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FORWARD

This volume was published in its present form for the
general use of participants in INTERCOMP's RESERVOIR SIMULATION
SCHOOLS. These Schools which are offered annually at inter-
national locations allow an individual the opportunity to
learn the powerful techniques of reservoir simulation through
a proper balance of formal lectures and case study practia.
The material in this publication is particularly useful in the
formal lecturing phase of that balance and, because of the
depth of its treatment of some subjects, it also serves as
a valuable reference for the participant after the School has
been completed.

It should be added that the material contained herein is
not considered to be a complete exposition of all aspects of
reservoir simulation. A number of subjects, especially the
analysis of specific recovery processes, have yet to be added.
But that will come later - the fundamentals of mathematical
modelling in the reservoir engineering context and the various
ways of handling these models are all here and, with them,
recommendations by an authority in the field on the most con-
venient routes to follow.

The volume is divided into two parts: the primary portion
of the book - the first 163 pages - was written by K. H. Coats
while the supplemental portion - the last 28 pages - was
written by H. S. Price. Coats treats the development of the
basic reservoir simulation mathematical models, the manner in
which they are converted to finite difference form, and the
various procedures which may be used for the direct solution
of the finite difference models. Price, on the other hand,
completes the exposition of solution techniques by pointing
out the various iterative procedures which may be used to
yield solutions to the finite difference equations.

Both of these authors have had extensive experience in
both the mathematical development and practical application
of reservoir simulation models. Keith Coats, with advanced
degrees from Michigan in both mathematics and chemical engineer-
ing, has been employed in industry with ESSO research organiza-
tions and has taught on the faculties of the universities of
Michigan and Texas. Since 1968 he has been Chairman of the
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Board of INTERCOMP. Harvey Price, on the other hand, has degrees
from Cornell and Case Western Reserve in engineering physics and
numerical mathematics, respectively, was employed by the Gulf 0il
research organization, has had teaching experience at both
Carnegie Mellon and Pittsburgh universities and, at the present
time, is Vice President {(Marketing) of INTERCOMP. Both of these
individuals have made valuable contributions to the literature

of reservoir simulation during the past decade. Apart from carry-
ing on their day-to-day functions with INTERCOMP, each is called

upon to assist in the presentation of the Reservoir Simulation
Schools.

Comments on aspects of this publication or requests for

information relative to INTERCOMP courses should be directed
to:

INTERCOMP Resource Development
and Engineering, Inc.
2000 West Loop South
Suite 2200
Houston, Texas 77027

PUBLICATION OF THE MATERIAL CONTAINED HEREIN IS PROHIBITED

UNLESS PRIOR APPROVAL OF INTERCOMP HAS BEEN OBTAINED
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ELEMENTS OF RESERVOIR SIMULATION

K. H. Coats

1. INTRODUCTION

Webster defines '"simulate" as '"to assume the appearance of without reality".
Simulation of petroleum reservoir performance refers to the construction and
operation of a model whose behavior assumes the appearance of actual reservoir
behavior. The model itself is either physical (e.g. laboratory sandpack) or
mathematical. A mathematical model is simply a set of equations which, subject
to certain assumptions, describes the physical processes active in the reservoir.
While the model itself obviously lacks the reality of the oil or gas field, the
behavior of valid model approximates (assumes the appearance of) that of the field.

The purpose of simulation is estimation of field performance (e.g. oil re-~
covery) under a variety of producing schemes. While the field can be produced
only once at considerable expense, a model can be produced or '"run' many times
at low expense over - -a short period of time. Observation of model performance
under different producing conditions then aids in selecting an optimum set of
producing conditions for the reservoir. More specifically, reservoir simulation
allows estimation of: a) field performance under water injection and/or gas
injection or under natural depletion, b) the advisability of flank as opposed
to pattern waterflooding, c) the effects of well locations and spacing, and
d) the effect of producing rate on recovery.

The mathematical models discussed herein consist of sets of partial dif-
ferential equations which express conservation of mass and/or energy. In addition,

the models entail various phemonenological ''laws' describing the rate processes




active in the reservoir. Example laws are those due to Darcy (fluid flow),
Fourier (heat conduction), and Fick (solute transport by diffusion or dis-
persion). Finally, various assumptions may be invoked such as those of one-
or two-dimensional flow and single- or two-phase flow, negligible dispersion
or gravity or capillary effects, etc.

