS WITH THE MOBILITY 

RATIO ~. TO FIXED VALUES OF THE WATER-OIL RATIO Rw, AND FOR 

FIXED VALUES OF THE STRATIFICATION RATIO r. Q =CUMULATIVE 
RECOVERY AS A FRACTION OF THE TOTAL RESERVOIR DISPLACEABLE 

RECOVERY. m =(MOBILITY OF DISPLACED OIL)/(MOBILITY OF INVAD­
ING WATER). 

actual non-uniformity in permeability which does obtain in 
the producing" formation. Such equivalence may be valid, at 
least in an approximate degree, under conditions where the 
invading and displaced fluids have the same mobilities, as is 
generally assumed in the case of cycling operations and which 
is represented by the special case of m 1 in the generali:lied 
analytical theory. The steady state pressure and flow distribu­
tions under such conditions may then be represented by a 
steady state type of streamline distribution, which automatic­
ally provides a type of stratification which is at least analogous 
to that assumed in the analytical treatment. The assumption 
of vanishing cross-flow, which is an integral part of the ideal­
ized stratification concept, is then also automatically satis­
fied in the actual steady state streamline system, although 
microscopically the resultant streamline stratification will in 
no sense be coincident with the strictly parallel stratification 
assumed in the theory. 

However, when the mobilities of the displaced and invading 
fluids are different, the instantaneous steady state representa­
tions will continually change as the water invasion proceeds, 
and with such changes will be associated new streamline dis­
tributions. The assumption of vanishing cross-flow will then 
no longer be valid unless by accident the cross-bedding per­
meability happens to be strictly zero~ It is clear, therefore, 
that the concept of idealized stratification can at best repre­
sent only an extreme simplification. On the other hand, aside 
from the realistic necessity of making such an assumption in 
order to arrive at a tractable analysis, it does have the further 
justification that it probably represents the least favorable 
type of permeability non-uniformity, as compared to those 
which actually occur, from the point of view of the initial 
breakthrough recovery. That is, the simplified theory should 
at least give miniµmm values of the breakthrough recoveries. 
It also seems probable that the recovery history after break­
through will also be inherently less favorable under idealized 
stratification and vanishing cross-flow than under actual con­
ditions where there are both two and three dimen~ional 
variations of permeability. From this point of view the theory 
has value in providing at least lower limits for the recovery 
possibilities in non-uniform water-drive systems, thus giving 
the least favorable expectations for the performance of such 
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reservoirs. Since it is not feasible to treat arbitrary types of 
reservoir non-uniformity, it is felt that means for fixing at 
least the poorest recovery potentialities of the actual reservoir 
systems does represent a constructive contribution to their 
analysis. 

The assumption of perfect areal or pattern sweep efficiency 
will also never be valid in practice. It may be recalled, how­
ever, that in the earlier study of cycling operations in expo­
nentially stratified reservoirs it was found that the effect of 
imperfect areal sweep efficiency was rather minor compared 
to the direct effect of the stratification, except in reservoirs of 
a very high degree of uniformity. It seems likely, therefore, 
that in actual producing formations the simplification made 
in assuming perfect areal pattern sweep efficiency will not 
in itself cast serious doubt on the significance of the results. 

The final major assumption made in the theory developed 
here lies in assuming that there is no oil stripping in the 
flooded part of the formation and behind the advancing water­
oil interface. This may be expressed by the assumption that 
the permeability to the oil behind the water-oil interface* 
is O. A theory was developed some time ago• in which the 
advance of water in an oil bearing system was analyzed under 
the more general assumption that the permeability to the oil 
remained non-vanishing even after passage of the water front. 
This led to a separation of the composite well producing his­
tory into a primary phase corresponding to the displacement 
of the oil bank ahead of the water-oil interface and a sub­
sequent subordinate phase giving the history of the continued 
stripping of the oil beind the water-oil front. This latter phase 
is determined primarily by the relative permeabilities and vis­
cosities to the water and oil behind the water front. 

This theory is based on a simple and straightforward ap­
of relative permeability concepts. For the linear** 

water-flooding system it leads to an equation for the saturation 
distribution at any time t which may be expressed as: 

x=.!]!_ dFw +<I>(Pw) (31) 
f dpw 

•As previously noted, it has been further assumed th~t. the ~mount .of 
this residual oil is independent of the ahs~lute peri.neab1hty, smce satis­
factory data are not available on the relat10nsh1p, 1f any, between these 
parameters. 

