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A Simplified Approach to Water Influx
Calculations—Finite Aquifer Systems

M. J. Fetkovich, SPE-AIME, Phillips Petroleum Co.

Introduction

All gas and oil reservoirs are associated to varying
extents with formation waters. The inclusion of the
effects of expansion or invasion of this water into oil
and gas reservoirs has taken many forms, from recog-
nizing the effects of the expansion of the connate
water* within the gas or oil reservoir itself, to calcu-
lating water influx or efflux across a boundary (with
the boundary usually being that of an oil or gas
reservoir).

There are four currently popular methods used for
calculating water influx into reservoirs. They are:

1. Schilthuis, steady state*-s

2. Hurst Simplified, unsteady state!:2

3. Resistance or Influence Function, unsteady

state*-®

4. van Everdingen-Hurst Radial, unsteady state’

The first three methods have proved useful for pre-
dicting water drive performance after sufficient his-
torical data have been obtained to fix the necessary
influx constants. With what some consider to be dis-
appointing results,™* the van Everdingen-Hurst Ra-
dial method is often used with geological and core
data when little or no performance history is available.
It has also been used to predict reservoir performance
after enough historical data have been accumulated
to develop values of the influx constants, ¢, and C.

In an attempt to include geometries other than
radial, derivations for both limited and infinite sys-
tems have been made to cover linear,” *° spherical,*

elliptical,’® thick-sand,'* and wedge-shaped'® reser-
voir-aquifer models.

The many rigorous geometrical representations that
have been developed cannot readily handle the effect
of interference between reservoirs. Electric analyzer
studies of the Smackover Limestone aquifer in Ar-
kansas by Bruce,** of the Woodbine aquifer in East
Texas by Rumble ez al.,*® and of the Ellenberger in
West Texas by Moore and Truby*® have shown that
reservoirs sharing a common aquifer can severely
interfere with each other, and that, for individual
reservoirs in a common aquifer, water drive perform-
ance calculations that do not consider interference
can be greatly in error.

Mortada'’ developed a mathematical method with
which to handle interference in a basically infinite
radial aquifer system. The method has been applied
to field cases.*® ** Coats concluded from his own study
that, “In predicting the pressure-volume behavior of
gas reservoirs situated on the common aquifer the
effect of interference from other reservoirs on the
common aquifer must be accounted for.”

Another aquifer problem more recently presented
in the literature® is that of flank water injection for
pressure maintenance, either to initiate or to supple-
ment edge-water influx. A case history?* shows that
we need to be able to study the effects of injecting
water into the aquifer instead of merely including
it in the hydrocarbon material balance equation.

to apply.

This approach to water influx calculations offers a useful and flexible method of
forecasting and analyzing the performance of water drive reservoirs. The separation of
the water influx problem into a rate equation and a material balance equation, not
requiring superposition, makes the concepts and calculations quite simple and easy
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Little wonder that efforts'” 23 have been made to
simplify the water drive performance prediction meth-
ods, even to the point frequently of using the infinite
solution without trying to define fairly clearly the
limits and characteristics of the aquifer.

If we are to predict realistically the performance
of water drive reservoirs, then, a simple method must
be developed that can readily handle all the basic
geometries, interference from other reservoirs, and
water injection and production from the aquifer; the
method should also be flexible enough that it can be
further improved or added to as a problem requires.

We shall present here an approach that utilizes the
“stabilized”, or pseudosteady-state aquifer produc-
tivity index and an aquifer material balance to repre-
sent the finite compressible system. Much of this has
been treated in the literature in the form of solutions
to individual well problems and reservoir material
balance derivations. For some reason — possibly a
concern for the early transient effects — any earlier
efforts to extend this available technology to aquifer
or water drive problems have not been reported.

We hope to develop the idea that this simplified
approach is accurate enough for engineering purposes.
especially for field production forecasting of times
involving some 10 to 20 years, by comparing the PI-
Aquifer Material Balance solution with the van Ever-
dingen-Hurst solution through the use of example
problems. Solutions mainly involve finding a reason-
able rate equation for the problem, and considering
the aquifer encroachable water volume represented
in the material balance equation as being independent
of geometry only to the extent that basic mensuration
equations can be applied.

Basic Equations

The generalized rate equation for an aquifer without
regard to geometry or defining a specific type of
flow is:

Qw=]w(5“'[»’wf)" R ¢))

with n usually being represented as unity (1) when
the flow obeys Darcy’s law and is at pseudosteady
state or steady state. J,, is defined as the productivity
index (PI) of the aquifer and is analogous to the PI
of an oil well or the gas well backpressure curve co-
efficient.

The aquifer material balance for a constant com-
pressibility can be written in its simplest formas

p (Wﬁ)W,-Fp,, R 3 |

where p is the average aquifer pressure (shut-in), Wi
is the initial encroachable water in place at initial
pressure p;, and W, is the cumulative water efflux
from the aquifer or influx into a reservoir.

By combining Eqgs. 1 and 2 (see Appendices A and
B for complete derivation), we can obtain the equation
expressing the instantaneous rate of water influx as
a function of time, and the inner boundary pres-
SUre Pus-
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T (pi =
ew(z)=____.————~e§q(£)m/5,:’])t. N )

(Gui)max is defined as the initial open-flow potential
of the aquifer, again analogous to the open-flow
potential of an oil well or of a gas well. Fig. 1 is a
graphical representation of the generalized rate equa-
tion expressed as Eq. 1 and the aquifer open-flow
potential described above. Note that if we let W.;
become large, Eq. 3 reduces to the Schilthuis steady-
state equation

ew =Jo @i = Puos) - - + + - - - @

The final form of the cumulative water influx equa-
tion (given also in Appendix B)

W, = _}Zsi.(pi — Puy) {1 — e~ [@u0max/Failt}

&)

1
is not useful by itself because it cannot handle a
changing inner boundary pressure Pus while repre-
senting the aquifer pressure always at its initial value.
Hurst* and others have handled this problem by the
method of superposition.