The model equations are generally nonlinear and require numerical solution.
A computer program is written to utilize some numerical technique in solving
the equation. Required program input data include fluid PVT data (e.g. formation
volume factors as functions of pressure), rock relative permeability and capillary
pressure curves, and reservoir description data. The latter usually constitute
the bulk of the input data and are the most difficult to accurately determine.

Computed results generally consist of pressures and fluid saturations at
each of (say) several hundred grid points throughout the reservoir. In
problems involving heat or solute flow the model will also entail calculation
of temperature or concentration at each grid point. These spatial distributions
of pressure, etc., are determined at each of a sequence of time levels covering
the producing period of interest.

There are several potential sources of error in computed results. First,
the model itself is usually approximate since it involves certain assumptions
which are only partially valid. Second, replacement of the model differential
equations by difference equations introduces truncation error; that is, the
exact solution of the difference equations differs somewhat from the solution
to the original differential equations. T;ird, the exact solution of the
difference equations 1is not obtained due to round-off error incurred by the
finite word length of the computer. Finally, and perhaps most important,

reservoir description data (e.g. permeability, porosity distributions) seldom

are accurately known.
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The level of truncation error in computed results may be estimated by
repeating runs or portions of runs with smaller space and/or time increments.
Significant sensitivity of computed results to changes in these increment
sizes indicates a significant level of truncation error and the corresponding
need for smaller spatial and/or time steps. Compared to the other error sources,
round~off error is generally negligible.

Error caused by erroneous reservoir description data is difficult to
determine since the true reservoir description is virtually never known. A
combination of core analyses, well pressure tests and geological studies often
gives valid insight into the nature of permeability and porosity distributions
and reservoir geometry. The best method of obtaining a valid reservoir des-
cription is to determine (in some manner) that description which results in
best agreement between calculated and observed field performance over a period
of available reservoir history.

In some cases, the engineer is less concerned with the absolute accuracy
of his reservoir description data and results than he is with the sensitivity of
calculated results to variations in that data. This sensitivity can be determined
by performing several runs with (say) 10 or 207 variation in description data.

As a specific example, consider the question of estimating oil recovery from a
field by waterflood as opposed to natural depletion. Assume that a computerized
mathematical model using a certain reservoir description yielded recoveries of

55% for waterflood and 42% for natural depletion. Consider first the case where
additional computer runs using variations in description data covering a reasonable
range of uncertainty yield some spread of both figures but always a difference

of 12-14% in recovery. This additional recovery by waterflood might then be
accepted as meaningful. However if some reasonable descriptions result in cal-

culated recoveries of (say) about 477 under both producing schemes then the




engineer must conclude that meaningful simulation results cannot be obtained
until reservoir description is more accurately ascertained. If the engineer

is interested in the absolute as well as relative levels of the two recoveries,
then significant sensitivity of calculated recovery to description data varia-
tions would indicate the need for further effort on reservoir description.

The simulation model itself can be a useful tool in allocating effort and
expense in determination of reservoir fluid and rock data. Computer runs may
be performed at an early stage of the reservoir study to estimate sensitivity
of calculated reservoir performance to variations in the various required input
data. Effort should obviously be concentrated in obtaining those data which
have the greatest effect on calculated performance. For example, in cases where
the gravity drainage mechanism dominates oil recovery, the relative permeability
curve to o0il at low and middle-range oil saturations has a pronounced effect on
calculated oil recovery. Gas viscosity and relative permeability and capillary
pressure may play virtually no role whatsoever and effort expended in their
determination is largely wasted.

Simulation model results frequently have considerable educational value,
quite apart from their aid in reaching decisions regarding reservoir operation.
The complex interactions of gravity, viscous and capillary forces in hetero-
geneous reservoirs often result in seemingly anomalous, or at least unexpected,
calculated flow patterns. Verification of the validity of such patterns re-
.quires considerable insight into the physics of the situation. Such verifica-
tion can often be attained by recourse to simpler models. For example, calcu-
lated water saturation profiles for a one-dimensional vertical water drive in
a heterogeneous pinnacle reef reservoir exhibit pronounced oscillation with
vertical distance. These calculated oscillations persist virtually unchanged

despite considerable reduction of spatial and time increments, i.e. they are




not caused by truncation error. The oscillations are caused by the dependence
of frontal water saturation upon both gravity and viscous forces. The ratio
of these forces varies markedly with permeability of successive layers upward
through the reservoir. The simpler Buckley-Leverett model, extended to
heterogeneous one-dimensional systems, shows precisely the same oscillations.
In high permeability layers, gravity forces dominate viscous forces and a

high frontal water saturation develops. However, as this front passes upwards
into a low permeability block, viscous forces are dominant and give a low
frontal saturation. Upon leaving the tight layer and again entering a loose
one, the frontal saturation again jumps to a high value, resulting in an
oscillatory water saturation profile at any given time.

