
A new method for constructing the Hessian in elastic full waveform inversion
Vegard Stenhjem Hagen∗ and Børge Arntsen, Norwegian University of Science and Technology;
Espen Birger Raknes, Aker BP and Norwegian University of Science and Technology

SUMMARY

We propose a method for constructing the Hessian in Elastic
Full Waveform Inversion (EFWI) as a series of Hessian-vector
products with model perturbations. The assembled Hessian
of both simple and complex synthetic models are studied to
draw conclusions regarding spatial resolution and parameter
retrieval. The results indicate a strong cross-talk between
the different model parameters of a common density-velocity
parametrisation in EFWI. Furthermore we are able to comment
on the influence of offset by comparing zero- and intermediate-
offset results.

INTRODUCTION

The ill-posedness of EFWI introduces localminimawhichmust
be avoided to perform successful recovery of subsurface param-
eters (Operto et al., 2013). Commonly, the gradient update in
EFWI is estimated by linearising the problem and approximat-
ing the Hessian with a scalar as a way of eliminating some
computational complexity, but at the cost of information loss.
We propose calculating the action of the Hessian matrix on
a subset of the model (Hessian-vector products) as a way of
estimating the resolution and parameter cross-talk in a defined
region, helping us give an estimate of the accuracy of the in-
version.

By utilising second-order events we are able to construct the
Hessian kernel (Marquering et al., 1999; Fichtner and Tram-
pert, 2011b). We can then analyse the Hessian kernel to help
us better understand the inversion results obtained from EFWI.
For instance the Hessian contain information about parameter
cross-talk and sensitivity to model changes (Sager et al., 2017),
indicating how well different areas of the model is resolved in
terms of uncertainty and resolution.

We have calculated the Hessian-vector product for a vertical
slice of the model for different model perturbations along the
slice. The products have then been assembled to construct
the Hessian of the model slice which we use for studying the
resolution and uncertainty of the model slice.

The Hessian can also be directly used in a Newton inversion
scheme (Pratt et al., 1998; Epanomeritakis et al., 2008), but
these methods will not be discussed here.

THEORY

FWI is a technique for iteratively recovering model parameters
using the entire recorded waveform (Tarantola, 1984; Mora,
1987). For a comprehensive overview of modern FWI we refer
to Virieux and Operto (2009), but we will state a brief overview

of the basic in elastic media using the adjoint formulation in
the time-domain (Fichtner et al., 2006).

The elastic displacement field u(x, t) in a model m(x, t) with
space-coordinates x ∈ G ⊂ R3 and time t ∈ [0,T] ⊂ R can be
described by the wave-operator L(u,m) defined as

L(u,m) = ρ(x)ü(x, t) − ∇σ(x, t) = f(x, t), (1)

where f(x, t) is the driving force, density is denoted by ρ, and
the stress tensor σ(x, t) given by the 4th order stiffness tensor
C as

σi j = Ci jkl∂kul, (2)
using the Einstein summation convention.

Next we define a misfit function

Ψ = Ψ(u(m, xr ), d0) (3)

as a measure of how good a fit our modelled recording u(xr, t)
is to the true recorded data d0(xr, t) at recording locations xr .
By calculating the gradient of the misfit with respect to the
model parameters we can then find a model update that will
decrease the misfit. This is done by introducing the Jacobian
as

J(m + δm) = ∇mΨ(m + δm), (4)
and linearising around m resulting in

J(m + δm) ' J(m) + ∇mJ(m)δm = 0. (5)

Thus introducing the Hessian

H(m) = ∇mJ(m) = ∇m∇mΨ(m). (6)

The model update δm can then be obtained from equation (5)
by solving

H(m)δm = −J(m) (7)
for δm.

To compute the full Hessian one would need to calculate the
second partial derivative of every model point which is compu-
tationally prohibitive for reasonable large models. A common
adequate approximation is substituting theHessianwith a scalar
and performing a line search for the optimal α ∈ R to instead
solve (Raknes, 2014)

δm ' αJ, (8)
thus losing 2nd order information in the process. In this work
we will be calculating the action of the Hessian on model per-
turbations (Hessian-vector products) using an adjoint approach
proposed by Fichtner and Trampert (2011a).