••It may be readily shown that in the similar case of perfect radial 
systems, Equation (31) will still apply provided x is replaced by 'ITT'. 
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where Q is the constant rate of throughflow, f the porosity, 
F w the water fraction of the local flow-stream, and <I>( Pw) de­
fines the initial saturation distribution. F w is given explicitly 
by: 

mw 
Fw = (32) 

mo +mw 
where mw, mo are the mobilities of the water and oil respec­
tively. While Equation ( 31) apparently involves no basic 
physical approximations except for the neglect of capillary 
pressure effects, it leads to the curious and physically mean­
ingless result that the saturation distribution ahead of· the 
initial interface will he multiple-valued.* As noted by Buck­
ley and Leverett,6·'** this difficulty may he circumvented when 
applying the theory by arbitrarily imposing a sharp single 
valued front at the advanced interface, on requiring that the 
total increase in water content of the flooded area equal the 
total volume of invading water. From a physical standpoint, 
however, it is far from satisfying to have to resort to such 
an artifice, and the fundamental significance of the whole 
procedure still remains obscure. Moreover, question may he 
raised if the relative permeability concepts, as derived from 
multiphase systems in which two or more phases are con­
tinually supplied for flow across each internal cross section, 
are inherently applicable to displacement processes occurring · 
at the advancing front of an identifiable wetting phase dis­
placing liquid. Intuitively, at least, it is conceivable that under 
the latter conditions the non-wetting phase would he stripped 
locally to a discontinuous distribution of vanishing perme­
ability as soon as it has been invaded and passed by the 
wetting phase "front." 

Finally, it may he noted that because of the approximate 
symmetry of F w and F w' for unconsolidated sands about the 
saturation for maximum slope, when the oil and water vis­
cosities are equal, Equation (31) when appliedt to "oil flood­
ing" of a water sand would give essentially the same type of 
invasion history as for water flooding. This, however, is hardly 
to be expected in view of the differential wettahility between 
oil and water, and even though the relative permeabilities 
themselves presumably reflect these wettability differences. 

In spite of these theoretical questions regarding the validity 
of Equation ( 31), it has apparently served to give a correla­
tion of laboratory water-flooding data.• The effect of the 
water-oil viscosity rati<> on the breakthrough recoveries appears 
to be subject to at least semi-quantitative description by 
Equation (31). Especially in the range of low invading fluid 
mobilities, as compared to that of the displaced fluid, the 
breakthrough recoveries are particularly low, and the corre­
sponding subordinate phase recoveries become of comparable 
magnitude. While the permeability stratification theory would 
qualitatively give similar effects, it is admittedly doubtful if 
in these particular experiments permeability non-uniformity 
was the controlling factor. If these experimental results and 
the other implications of Equation (31) should he extended 
and confirmed for other systems, it will, of course, be neces-

*This ambiguity does not arise when F w .is a linear function of pw 
or increases monotonically with Pw· In the former case, which implies 
linear kw and k

0 
curves, the original water-oil boundary will advance 

without distortion, and in the latter initial distributions in which Pw 
decreases with x will continually become more stretched out. 

**Although the inclusion of the capillary pressure term may formally 
resolve this ambiguity, the quantitative features of the distributions 
would then also be modified. 

tFor oil flooding, Equation (31) retains its general form with Pw 
replaced by Po and F w by F

0 
== 1 • F w' When F w and F

0 
are not s:m­

metrical for equal viscosities, it may be possible to make them symmetr1ca] 
by choosing a suitable viscosity ratio. 
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sary to accept its basic validity even though it has not been 
fully clarified in all respects. 

While these considerations cast doubt on the predominating 
importance of the permeability non-uniformity in controlling 
actual water-drive recoveries, the stratification theory pre­
sented here should give the implications of at least one major 
factor in the recovery processes. If the validity of Equation 
( 31) and its underlying concepts shotJ.ld become definitely 
established, it will be appropriate to consider the composite 
effect of these two factors. In principle, it should be possible 
to develop a superposition treatment, analogous to the man­
ner in which the incompleteness of the pattern efficiency was 
incorporated in the theory of cycling in exponentially strati­
fied media.• While it would be hazardous to predict the 
resultant production histories without making quantitative 
calculations, it seems reasonable to anticipate that the com­
posite effect would correspond to surprisingly low break­
through and subsequent recoveries under conditions which 
could occur in practice. Thus for r = 20 in the exponentially 
stratified distribution, the breakthrough recovery would be 
only 23 per cent for 7ii = 0.2 even for sharp water-oil inter­
faces. And in a uniform stratum the breakthrough recovery for 
a water-oil viscosity ratio of 0.2 would probably be about 50 
per cent or less according to Equation ( 31). Although the 
superimposed resultant will not be the simple product of these 
two factors, the net theoretical effect will undoubtedly indi­
cate discouragingly low breakthrough and overall recoveries. 
It is evident that this whole subject warrants a great deal of 
further experimental and theoretical study. 
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