The question often arises as to the circumstances under which simulation
in three-dimensions is necessary as opposed to two or even one dimension. In-
clusion of flow in the third (nearly vertical) direction is often recommended
only if reservoir thickness is '"'large' in relation to areal extent or if
pronounced heterogeneity exists in the vertical direction (e.g. high stratifica-
tion). These rules may be sufficient in some cases but certainly are not
necessary. The following example of a three~dimensional problem is a somewhat
generalized and simplified version of an actual field study.

The problem was estimation of oil recovery by crestal gas injection in a
steeply-dipping reservoir. The reservoir sand was only 40 feet thick and was

clean and unusually isotropic. With the simplification just mentioned, Figure 1

shows the reservoir configuration. Permeability was low at the southern boundary
and increase; uniformly toward the northern boundary.

Neither gas injection nor oil production wells were equally spaced or
symmetrically located. The areal heterogeneity along with nonuniform well

spacing dictated the need for simulation of flow at least in the two areal (x-y)




directions. In spite of the small sand thickness and homogeneity in the
vertical direction, simulation of flow in the vertical direction was also
required. The reason was the low relative permeability to oil in the low
and middle-oil saturation range - i.e. again, the gravity drainage problem.
The injected gas overrode and bypassed thé oil, leaving appreciable amounts
of 0il behind the gas front. This o0il slowly drained down-dip and normal to
the bedding planes (''vertically'"). This vertical gravity drainage of o0il was
an important mechanism in the recovery and could not be accounted for in an
areal, two-dimensional (x-y) calculation.

The most frequent misuse of reservoir models is a kind of '"overkill'.

Just a few years ago we made decisions regarding reservoir performance using
only the tools of judgment and the conventional (zero-dimensional) material
balance or perhaps a one-dimensional Buckley-Leverett analysis. Now, almost
overnight it seems, questions regarding reservoir performance can only be
answered by performing several thousand-block two- or three-dimensional
simulations of two or three phase flow.

Too often we automatically apply to a problem the most sophisticated and
complex calculation tool available. Typically, grid sizes are used which are
finer (smaller) than justified by available information concerning reservoir
properties. Often the reasons given for fine grid structure have little basis
in fact. In short, the overkill referred to here is the application of models
accounting for m-phase flow using n grid blocks where the questions faced could
be equally ;ell answered using a model describing m—-1 or even m-2 phase flow
in a grid of n/2 or n/3 blocks.

These comments are not meant to imply the lack of a need for small-

grid element, three-dimensional simulations. The writer has observed well

founded three-dimensional studies and ill-conceived one-~dimensional simulations.




However, the use of engineering judgment in many cases would dictate use of
a less complex model. Equally valid answers would be obtained at appreciably
lower man and machine cost and in a shorter time. A general rule that should
be followed is "'select the least complicated model and grossest reservoir
description which will allow the desired estimation of reservoir performance'.
Another misuse of reservoir models is their application under gross un-
certainty regarding input data which critically affect computed results. The
writer was involved in a study of o0il recovery by gas injection in a dipping,
cross-section (two-dimensional vertical slice). Initially, relative permeability
and other reservoir data were rather crudely estimated and a considerable
number of runs were performed investigating the effect of injection rate on
recovery. Subsequent sensitivity studies showed these early computed results
to be largely meaningless for the following reason. The answers obtained were
virtually entirely dependent upon the oil relative permeability curve employed.
And variations of this curve well within the range of uncertainty gave signif-

icantly different estimates of 0il recovery. The computed recovery was almost

totally insensitive to gas relative permeability and capillary pressure curves
and reservoir porosity. Also, reservoir permeability had an insignificant
effect within a reasonable range of uncertainty. Having isolated the particular
data (oil relative permeability curve) that almost solely determined the anéwer,
we expended an intensive effort in its determination. Subsequent computer runs
were then believed to yield reliable estimates of oil recovery and the quanti-