We can rewrite the equation to represent the cumu-
lative water influx over an interval of time Af, then
start the problem again after every time interval (as
can be done for any material balance problem). With
the aid of the aquifer material balance equation, we
can redetermine a new aquifer shut-in pressure Dn»
then solve over a new time interval At. This re-
evaluation of the aquifer shut-in pressure each time
eliminates the need for superposition.

A significant point here is that we need not always
go back to the initial pressure to start a water influx
calculation. We can conveniently start it at any time
provided we can obtain a value to represent the
aquifer shut-in pressure.

The interval equation is

W.. - -
AWen = ‘“E:"‘ [Pn-v — Piofn]

. {1 —— e-[(q’ut)m-:/wu]Atﬂ} L. (6)

The ratios W.i/p; and (Guwi)max/ We: can be further
simplified to eliminate p; from the expressions, which
then do not need to be initiated again to new aquifer
shut-in pressures. These forms are retained so as to
keep their physical meanings.

The time interval is determined by

A =ty = lip=1) 3 + = o o o e (7)
and the average pressure

- qy n
Pofs = Duwfn 1)2 Dot (n) L ®

represents the constant pressure used at the reservoir-
aquifer boundary during the time interval Atn. Fig. 2
depicts this pressure-time relationship and the step
curve that attempts to approximate it. This method

of representing the average pressure, Difn, is appli-
cable to both past and future performance predictions.
To start the calculation again for the aquifer shut-in
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pressure p, we will make use of the general aquifer
material balance equation derived in Appendix B.

W.+SW., + (W, — W) Bw
- 2
p—— Wez'

P +Pi,
&)

where W, = Z W.., the total cumulative mﬂux (to
time tn) into the reservoir of interest. The term 5 W.;

is the total cumulative influx into other reservmrs
within the common aquifer and is further discussed
under Aquifer Interference. All other terms have
the conventional definition or have previously been
defined.

The realistic water influx rate and cumulative water
influx relationship during an interval of time At is
depicted in Fig. 3 along with that which results from
using a step-function constant pressure as an approxi-
mation in any water influx instantaneous rate equation.

Step-Function Solutions
It now appears that the simplification of the water
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Fig. 1—Aquifer “‘backpressure curve’ with
open-flow potentiai, log-iog plot.
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influx problem is still none too simple. In reality,
though, we have reduced the problem so that we
can recognize that a simple time-incremented step-
function solution using the rate equation g, = J,
(P — Pwy) to establish a constant rate over a time
interval, and the aquifer material balance equation
p=— u’;‘) W. + p; to evaluate the aquifer shut-
€1
in pressure after efflux from the aquifer, will give the
analytical solutions to the problem when Az is allowed
to become small. A Af of a month in a normal reser-
voir problem does reproduce these analytical solu-
tions. (Constant rate steps over a At of 1 year for all
cases of r,/r. > 5 reported in this study gave results
identical with those obtained using Eq. 6.) Fig. 4
illustrates this straightforward step-function approach.
For a time interval Atn, from t.,_,, to t,, the work-
ing equation for the rate equation would be

w = Jw(P-m—n - ;w!n) (10)

The cumulative efflux during the time interval Atn
would be

AW, = Atn(qw), (§8))
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Fig. 3—Calculated rate of water influx using a
step-constant pressure at the aquifer
inner boundary compared with a
realistic representation.
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and the total cumulative efflux to time tn would be
W= AWns « o« o - o - . (D)
1

Then to update the aquifer average pressure for
the next time interval,

;nz_(_.vg.i_i—)wanrpi L ad

Rate Equations

In all derivation methods that attempt to predict water
influx and that assume a constant compressibility, it
is necessary to start with the same volume of initial
encroachable water in place for a given set of vari-
ables. Therefore, to predict water influx accurately
with the PI-Aquifer Material Balance approach, we
need only find a suitable rate equation.

Aquifer Productivity Index J.

The aquifer productivity index J,, values used in this
study were calculated from 2 stabilized backpressure
equation for finite radial flow conditions (§ = 360°).
The early transient period was neglected. For the
finite, slightly compressible, radial aquifers studied,
we used the “stabilized” pseudosteady-state rate
equation:

_ 7.08kh (P — Pur)

qw—-“[ln(%)—%—] S ¢ T

We have then a productivity index for radial “sta-
bilized” flow

o= (= —-—3—>
® r, 4
The initial aquifer potential, (gwi)max, then is

Goidmez =Ju @i — 0 . . . - . . (16)

The initial encroachable water in place, W.;, for
radial geometry (6 = 360°) is determined by

(15)

Wei = '-5‘.1'6-‘1"(7432 — I'fz) Hh Ce Py . . (17)
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Fig. 5—Graphical representation of the aquifer
material balance equation.
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23'I'able 4 summarizes the rate equations from which
PI can be calculated for finite radial and linear sys-
tems for pseudostady-state and steady-state condi-
tions. Also included in this table are the unsteady-
state equations for radial and linear transient flow
that can be used for a system that does not reach
pseudosteady state or steady state during the period
of interest (see Fig. 20). Note that the infinite radial
flow equation given in Table 4 is nothing more than
the Hurst Simplified water influx equation defined.