We can calculate the Jacobian in equation (4) by introducing
the adjoint wavefield u†. This wavefield can be obtained by
time-reversing the kernel χ of the misfit function (3) as

Ψ =

∫
T

∫
G
χ
[
u(m; xr, t), d0

]
dtdG, (9)
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and inserting it at the receiver locations xr . The Jacobian is
then computed using the Frechét derivative as

J = J(u†, u) =
∫
T

u†∇mL(u,m)dt, (10)

which can be used to find amodel update according to the linear
approximation in equation (8). To solve themore generalmodel
update in equation (7) we need to also find the Hessian matrix.

Introducing the perturbed forward field δu as

δu = lim
ν→0

1
ν

[
u(m + νδm) − u(m)

]
, (11)

and the perturbed adjoint field δu† as

δu† = lim
ν→0

1
ν

[
u†(m + νδm) − u†(m)

]
, (12)

the Hessian acting on a model perturbation δm can be split up
into three components (Fichtner and Trampert, 2011a)

Hδm = H1(u†, δu) +H2(δu†, u) +H3(u†, u). (13)

On the condition that the wave-operator L is linear with respect
to the displacement u, these components can be written out as

H1(u†, δu) =
∫
T

u†∇mL(δu,m)dt, (14)

H2(δu†, u) =
∫
T
δu†∇mL(u,m)dt, (15)

H3(u†, u) =
∫
T

u†∇m∇mL(u,m)(δm)dt. (16)

Comparing equations (14) and (15) with equation (10) we ob-
serve that we need only replace the appropriate field with the
perturbed one to calculateH1 andH2, whereasH3 is dependent
on the given parametrisation. Note that theH3 termwill vanish
when the wave-operator is linear with respect to the model pa-
rameters, e.g. using the Lamé parametrisation. In the density
(ρ), pressure-wave velocity (vp), and shear-wave velocity (vs)
parametrisation H3 will not vanish, but we can calculate it by
recycling the Frechét kernels directly obtained from equation
(10) and the model perturbation δm =

[
δρ, δvp, δvs

]T as

H3 =

 0 ρ−1 Jvp ρ−1 Jvs
ρ−1 Jvp v−1

p Jvp 0
ρ−1 Jvs 0 v−1

s Jvs

 δρδvp
δvs

 (17)

The Hessian kernel at position xi due to a perturbation δmj

can be constructed as a matrix with the element i j expressed as

H(m, xi )δmj = Hn
i δ

m
j , (18)

with n,m ∈ m looping over the parametrisation parameters the
action of the Hessian on a model perturbation can be written
on the block form

Hδm =


Hn1
i δn1

j Hn1
i δn2

j Hn1
i δn3

j

Hn2
i δn1

j Hn2
i δn2

j Hn2
i δn3

j

Hn3
i δn1

j Hn3
i δn2

j Hn3
i δn3

j

 (19)

METHOD

We will primarily focus on the ρ, vp , vs parametrisation of
EFWI using a time-domain finite-difference scheme. In order
to calculate theHessian for a givenmodel we start by generating
a top-recording of the true model. Next we introduce grid-size
perturbations to a background model in order to calculate the
action of the Hessian in a model slice as shown in Figure 2 to
7.

The different sub-matrices of the Hessian can then tell us about
the interaction between a given model perturbation and the
neighbouring area. A perfectly resolved model with no param-
eter cross-talk is represented by a scaled identity matrix in our
construction of the Hessian. In this case the scalar substitution
in equation (8) would be valid.

Off-diagonal elements are indicative of a bandwidth limited
response, or de-focusing of the signal in the slice direction,
showing how a perturbation at a given point interferes with
its neighbourhood. Parameter cross-talk is evident by signal
in the off-diagonal sub-matrices showing how much a given
parameter affects a different parameter.

We have calculated the Hessian for a vertical slice in both
simple (homogeneous and linear gradient) and complexmodels
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Figure 1: The Gullfaks density-velocity model
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(Gullfaks model, Figure 1) in order to estimate how good we
can resolve the models at a given depth with a predetermined
source-receiver geometry.