tative effect of rate on recovery. This overriding importance of the oil re-

lative permeability curve is typical, of course, in problems where oil recovery
is dominated by the gravity drainage mechanism.
Erroneous use of reservoir models occasionally occurs in two-dimensional

areal studies. The error involves inadequate representation of fluid saturation




distributions through the thickness of the reservoir. An areal, as opposed to

full three-dimensional, calculation is justified in the two limiting cases of

1) fluids are completely segregated (i.e. gravitational-capillary equilibrium
exists) throughout the thickness and 2) no segregation exists - i.e. fluid satura-
tions are uniform throughout the thickness. 1In the latter case, rock (laboratory)
relative permeability and capillary pressure curves should be used in the areal
calculation. In the former case, pseudo relative permeability and curves, reflect-
ing the state of segregation, should be employed [1]. In most cases, the assumption
of segregation is more nearly correct than the assumption of uniform saturations but
in many cases neither assumption is valid. If neither assumption is valid, a
three-dimensional calculation should be performed or totally empirical pseudo

curves for areal calculations should be determined, if possible, as those which,

when used in one-dimensional areal calculations, result in agreement with two-
dimensional cross-~sectional calculations using laboratory curves.

A somewhat widely held misconception concerning simulation models is that they
serve to eliminate the need for engineering judgment, indeed eliminate the need
for engineers. Actually, the model results serve only as an aid to the engineer
and management in making intelligent decisions regarding future reservoir opera-
tion. Second, an engineer using a computerized simulation model in studying a
reservoir must excercise considerably more judgment than he would if no such model
were employed. He must decide what type of model his questions and the reservoir
warrant. The question is not whether to simulate but rather what tools to use in
performing the simulation. In selecting the model he faces the question of what

assumptions are valid for his reservoir. He must also exercise judgment in ob-

taining and interpreting reservoir data necessary for the model calculations.




2, NOTATION AND BASIC MATHEMATICAL OPERATIONS

2.1. Reservoir Grids and Finite Difference Notation

Reservoir simulation problems involve one or more dependent variables, typical
pressure (p), temperature (T), concentration (C), saturation (S). 1In general, any

variable U is a function of the independent spatial variables x, y, z and time t,

U= U(X;Y9z’t)

The mathematical models are sets of partial differential equations involving partia
derivatives of the dependent variables with respect to the independent variables.
We approximate these derivatives by finite differences and numerically solve the
resulting finite~difference equations. These difference equations involve values

of the dependent variables at discrete points in space and time,

Ui,ikon - U0 Yy Zeo £)
The spatial position or point (xi, yj, zk) is a grid point in the reservoir.
The two common types of grids involve mesh-intersection or block-centered
grid points as illustrated in Fig. 2.1. The choice of grid type for a given
problem depends largely upon the form of the boundary conditions.
Y Y1
J J [

j | | . . . .
- X
a) Mesh-Intersection Grid Points b) Block-Centered Grid Points

Fig. 2.1 TWO GRID TYPES
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The mesh-intersection grid of Fig. 2.la is employed in Dirichlet-
type problems where boundary conditions specify values of pressure on the reservoir
boundaries. The block-centered grid has an advantage in the Neumann problem where
boundary conditions specify flux or flow across the reservoir boundaries. For
example, the Neumann condition of zero flow across the boundary is expressible

for the block-centered grid as

The equation reflects pressure pi,l symmetrically across the boundary to an
imaginary row of blocks having centers located Ay/2 outside the reservoir.
Throughout this text we will employ the block-centered grid. In cases of
Dirichlet boundary conditions, we will utilize half-blocks on the boundary and
quarter-blocks on the corners. Fig. 2.2 illustrates a block-centered grid

representing the same reservoir as Fig. 2.1b. The grids of Figs. 2.1b

31» °
f
j 2 4 ° .
1 D A D
I 2 3 |-

Fig. 2.2 BLOCK-CENTERED GRID FOR PRESSURE BOUNDARY CONDITION

and 2.2 would be employed for the Neumann and Dirichlet problems, respectively.
Note the half-blocks on the boundaries and quarter-blocks on the corners in
Fig. 2.2. The grids of Figs. 2.1 and 2.2 are referred to as ''regular" grids in

that regular or equal spacing is employed; Ax and Ay are constants.
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Irregular grids are employed to represent reservoirs where more definiticn
is required in certain regions due to heterogeneity or concentrations of wells.