As in individual well problems, we could also intro-
duce the concept of skin into the equations to allow
theory to fit the observed data. Where changing the
internal aquifer radius, r,, would also cause a change
in the aquifer volume, W.;, the concept of skin would
allow us to vary PI without changing .. This would
take on special significance if we attempt to match
historical influx data from a best combination of
J,-W.: while trying to conform with the existing
geometry of the system.

As a guide to the times at which pseudosteady state
and steady state are reached in a radial system, we
can use this equation® for pseudosteady state:

2
:,,;Mﬁ-kc—‘—?—’f—; . .aw

and this equation® for steady state:

_004pc o red
e 19)

The equations for a linear system could be derived
like those for the radial system. All units in the above
equations " are in terms of days, centipoises, psi~’,
feet, and darcies.

In estimating times, we must remember to con-
sider the drainage boundaries that are established
when there is interference from other reservoirs in
the same aquifer.

Selection of Rate Equations

Fig. 21 lists some possible types of aquifer flow sys-
tems that could be used as a guide in selecting ap-
propriate rate equations. Many problems can be
expressed in terms of essentially linear or radial flow.

Fig. 21a describes a flow system that is obviously
linear but whose distances between sealing faults de-
scribe the cross-sectional area to be used with the
aquifer rate equation. In water influx calculations we
are trying to describe the flow in the aquifer itself. The
cross-sectional area at the aquifer-reservoir boundary
is not necessarily applicable, especially after pseudo-
steady state or steady state has been established.

Fig. 21b describes flow in a long, narrow Teservoir.
That this type of flow could be classed as linear has
been demonstrated by Havlena and Odeh? from an
analysis of a gas reservoir 11 miles long and 1.5 miles
wide. Their analysis, using the material balance as an
equation of a straight line, indicated that the influx
rate was proportional to the square root of time.

Fig. 21c is an extension of the concept developed
by Fig. 21b but in an additional dimension. Bottom-
water drive in a long, narrow field could be better
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approximated by radial flow in the vertical direction,
with A being the length of the reservoir.

Fig. 21d would be represented by most engineers
as a radial flow system of 180°, using a radius to flow
equivalent to r,. However, by redefining the system
to consider the dashed lines to be the new boundaries
and by treating the volume of water between the fault
and the actual reservoir boundary as a part of the
reservoir (so that the expansion of this portion of the
aquifer would take place with no resistance to flow)
we can readily see that it s, for practical purposes, a
linear flow situation. This approach should give an
optimistic answer, but not so optimistic as it would be
if the problem were treated as a radial flow system.

Fig. 21e illustrates a reservoir located between two
parallel sealing fauits that terminate in a large aquifer.
Flow into the reservoir would be linear, and there
would be an essentially constant pressure at the outer
boundary. This would require a steady-state approxi-
mation with the productivity index, J,,, being a func-
tion of the length of the sealing faults and the distance
between.

Fig. 21f depicts a wedge sand. Solutions to this
problem have been reported in the literature® s in
terms of an extension of linear flow. Turned on end,
it can also be treated as radial flow, with an angle 4
and the width represented by the distance A.

These illustrations are given only as a guide to show
that many reservoir-aquifer systems can be defined in
terms of radial or linear flow. Both the simplified
method and the van Everdingen-Hurst solutions are
applicable if we view the problems in terms of finding
the proper representation of a rate equation. However,
the simplified method allows us to use different dimen-
sions or geometries when defining the aquifer produc-
tivity index and the aquifer volume for a given
problem,

Aquifer Interference

By separating the water influx problem as we have
into a rate equation and a material balance equation,
we can examine each individually as to its effect on
interference. Consider an aquifer of radius r contain-
ing two similar fields, A and B (they need not be
similar when applying the simplified method). We
assume Field A has been producing long enough to
reach steady state. Let the productivity index of Field
A be J,, = f(r). When Field B begins producing, the
productivity index of Field A will increase, becoming
Jw = f(r/2). From the standpoint of the rate equation,
the deliverability of the aquifer for Field A will be
increased after Field B begins producing. As pointed
out by Bruce'* in his study of the Smackover aquifer,
the interference effect is totally one of “competition
among pools for the common water supply”.

From the aquifer material balance standpoint, Field
A would initially have an aquifer volume of W,; bbl
available to it for water influx. However, after Field
B begins producing, the aquifer drainage volume
available to Field A is reduced. It can be approxi-
mated by the basic relationship given by Matthews
et al.?® — “at (pseudo) steady state the drainage vol-
umes in a bounded reservoir are proportional to the
rates of withdrawal from each drainage volume.”
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Wen () = _ Jor (D — Pw!A?_
Joa (0 ~ Pusa) + ooz r— Puss)
W, — W1, . . . N ¢10)]
where

Weia () = encroachable water in place available to
Field A at time .
If for simplicity we are assuming equal inner bound-
ary pressures and equal PI values for Fields A and B
(equal influx rates),

W,,-A(t)=—u—,-‘2‘-(——t)—, e

after Field B starts production and reaches pseudo-
steady state. The transient time will now be shorter
than the transient period of Field A producing alone.

In our aquifer material balance equation, the inter-
ference term for other reservoirs with respect to a

3 . . . . ’
given resevoir is given by the summation term s W.;,

which represents the sum of the cumulative influx into
all other reservoirs in the common aquifer. This resuits
in additional depletion, or decline in the average pres-
sure of the common aquifer as a result of these fields’
also having water influx.