As a source we have used a single Ricker wavelet with a dom-
inant frequency of 10 Hz at offsets of both zero and 2 km to
the left of the centre of the models. Receivers used to back-
propagate the misfit kernels are placed along the full 10 km
width at the top of the models. The simulations are performed
using a fully resolved backgroundmodel which differs from the
target model by only the introduced perturbation. Attention is
focused on the centre of the model at depths between 900 m
and 2100 m where we construct the Hessian.

The obtained Hessian matrices are normalised to ±1 and dis-
played with overexposure in order to emphasise structure.

RESULTS

In the obtained Hessian matrices (Figure 2 to 7) we observe
strong cross-talk between all parameters as a signal in the off-
diagonal sub-matrices. Ignoring the cross-talk sub-matrix ele-
ments, we have diagonally dominant matrix in the Hvp δvp and
Hvs δvs elements, indicating a good spatial resolution for the
velocities. The relative weaker signal in the Hρδρ sub-matrix
is indicative of a comparably lower recovery of the density
parameter.

For the simple model zero-offset experiments (Figure 2 and
3) most of the de-focusing appears above the diagonal in the
Hessian sub-matrices, with most of the de-focusing occurring
at shallow depths. This is indicative of a lack of information
about the placement of the perturbation. Moving further away
from the centre we observe that the de-focusing is mostly gone
in the intermediate-offset experiments (Figure 5 and 6), leaving
us instead with a strong diagonal signal which slightly widens
as we move deeper into the model.

Looking at the Hessian for the more complex Gullfaks model
in the zero-offset case (Figure 4) we observe a more focused
diagonal. This can be explained by internal reflections giving
usmore data as towhere the perturbation is placed. Themissing
bands in the Hessian are thought to be caused by destructive
interference due to the same internal reflections. Moving to the
intermediate-offset Hessian (Figure 7), we notice less focused
sub-matrix diagonals, especially in the Hvp δvp sub-matrix.

CONCLUSIONS

We have successfully constructed the Hessian matrix for a sub-
set of a given model using Hessian-vector products based on
simple model perturbations.

Despite added complexity the method of calculating the Hes-
sian presented here repurposes many of the routines used in
conventional FWI, making it fairly simple to implement in an
existent solver. The main added computational cost comes
from simulating twice as many fields, though some of this cost
can be alleviated by focusing on a subset of the model.

Preliminary results suggest that there is a strong cross-talk be-
tween the different parameters in the ρ, vp , vs parametrisation
without sampling the data. This results in a highly coupled
response in the model update, making it difficult to distinguish
the influence of different parameters. This is especially true
when trying to invert for density as our results suggest density
updates are more affected by changes in velocity than density
itself.

Our results confirms that longer offsets help focus model inver-
sion, but that the effect is not as prominent in a more complex
model. A better resolution of the vs signal lends us to propose
sampling the recorded signal to construct the Hessian using
mostly S-wave data.

ACKNOWLEDGMENTS

The authors would like to thank NTNU and Aker BP ASA for
making the code available through the Codeshare project.

10.1190/segam2018-2998233.1
Page    1361

© 2018 SEG
SEG International Exposition and 88th annual Meeting

D
ow

nl
oa

de
d 

11
/2

4/
18

 to
 1

11
.8

9.
21

1.
18

6.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SE
G

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 T
er

m
s 

of
 U

se
 a

t h
ttp

://
lib

ra
ry

.s
eg

.o
rg

/



A new method for constructing the Hessian in EFWI

Hρ

Hvp

Hvs

δρ δvp δvs

−0.030 −0.015 0.000 0.015 0.030
H1 + H2 + H3

Figure 2: Zero-offset Hessian from a uniform model.
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Figure 3: Zero-offset Hessian from a gradient model.
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Figure 4: Zero-offset Hessian from the Gullfaks model.

Hρ

Hvp

Hvs

δρ δvp δvs

−0.030 −0.015 0.000 0.015 0.030
H1 + H2 + H3

Figure 5: Indermediate-offset Hessian from a uniform model.
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Figure 6: Intermediate-offset Hessian from a gradient model.
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Figure 7: Intermediate-offset Hessian from theGullfaksmodel.
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