Fig. 2.3 illustrates an irregular grid. Point (Xi’ yj) is located

Axz
1
J < . ° eleole ) ) o le
] ° ™
t s . o
j o] o ™
? ¢| o o olojeo| o L ZSYEE
° olol-o - - >—Lo -
12 3 . r Lx

Fig. 2.3 IRREGULAR, BLOCK~CENTERED GRID

in the center of a block of dimension Axi, ij. Fig. 2.3 also illustrates a
grid for handling a problem having mixed boundary conditions. Thus, the half-

blocks along the sides x = 0 and y = 0 accomodate the Diriehlet boundary condition

of specified pressure. The full blocks along the sides x = Lx and y = Ly reflect
the Neumann boundary condition of specified flux.

Fig. 2.4 shows the grid most commonly employed in a reservoir simulation.
The irregular exterior boundary approximates the non-rectangular reservoir shape.
The exterior boundary is closed; the Neumann boundary condition therefore applies
and all boundary blocks are full blocks. A flow across a portion of the boundary
can be represented by a source term ("well") in the reservoir simulation equa-

tions for the boundary blocks.
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4y
J o jelel]e
? [ . ® )
I BT= :
2le] ° o Jeloeleo| o
| . o Jeojeo
I 2 3 X
i — I

Fig. 2.4 TYPICAL RESERVOIR GRID

In general, U, is the average value of U(x,y,z,t) at time tn in the

i,3,k,n
block associated with the grid point. In the interest of clarity we typically
suppress all subscripts which are at the "center" point i or j or k or n. Thus,

for example,

i,3,k,n

Ue-1 = Y4,4,k-1,n

The difference notation to be employed is

A UZU, . ~-U. (2.1)

That is, A denotes the forward difference; note that we would denote the difference

U, - U, by A_ U, ,. Second order differences are
i i-1 x i-1

2 2
AL U = (U 2U + U, ;) /0x

i+l
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2 - _ 2
Ay U = (Uj+l 2U + Uj__l)/Ay
AP UZAP U+AM U+A2 U (2.2)
X y z

If T is a scalar function of x, y, z then

LA(TAU) = AX (T AXU) + Ay (T AyU) + Az (T AZU) (2.3a)

AX (T AXU) = Ti+% (Ui+l - Ui) - Ti—% (Ui - Ui-l) (2.3b)
2.2. Vector Calculus Notation
The divergence vector V is defined by
-9 7T, 98T, 97
V = = L + 3y j + 2 k
If p is a scalar function of x, y, 2z, t then
Vp = grad p = R T4 §2-§'+ k)] k (2.4)
X 3y 3z

>
where i, j, k are unit vectors along the (orthogonal) x, y, z axes. If v is a

vector function of x, y, z, t then

divve="Vs

(2.5)

If k is a scalar function of x, y, z, t then
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= kBT 3P 7 9
kVp k A L + k 3y j+ k s k

. =% ) By 42 9By L3 3R
Vo W) =g (kg tay (k) T (k3D

2.3. Matrix Notation and Operations

A row vector is an ordered set of numbers {cl, Cyy ===, cn}, denoted here

by c¢. The transpose of this row vector is a column vector:

Whether ¢ is a row or column vector will either be immaterial or clear from the
context. Two vectors (of the same length or order, n) are equal if their cor-
responding entries are equal. Thus ¢ = d implies ¢, = dl’ c, = d2‘ The scalar

product of two vectors of equal length is defined by

ce*d= ¢ dl + ¢, d2 + -t dn (2.6)

The m x n matrix A has m rows and n columns:

s s A T
) 317 B2 TTTT 2y
A=A{a,}-= . -
1] .
aml am2 - amn
; J

The terms a. . are the matrix elements or entries and, in this text, are real
1"
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numbers. The matrix can be viewed as a set of m row vectors {ai 1’ ai 23 TTTTs A
9= » -

or as a set of n column vectors

A column vector is an m x 1 matrix while a row vector is a 1 x n matrix.