The expanded expression is more easily visualized
in the time-incremented step-function approach for a
time interval At. The cumulative influx into all reser-

voirs from Fields 2 to j (the field of interest is Field
1) is

AW, (A1) = T, [;‘ow(z)] A+ T o5 [E"ow(s)] At

t oo+ o [P = purp] AL, . (22)

Also, when handling the problem from a time-
incremented standpoint, we could even, for complete-
ness, include to some extent the change in compres-
sibility of the total system by allowing each field,
including all reservoirs within the common aquifer,
to contribute to the total compressibility:

c,=Soco+Sgcg+chw+c,. N X))

If we include all except the reservoir of interest (Reser-
voir 1) this becomes

(NBOCO-FGB,cg) ¥ Sucu + o
--V-;—-—__f wlw I

(24)

where ¥, is the total pore volume of the aquifer and
nonproducing fields, Muskat?* points out that the
indicated abnormally high compressibility, ¢, = 36 X
10-° psi-* of the East Texas Woodbine aquifer could
be due to gas fields or gas caps of oil fields distributed
in the aquifer.

If we do not wish to include the compressibility of
the other reservoirs within the aquifer, Eq. 24 reduces
to the simple expression

i
e =%
2

Ce=Cptoer. ... L 25

Water Injection into the Aquifer
The usual method of treating water injection for study-
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ing pressure maintenance is to include a water injec-
tion term in the hydrocarbon material balance equa-
tion. A form of the material balance equation for a
gas reservoir is ¢

G,B, = G(B, — By) + W. + Bo Wi — Wy).
(26)

The basic assumption here with respect to water
injection is that all water injected is instantly avail-
able to the reservoir, which would be realistic if the
water was injected uniformly throughout the reser-
voirs as in pattern waterflooding. However, when the
purpose is to maintain pressure, we generally use a
flank water injection, with the injection wells located
in the aquifer.

A more realistic approach is to include a water in-
jection term in the aquifer material balance equation
so as to incorporate the effects of the resistance to
flow across the reservoir-aquifer boundary. For high~
permeability boundaries, the results ' would be essen-
tially the same. However, where the permeability at
the boundary is low, over a realistic time period little
or no water may enter the reservoir. The option should
be available, at least, to study it both ways or in com-
bination. Eq. 9 includes water injection into the
aquifer in such a manner that the total water influx,
W, is also a function of the water injected, W, =
f(W).

In an interesting case history* of the Pegasus Ellen-
burger reservoir we are told of an attempt to maintain
pressure by using flank water injection to supplement
edgewater influx. The peripheral project failed to
maintain pressure, resulting in very high pressures
around the injection wells. Injection into the central
producing area was required to halt the pressure
decline. The water influx constants from the edge-
water drive were established before water injection
was begun. The PI-Aquifer Material Balance ap-
proach would have been more successful in predicting
the final outcome.

Historical Data

There are two differing treatments of historical data
from reservoirs subject to water drive. They are
usually referred to as

1. The Material Balance as an Equation of a
Straight Line,” and

2. The Resistance or Influence Function.*®

They differ mainly in their primary objectives. The
straight-line approach attempts to determine the
original gas or oil in piace using the historical data,
whereas the resistance or influence-function approach
fixes a best estimate of gas or oil in place and then
attempts to determine a best fit of the data to arrive
at a resistance or influence function F(?) with which
to predict future performance.

When the objective is to determine recoverable
reserves, a precise value for oil or gas originally in
place may not be justified because of the inaccuracies
involved in arriving at reliable values for residual gas
or oil saturation and sweep efficiency. If, however, in
determining original in-place values the  resulting
influx coefficients, C and t,, are to be used to make
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future performance predictions (reservoir pressures
and producing rates) the two treatments will accom-
plish the same thing.

With the simplified procedure, where the problem
has been separated into its tWo basic components —
productivity index and aquifer material balance —
we can approach the problem the way we would
approach it to determine the resistance or influence
function. For a gas reservoir:

1. We can fix a best estimate of gas in place, G.

2. Using the incremental form of the reservoir ma-
terial balance equation for a time interval Atn and
two historical reservoir pressures, Puwsn and Puwrin-1s
we can solve for a water influx volume

AW.. = A(G,B,) — GAB, + A(W,By) . . (X))
Then the average influx rate during the time interval is
- — AWen
e, (Atn) = e (28)
c 4 . ty + ta-a
which is represented at time T 29)

3. We can plot the average influx rate e, (Atn) asa
function of time.

4. We can calculate water influx rates as functions
of time, using various combined values of aquifer pro-
ductivity index and encroachable water in place. These
rates of water influx are plotted with those calculated
using the material balance equation.

5. We can select the best combination of J., — W,
to fit the problem. Although a statistical approach

TABLE 1—HYPOTHETICAL GAS RESERVOIR AND
AQUIFER PROPERTIES.

Gas Reservoir Properties

Initial gas reservoir pressure, psia 2,000
Porosity, fraction 0.20
Pay thickness, ft 100
Water saturation, fraction PV 0.20
initial formation volume factor for gas,

scf/reservoir cf 154.26
Reservoir radius, ft 10,000
Gas gravity (to air) 0.700
Pseudo critical temperature for gas, °R 392
Pseudo critical pressure for gas, psia 668
Reservoir depth, ft 7,000
Reservoir temperature, °F 130
{nitial gas-law deviation factor 0.780
Initial gas in place, Bef 776
Rate of take (1 MMcf/D to8.59

Bcef gas in place), Mscf/D 90,338
Total field wellhead potential, Mscf/D 250,000
initial wellhead shut-in pressure, psia 1,600
Slope of wellhead backpressure curve 0.700
Line pressure, psia 200
Aquifer Properties
initial pressure in aquifer, psia 2,000
Permeability, md 10, 50, 100, 1,000
ra/tr 3,57, 10
r. (using r. = 10,000 ft), thousands of # 30, 50, 70, 100
Porosity, fraction 0.20
Aquifer thickness, ft 100
Total compressibility for aquifer, 1/psi 6 x 10-®
Viscosity of water, cp 0.50
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could be used to make a selection, an engineer’s
analysis based on intimate knowledge of each data
point and field history would be preferable.

A good starting point for J,, and W,; should be
based on the basic geometry of the reservoir-aquifer
system being studied. For a strictly radial geometry
the productivity index of the aquifer, J,,, the water in
place, W.;, and the original gas in place, G, are all
functions of common variables in that J,, = f (In r,,
Inr); Wei = f (r, r?); and G = f (r,%). If aquifer
interference occurs at a later time, J,, will change as
a result of a change in drainage radius r,, but only as
the In r,(z), whereas the water in place W..(¢) will
change as the square of r.(1), with the gas in place
remaining the same. Therefore it is possible to have
more than one value of water in place as a solution
during the producing life of a field.

During the early times, before pseudosteady state
is established, the aquifer productivity index, J,(f)
plotted vs the In 7 and /1 for radial and linear flow,
respectively, should be straight lines.* ¢ No fixed value
of J, and W..(r) exists during the early transient
period.

Discussion of Results

The method chosen with which to illustrate a com-
parison between the PI-Aquifer Material Balance
approach and the more rigorous solutions of van
Everdingen-Hurst is a hypothetical gas reservoir sur-
rounded by a finite radial aquifer. Using a gas reser-
voir does not require the introduction of variables
such as k,/k, relationships that may later be suspected
of contributing to some of the basic responses shown
by the water drive performance.

The properties used for the gas reservoir and
aquifer are listed in Table 1. So that the effect of the
early transient period could be investigated, we chose
a range of permeabilities and external radii of the
aquifer. In each case, the aquifer inner boundary
pressure was represented by the average pressure de-
termined from the solution of the gas reservoir ma-
terial balance. Values used for water viscosity and the
total compressibility are typical of those often used
in the literature for water influx calculations.

A typical gas withdrawal rate of take of 1 MMcf/D
to 8.59 Bcf in place (1 MMcf/D to 7.3 Bef recover-
able with an 85-percent recovery factor) was used so
as to obtain realistic water influx values. A more rapid
gas withdrawal rate would result in less water influx
for the same reservoir and aquifer properties used in
this study. No attempt has been made to determine
recoverable reserves at abandonment based on re-
sidual gas and sweep efficiences. This could be han-
dled, however, by the methods suggested by Agarwal
et al.*® All forecasts are carried out for a full period
of 20 years, that time defined by a 1-to-7.3 rate of
take. A constant field wellhead potential for the gas
reservoir was used for all cases.

Figs. 6 through 10 illustrate the water drive per-
formance for an aquifer with a permeability of 1,000
md at four different external aquifer radii — 30,000,
50,000, 70,000 and 100,000 ft (19 miles). In all cases,
the PI-Aquifer Material Balance solutions match
identically the gas producing rates, reservoir pressure,
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and cumulative water influx determined using the van
Everdingen-Hurst solutions.

The simplified approach does not utilize superpo-
sition, whereas the van Everdingen-Hurst solution
does. To investigate the effects of superposition when
producing rates are varied severely, a variable pro-
ducing rate situation was studied (Fig. 10). This was
done for the largest aquifer radius. Excellent agree-
ment was obtained for this 1,000-md permeability
case.

Figs. 11 through 14 illustrate the water drive per-
formance when the aquifer permeability is changed
to 100 md. In these cases, the departure from the
van Everdingen-Hurst solutions is quite small with
respect to reservoir pressure and cumulative water
influx and is well within engineering accuracy. The
gas producing rates are identical.

Fig. 12 includes the additional points representing
results using the van Everdingen-Hurst radial infinite
solution. After early times, their solution departs from
the r./r, = 10 case about as much above the line as
_the simplified does below. What is interesting here is
that within the limits of field data, it would be difficult
to determine the actual extent of the aquifer. That is,
we could easily maintain that the performance data
indicates an infinite radial aquifer. There would be
enough room to adjust the internal boundary pres-
sures to force a fit to an infinite solution.

Fig. 14, showing the performance of the aquifer,
illustrates why the cumulative water influx as calcu-
lated by the PI-Aquifer Material Balance method
departs constantly from that calculated by the van
Everdingen-Hurst method. The departure results, not
unexpectedly, from a difference in influx rates during
the early transient period. After this period, the influx
rates agree quite well.

Figs. 15 and 16 illustrate the water drive perform-
ance for an aquifer of 50-md permeability. The de-
parture of the cumulative water influx from that
derived by the van Everdingen-Hurst solution is
most pronounced for the aquifer-to-reservoir ratio of
r./r, = 10, an aquifer external radius of 100,000 ft.
The constant departure indicates that the difference
occurs as a result of the early transient period, as
shown in Fig. 14. Still, the reservoir pressure and gas
producing rate agree quite well.

Figs. 17 through 20 give the water drive perform-
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ance using a 10-md aquifer permeability. In Fig. 17,
ro/r, = 3, the cumulative water influx for the PI-
Aquifer Material Balance solution is always greater,
indicating that the van Everdingen-Hurst solution was
dominated by linear flow, resulting in a lower influx
rate than the radial flow determination.

Fig. 19, r./r. = 7, shows a continuously increasing
departure of the cumulative water influx as a result
of transient flow effects throughout. In these cases as
in all previous cases, the gas producing rates agree.
In all the 10-md aquifer permeability cases, the gas
reservoir is behaving essentially as a volumetric
reservoir,

From a check of the time it takes to establish
pseudosteady state, it was found that the productivity
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index representing the fixed dimensions of 100,000
ft for r, of the aquifer, could not become established
during the 20-year period of the forecast. Therefore,
the Hurst-Simplified (Defined) equation given in Table
4 was used. The results obtained using this equation
are quite good (see Fig. 20). As in individual well
forecasts, the Hurst-Simplified (Defined) equation
could be used until pseudosteady state is established;
then, after applying the material balance equation to
determine the aquifer shut-in pressure, we could use
the pseudosteady-state rate equation for the rest of
the forecast.