The matrix product of the m_ X n matrix A and the mox matrix B is define

by

where the elements c, , of the m )can matrix are defined by
i,] a

1,1 P1,5 7 31,2 Pa g t,n, °m

. . th . .th :
a; is the i row vector of A and éj is the j column vector of B. The matrix
product is defined only if n, o= m, i.e. A must have as many colums as B has rows.
Included in this definition is the product of an m x n matrix A and a column vecto:
x of length n., The product Ax is an m x 1 matrix or column vector where the ith
element is ai,l x, + a X, + ~~—— a, X . The matrix equation

1 i,2 72 i,n

Ax = b, (2.7)

where A is an n x n square matrix and x and b are column vectors of order n, then

represents the set of equations
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Xptapxpt——ta, % =b

411
a21 xl + a22 x2 + —— a2n xn

]
o

a ., x, +a X + =——— 4+ g X (2.8)
2 n

nl "1 n2 n ‘n n
Gaussian elimination is a standard method for solution of eqs. (2.8). This
elimination procedure is a series of operations on the matrix of coefficients
{aij} which reduces the matrix to triangular form. An upper triangular matrix
is one in which all entries below the main diagonal are zero (i.e. aij =0 4if 1 > j§);

a lower triangular matrix has all entries zero above the main diagonal.

EXAMPLE 2.1

Solve the set of equations

X = 2x2 + X3 = 3x4 = ~12
2x1 - 2x2 + 2x3 + x, = 8
3xl - X, + 2x3 - %, = 3
X - X, = X4 + 2x4 = 4 (2.9)

Solution:
The augmented matrix B of coefficients is the 4 x 5 matrix obtained by

inserting the right-hand side as the fifth column in A:

3 -1 2 -1 3 i3
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The upper triangular form we seek will have all entries zero below the dotted
line. The first series of operations obtains zero for the entries in column 1

below the circled, diagonal, pivot element b Multiplying each entry in the

1,1°

first row by b (i.e. 2), each element in the second row by bl 1 (i.e. 1) and
*

2,1

then subtracting the second row (term by term) from the first yields the modified

matrix

1 -2 1 -3 =12
0 =2 0 -7 =32

- |
1 3 -1 2 -1 3

L1 -1 -1 2 4

Multiplying each entry in the first row by b3 1 (i.e. 3), each entry in
3

the third row by b and subtracting the third row from the first gives

1,1

Finally, multiplying the fourth row by bl 1’ the first by b4 1° and subtracting
bl s

gives
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The procedure just followed to zero out the first column is now repeated,
using b2 5 as the pivot element, to obtain zeroes in the second column below
bJ
the diagonal. The second row entries are first divided by the pivot element

b2 9 to obtain a pivot element of unity:
b

Multiplying the second row by -5 and subtracting the third from the second row

gives

(1 -2 1 =3 -12
o 1 o0 7/2 16

B=J >
3 0 0 -1 -19/2 -41
0 -1 2 -5 -16

- J

Omitting remaining steps, we finally obtain the upper triangular matrix
r -~
1 -2 1 -3 ~12
0 1 0 7/2 16

0 0 1 19/2 41

0 0 0 -41/2 -82 J

This entire set of operations has consisted of nothing more than multiplying

some equation throughout by some number, multiplying another by another number
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and subtracting the second equation from the first. Such operations do not change
the solution {xl, Xyy ===, xn} to the system of equations.

The modified, augmented matrix B, gives the equations

8

X - 2x2 + Xy = 3 X, = ~12
X, + 7/2 X, = 16

X, + 19/2 x, = 41

- 41/2x4 = -82

The last equation directly gives

Substituting this X, value into the third equation gives

=41 - %; (4) = 3

o]
I

The second equation gives

N~

= 16 -

]
ro

Xy (4)

and finally the first equation gives

X; = -12+2 (2) -3 +3 () =1

This simple "back-solution'" for X5 X35 % and X, illustrates the purpose in re-

ducing the original equations (2.9) to an upper triangular form.
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Computer solution of eqs. (2.8) gives values {xi} which contain round-off
error. This error is due to the finite number of digits carried by the computer
in its arithmetic operations. The magnitude of round-off error generally increases
with the number of equations solved (n). But, in addition, this error is strongly
dependent upon the degree of diagonal dominance of the matrix A. A matrix {a, .}

1,]

is termed diagonally dominant if in each row the diagonal element a, is greater
b

in absolute value than the sum of absolute values of the off-diagonal elements,

iai,i[ > 'Zl lai,j’ i=1, 2, ====, n
J:

The greater this degree of diagonal dominance, the less the round-off error
incurred in Gaussian elimination. In some cases the equations in the set (2.8)
can be rearranged prior to solution, for example by interchanging the seventh
and fourth equations, in order to obtain a greater degree of diagonal dominance.