Because the results presented in this study were
based on finite aquifer systems, it would be appropri-
ate to discuss briefly the terms “finite” and “infinite”
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TABLE 2—RADIAL FLOW WATER INFLUX VARIABLES USED FOR THE PI-AQUIFER MATERIAL BALANCE
SOLUTIONS FOR A 20-YEAR FORECAST OF THE HYPOTHETICAL GAS RESERVIOR

. k = 0.010 darcy k = 0.050 darcy
Initial (pseudosteady state) (pseudosteady state)
Encroach- =
Radius able Stabili- Stabili-
of Water in Initial zation initial zation
Aquifer Place Jo Potential Time Jo Potential Time
i-_/_r_r_ () (108 bbl) (B/D/psi) (8/D) (years) (B/D/psi) (B/D) (years)
3 30,000 107.52 40.620 81,240 3.0 203.10 406,200 0.6
5 50,000 322.56 16.477 32,954 8.2 §2.385 184,770 16
7 70,000 645.12 11.840 23,680 16.1 59.200 118,400 32
10 100,000 1,330.56 9.1202 18,240 32.9* 45.601 91,202 6.6
k = 0.100 darcy k = 1.000 darcy
(pseudosteady state) (pseudosteady state)
Stabili- Stabili-
Initial zation Initial zation
Jo Potential Time Jo Potential Time
(B/D/psi) (B/D) (vears) (B/D/psi) (B/D) (years)
3 30,000 10752 406.20 812,400 0.3 4,062.0 8,124,000 0.03
5 50,000 322.56 164.77 329,540 0.8 1,647.7 3,295,400 0.08
7 70,000 645.12 118.40 236,800 1.6 1,184.0 2,368,000 0.16
10 100,000 1,330.56 91.202 182,400 33 912.02 1,824,000 0.33

*Stabilization time for this value of J  exceeds duration of forecast.

2. The deliverability or productivity index, J, 1S
very large (infinite). As a special case of water influx,
an infinite productivity index is always assumed when
the expansion of the water within the hydrocarbon
reservoir itself is included in the reservoir material
balance equation by the addition of a water compres-
sibility term.

as applied to water influx problems. “Finite”, as used
in this study, indicates only that finite dimensions
were used for defining the aquifer productivity index,
J.», and the aquifer volume, W.;. “Infinite”, when ap-
plied to an aquifer, can take on at least three different
meanings.

1. The aquifer volume W.; is very large (infinite).

This can result in a Schilthuis steady-state aquifer
behavior.

Y, ,USE AS MUFER
» /INNER BOUNDARY

INCLUDE WATER IN
RESERVOIR MATERIAL
. BALANCE

P>
40()

DEFINED AS
RADIAL FLOW

d-linear flow

LARGE \;\ ; ,CONSTANT PRESSURE
AQUIFER P / Yy
-t

e-linear steady state

WATER 7

f-radial flow,
wedge sand

c-radial flow,
bottom water

Fig. 21—Types of flow systems for rate equation.

JULY, 1971

3. Transient flow exists during the entire period of
interest, with the result that an infinite solution is
applicable.

For the studies involving the largest aquifer radius
used — 100,000 ft — the 10-md aquifer permeability
case was the only one that could be classed as in-
finite — and then only because the infinite solution
could be applied. Its volume of water influx was so
insignificant as to cause the gas reservoir to behave
like a volumetric reservoir. The 100-md case response
as a finite aquifer (even with no transients being con-
sidered for the simplified solution) was such that it
appeared to behave like an infinite aquifer solution
(see Fig. 12). The term “infinite” when applied to
water influx problems should always be qualified as
to which of the above definitions is meant.

In review, the good results obtained with the PI-
Aquifer Material Balance approach are suprising
when we consider that the additional flow contribu~
tions from the early transient period have been omit-
ted and that there exists the condition 7, << ra, im-
posed in the derivation of the pseudosteady state
radial flow equation. Variations of the constant in
the term [In (ro/r,) — %] were studied by using — 14

- and — 1, as well as some of the other suggested meth-
N\~ ods of expressing the inner boundary pressure, Pus-
= In all cases, the results obtained were significantly

s =—  poorer than those reported in this study.