The inverse of an n X n matrix A is denoted by A'-l and is defined by
AT A=AA =1 (2.10)

where I is the identity matrix {6i .}, 8, = 0if i # j, = 1 if i = j. The

’ i,

inverse matrix exists only if A is nonsingular, i.e. the determinant [A| # O.
Gaussian elimination can be employed to calculate the inverse matrix. Let

the matrix A = {ai j} be given. Temporarily denote the unknown entries in the
2

1

first column of A~ by x = (xl, Xys ===, xn)T and denote the columns of I by

éj (i.e. §, = (0, 1, 0, ~=—, O)T. By the rule of matrix multiplication, eq.

2
(2.10) gives

Ax = § (2.11)
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which is a set of n simultaneous equations in the n unknowns Xl’ x2, Ty X
To solve eqs. (2.11) by Gaussian elimination, we augment the A matrix by the

column vector §1 and render the matrix in upper triangular form, as described
in Example 2.1 above. We can then continue this Gaussian elimination process

to obtain the diagonal form of the augmented matrix,

L) - . * ' \
1 0 0 0 61,1
1
0 1 0 0 52,1
Y . L] >
P,
. * . L] . ' N
0 0 1 ‘Sn,l (2.12)
The solution of (2.11) is then simply x, = 6£ 1° i=1, 2, —=~—, n.
b
Now let y = (yl, Yos =77 yn)T denote the unknown entries of the second
column of A_l. Eq. (2.10) gives
Ay = 8, (2.13)

Again, application of Gaussian elimination to the A matrix augmented by §2 gives

a result identical to (2.12) except that the last column is different, (61 29
L

-1 .
v — ' - ; =
62,2, ’ n,2)' The second column of A is y where vy 61’2.

This Gaussian elimination procedure can be repeated to determine each column

of the inverse matrix as the solution of a set of n equations in n unknowns. How—

ever, we will be repeating the same operations on the elements of the A matrix
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each time. Thus, a more efficient procedure would be to augment the A matrix
by all columns of the I matrix and perform the Gaussian elimination one time,

resulting in a modified augmented matrix of form

(1 0 - - 0o | 51,1 6J'.,?_ e éi,n
0 1 0 =+ 0 | 5;,1 6"2’2 sé’n >
| o
. l .
L SRS A

The inverse A‘-l is then simply the right-hand half of this matrix, i.e. A-.1 = {8' }.

EXAMPLE 2.2

Calculate by Gaussian elimination the inverse of the matrix

1 2 4
A=132 2 4
4 8 8

Solution:

The augmented matrix is

[\S]
[\S]
s
o
et
o

We first zero out the first column below the pivot element a; q- Multiplying the
b
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first row by 2, the second by 1 and subtracting the second from the first gives

1 2 4 | 1 0 o0
0o 2 4 | 2 -1 0
4 8 8 | 0o o0 1

<K~ --=-= M

1N2 41| 1 0
\\ i

~ ! -1

0 12! 1-5 0
{

1 1

] A — . —

o o V| F 0 -3

We continue the Gaussian elimination to obtain zeroes in the positions indicated
by the dotted triangle. First, using the encircled aé 3 as pivot element, zero

»
out the entries in the third column. Multiply the third row by 2, the second row

by 1 and subtract the third from the second to obtain

1 2 4 | 1 0 0
o 1 0 | o—%_— %
o 0o 1 | 3 o0 -%

We proceed in this fashion to obtain the diagonal form,

N ©
1
O N
ok B ©
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The inverse is then

11 o
-1 _ 1 1
AT=1 05 3
1 1
2 0 -3

The computational efforts required by alternative methods for solving a set
of equations are often compared on the basis of multiplications only. The reason
for this is that the computer time required for a multiplication is typically 3 to
4 times that required for an addition or subtraction. Division requires somewhat
more time than a multiplication but can generally be avoided in favor of multipli-

.}, =8, 9, ————, nby a in Gaussian

7,53

elimination can be performed by calculating 1/a

cation. For example, the division of {a 7.7
’

7.7 (one division) and multiplying
s

the result into each of the set {a7’j}.