Certainly in many cases the additional capabilities
of the PI-Aquifer Material Balance, when properly
included instead of omitted, can far outweigh any
early transient effects omitted. In many cases where
the transient is of long duration, as for the 10-md
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TABLE 3—RADIAL FLOW WATER INFLUX VARIABLES B, = oil formation volume factor, reservoir
USED FOR THE VAN EVERDINGEN-HURST SOLUTIONS bbl/surface bbl
FOR A 20-YEAR FORECAST OF THE . .
HYPOTHETICAL GAS RESERVOIR B,, = water formation volume factor, reservoir
Ratio of bbl/surface bbl
Dimensionless ¢s = formation (rock) compressibility, psi-*
Aquifer Time to Water Influx Cy = gas Compressibmty, psi-l
Permeabili Real Time Constant e s S i
(darcies)ty (1/year) (cu ft/psi) ¢, = oil compressﬁ?mty, pst ! o
0.010 0.38483 75,396 ¢, = total or effective aquifer compressibility,
B . ¥ 1—1
0.050 1.5242 75,396 s e
0.100 3.8483 75.396 Cyp = Wwater gompresmbxhty anludes the effect
1.000 38.483 75,396 of dissolved gas), psi~* _
C, = gas well backpressure curve coefficient
(gas well productivity index)
cases given in this study, it makes little difference e = natural logarithm base 2.71828
whether the transient effects are inciuded or not. e, = waterinflux or efflux rate, reservoirbbl/D
. e, (Atn) = average influx or efflux rate during time
Example Calculauons. N interval (Atn), reservoir bbl/D
An example of a water drive perfor;nance prquctlon G = initial gas in place, Bscf
for a gas reservoir using the PI-Aquifer Material Bal- G, = cumulative gas production, Bscf
ance approach is given in detail in Table 5. The cal- h = aquifer thickness, ft
culat@ons were performed on a desk calculatqr using i = subscript to denote initial value or condi-
th.e s%mple trial'-and-.error procedure of iterative sub- tions (except for cumulative water in-
stitution. The iterative calculations are shown only jected, W)
for Years 1 and 20. During the period of constant J.» = aquifer productivity index, reservoir bbl/
producing rate, the second trial was always within 1 D/psi
psi of the final answer. When the producing rate was k = aquifer permeability, darcies
limited by the backpressure curve, an additional itera- L = length, ft
tion was required. n = exponent of backpressure curve, also
. used as a subscript to denote the end
Conclusml?s _ of an interval
The PI-Aquifer Material Balance approach to water p = average aquifer pressure (shut-in pres-
influx calculations offers a very useful and flexible sure), psia
method for forecasting and analyzing the performance - = average aquifer pressure (shut-in pres-
of water drive reservoirs. The separation of the water Pin-u suri) atq the bep' ine of an intelz'v al
influx problem into a rate equation and a material psia ginning ?
balance equation, not requiring the use of superposi- _ .
tion, makes the concepts and calculations quite simple Pe = .ex‘tgmal bgundary DIEssure, psia
and easy to apply p; = initial aquifer pressure, psia
' Dr = gas reservoir average pressure (shut-in
Acknowledgments pressure), psia .
I wish to thank Phillips Petroleum Co. for permission Py = weﬁlﬁeag t\;bmg flowing pressure, psia
to publish this paper. The assistance of M. W. Canon, Pty = welliea ,sf utt;m pI:SSUI‘E, psia
who programmed the calculations and helped with all Py = IOET aqUIIET boundary pressure, psia
the computer runs, is gratefully acknowledged. Pwy = a constant mner boundary pressure fora
time interval (Atn) (see Eq. 8), psia
Nomenclature PI = productivity index, reservoir bbl/D/psi
b = width, ft q, = gas flow rate, Mscf/D
B, = gas formation volume factor, reservoir gy, = average gas flow rate during an interval,
bbl/scf Msci/D
TABLE 4—RADIAL AND LINEAR AQUIFER RATE EQUATIONS?
Type of Boundary Radial Flow Linear Flow
Finite—closed (no flow) at outer boundary qe — -L:08 khﬁp = p‘°3’) Qo = 3.127) kf’i (P — Pus)
“[ln(r,)—.jf]
Finite——constant pressure at outer boundary qe = 7.08 kh (ps — Pes) Qo = 1.127 kbh ip' = Pes)
[n() “
Te
infinite Qo = 7.08 kh (D¢ —Dewr) Go = kbh (p; - D.u)
[ In 14.23 kt 6.33 kt
# ¢uCi T X suc
[{Hurst Simplified (Defined)]
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g, = constant gas flow rate, Mscf/D
(@wi)max = initial open-flow potential of the aquifer,
reservoir bbl/D
r. = external radius of aquifer, ft
r. = internal radius of aquifer, ft
t = time, days
Atn = time interval n
¢, = time to establish pseudosteady state, days
!, = time to establish steady state, days
V, = pore volume
W = initial water in place, surface bbl
W, = cumulative water influx into a reservoir
or efflux from the aquifer, reservoir
bbl
AW,, = cumulative water influx or efflux during

an interval, reservoir bbl

W.; = cumulative water influx into reservoir (j)
within the common aquifer, reservoir
bbl

W.; = initial encroachable water in place at
pressure p;, reservoir bbl

W.; (1) = encroachable water in place at time (1),

reservoir bbi

W; = cumulative water injected, surface bbl
W, = cumulative water produced, surface bbl
z = gas deviation factor

¢ = porosity, fraction
n = viscosity of water, cp
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APPENDIX A
Aquifer Material Balance

A material balance equation may be developed for
a finite aquifer system as follows.

Total Volume at Pressure p

Volume of Volume of all Injected
Initial Contents } 4§ and Encroached Fluids
atp atp

Pore Volume at Pressure p
Original Pore Volume Lost Pore Volume

Volume of Initial Loss of
— Contents — Pore Vg{ume
atp; atp

Total Voidage Volume at Pressure p

_ [( Volume Efﬁuxec_i_and Produced )]

atp (A-1)

In the algebraic form using the standard AIME no-
menclature,

{IW B,]+[W; By]} — {[W Buil —[ci(2i — D)W Buil}
= {[WJ+[W,Buol}. . . . . . (A-2)
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Dividing through by Be:,
([we]«[wgedi-Aw-[oo -]}

={[g;}+{w*’%ﬂ}- N S )

Substituting
%=1+cw(pi—5), DL . (A
we obtain
Wl + colp — P — WL = ¢ (s — P)]
= ’El;,T[W‘ + B (W, — W, . . (AD)
or
W Bas {[1 + co (s — 2] — [1 = cs (s = D)}
=W, +Bo (W, — W) . . . . (A6
collecting terms,
W Boi [+ ¢) (pi = D)1= W+ (W, = W) B
(A-T)
Rearranging Eq. A-7 we have
p=- [We(ct '(*‘W:f)——WK;i‘)aiBw] TR
(A-8)

To further generalize the equation to include inter-
ference effects of other reservoirs in a common aquifer,

i
- W.+IWe + (W, — Wi Bo
p = - 2 +pi9

(Cot+ )W B
(A-9)

where W, represents the cumulative water influx for
the reservoir of interest, and W.; represents cumula-
tive wzfter influx into reservoir (j) within the common
aquifer. The water compressibility can be considered
then as effective compressibility, which includes the
compressibility of the other nonproducing hydrocar-
bon reservoirs.

Eq. A-9 is the general equation, but to simplify the
further derivation we will set the interference, water
production, and water injection terms to Zero; that is,
SW, =0,W,=0,and W; =0.

We then have

- 1
P= [(Cw+cf)WBwi

]W5+P{.

(A-10)

Defining [(cw + ¢1) W Buwi] pi = Wei, as the initial

encroachable water in place, we can write for the
aquifer material balance equation

'13=——(-5—‘— W. + o, . (A-11)

Wei
JULY, 1971
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which can be represented in graphical form as shown
in Fig. 5.

Note that the term W.; is not total water in place,
W B, (which represents the total aquifer pore vol-
ume). The aquifer will still be 100-percent saturated
with water when all the aquifer pressure is depleted;
that is, when p = 0. Note, too, that the determina-
tion of W.;, the initial encroachable water in place,
is not basically geometry-dependent except to the ex-
tent that fundamental mensuration rules can be ap-
plied. Isopachous planimetry would be the most rigor-
ous of all approaches.

APPENDIX B

Water Influx Equations

Aquifer Rate Equation

The aquifer rate equation independent of geometry is
o =Ju (E - Ppu)* . . (B-1)

The aquifer rate equation when graphically de-
picted is analogous to the productivity index curve of
the oil wells and to the backpressure curve of the gas
wells (see Fig. 1).

The rate-time relationship for water influx against
an increasing Ap is shown graphically in Figs. 3 and 4.

The cumulative influx into the reservoir or efflux
from the aquifer is determined by

t
W,=g'q,,,dt N  : 273
Differentiating we have
dW,=qedt , . . . - - - - - (B-3)
or
aw. _
--—d-i—--—- Qo « - + o+ s e e e (B~4)
Using the aquifer rate equation, we obtain
Go=to@—Pup); - - - - - - BD
then
dw, -
e =taG=pep. - - - B

At initial conditions we can define the maximum
capacity or initial open-flow potential of the aquifer,
when pos = 0, as

(qwi)mu: = Iw(pi) P (B'G)
or
jy=ledes . B
Di
Therefore,
qw=(—q—";‘;)7‘-“-9-(5-—p,,,). ... (B9
Then
dw., =(Qw£)mu - -9
e Mot G —pey, . . - B
827



or
aw, = i‘i‘gz_ﬂ“i @ — pudt. (B-10)
From the material balance equation slope,
dp _ _ (_ps -
= (%) @D
or
dp = — (-E-) dw. . . (B-12)
Wei
Combining Egs. B-10 and B-12,
d".:__ﬂ__[(Qwi)mu -~ " ]. -13
P= = e (p — pudt (B-13)
Simplifying and separating variables,
d; (th')max
= = - de. . (B-14)
(@ = Puwp) We:
Then
2 & @) ¢
p — Qi) max
= = - dt. (B-15)
[ (P — Pwy) We f

Rearranging and changing limits on p, we obtain

(QIm)msx fdt f (B-16)
(p - Pw!)
Integrating between limits gives us
[(ql;;')max]t — ln[{; - Pw!] ’ (B-17)
ei P = Dwy
which can be expressed as
p‘ ~ Puwt - e{((hﬂ)mu:/wu]t s (B‘18)
P — Pws
but
Quw = Jo (; - Pw!) s . (B‘lg)
or
Qw = (P Duwr) . (B-20)
Therefore,
Tw (Pi = Puy) _ el(Teiimas/Weilt (B-21)
G
Now, defining e, = g, ,
Jw i
o) = M , (B-22)

which is the final form expressing the instantaneous
rate of water influx as a function of time and the
internal boundary pressure, (p.s). The equation is
quite general and totally independent of geometry,

828
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and will use any consistent set of units.

Cumulative Water Influx Equation

Now we can derive the more useful cumulative water
influx equation. If we combine the equations

t
W, = of e, dt (B-2)
and
Jo (Di —
b = C[“:a(ﬁ)mu/g‘zfl)t > (B-23)
then
1
= Jw (Pi — Puy)
W, e[(a..‘)m.;/vv:]t dt, (B-24)
g
or
We m— jw (pi — me) ft e~ Qe max/Wailt .
[}
coe e (B-25)
Eg. B-25, when integrated between limits
W 7 ) e’[(q-u)m;x/wﬁ]t ¢
e (pi Put - [(qwi)max } ’
Wei 0
(B-26)
gives
Jw (Di — DPwy)
We I e e 1 — o= [(Quei)max/Weilt
(qwi)mu] { © } ’
Wei
(B-27)
but
(q'wi)mu = ]w (pt) (B‘G)

Substituting and rearranging, we arrive at the final
form of the cumulative water influx equation.

I‘Ie — u’;”" (p‘, - pw!) {1 — e—[(qoc)nu/woi]‘}
i

(B-28)

It is interesting to note that both the instantaneous
water influx rate equation and the cumulative influx
equation are identical in form with equations derived
by Russell and Prats?® for predicting the performance
of layered reservoirs. Their results and conclusions
should be directly applicable when the simplified water
influx approach is used. JPT
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