The number of multiplications required in solution of eq. (2.8) by Gaussian
elimination is about n3/3. An equal number of additions and subtractions is re-
quired. The number of multiplications required to obtain the inverse of a full

n x n matrix by Gaussian elimination is about n3. See Problems 2.7 and 2.9 for

more precise computational efforts.



2.1.

2.3,

2.4'
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PROBLEMS

For the same block size, Ax, Ay, compare the numbers of computing (grid)
points necessary in the two grids of Figures 2.1b and 2.2. If grid 2.1b

has I x J grid points, how many has grid 2.2?

A closed boundary, say i = I, j = 1,J on grid of Fig. 2.1b, can be repre-

sented by either of the conditions

Arpg,y = 0

Pr,5 7 Pr1,3

Show that the term A(AAp) assumes exactly the same form in these blocks (I,j)
regardless of which of the two conditions is used.
Show that the sum

I J
I L ATAp), , 20
i=1 j=1 13

for any values P, i for the grid of Fig. 2.1b if the exterior boundary is
>

closed. 1Is it also zero for the grid of Figure 2.47?

Show that

2 2 2
a) VZp=Ve (Vp) =R 4 LR, P
ax?2  3y?  9z?

b) V e« (kVp) = kVZp + (Vk) * (Vp)




2.5. The inverse A"l of a matrix A is defined

where I is the identity matrix.

A= {a,,} as
i3

a2
~4r1

1
211 %2 " %1281

1
3

X
(Hint: Denote the inverse A'-1 by {:x

s

equations in the four unknowns X1s Xgy X

a

X X

211
4%

2
*4

1

A= 1

3

that A~ I

X a

2.6, A is an m x n matrix. In order that cA

column vector? What must be the length

Show that the number of multiplications

Ax = b by Gaussian elimination is about

(n+l) n (n-1)
3

+ (n+l) n

where A is a full, n x n matrix. Hint:

26

by

Derive the inverse of the 2 x 2 matrix

812
411

X
i}. Then use the requirement

X4

1 0
12} = {O 1}to define four
22
3 and x4.)

be defined, must ¢ be a row or

of the vector c¢?

required in solution of the system

(n+l)

n
z
i=1

PR (n+1) g (n-1) + B
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Use Gaussian elimination to obtain the inverse of the matrix

1 2 -1
A= 2 5 1
3 1 6
Show that
29 -13 7
-1 __1 - -
A >4 9 9 3

Show that about n® + n? multiplications are required to invert a full n x n

matrix by Gaussian elimination.
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3. FLUID & ROCK PROPERTIES

Reservoir fluid quantities are commonly expressed in units of stock tank
barrels (STB) of oil and thousands of standard cubic feet (Mcf) of gas. One
STB is simply a barrel of liquid at some average stock tank temperature and
pressure - generally 60°F and 14.7 psia. This volume unit may be also thought

of as a fixed mass since one STB is simply 5.6146 Pos lbsm of oil where PosT

T
is o0il density at stock tank conditions and 5.6146 is cubic feet per barrel.
Similarly one Mcf is a thousand cubic feet of gas at standard conditions of 60°F

and 14.7 psia and is a fixed mass of pgs 1bsm of gas where pgST is gas density

T
at standard conditions in units of lbsm/thousand cubic feet.

Formation volume factors B0 and Bg are defined as the volumes which one STB
of oil and one Mcf of gas, respectively, occupy in the reservoir at reservoir

pressure p and temperature T, The gas law pV = znRT relates volume of a fixed

amount of gas atp and T to volume at standard conditions as

5 = 1000 2P T Rrp (3.1
g 5.6146 p T Mcf :

where z is gas compressibility factor, a function of pressure and reservoir
temperature T. The oil formation volume factor Bo is expressed in units of
reservoir barrels per stock tank barrel (RB/STB). The term b is simply the in-
verse of B, i.e. b0 is STB/RB and bg is Mcf/RB.

The term Rs denotes the gas dissolved in the oil, in units of Mcf/STB.
Figure 3.1 illustrates typical variations of RS and the formation volume factors
with pressure. The bubble point Py noted on the figure is also referred to as
saturation pressure; Rs is constant above Py since gas evolution does not begin

until pressure falls to Py-
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(9]

b o — —

14.7

o
o

p —

Fig. 3.1 FORMATION VOLUME FACTORS AND SOLUTION

GAS VS PRESSURE

The densities of oil and gas in lbsm/cu ft are related to RS and the forma-

tion volume factors as

Py = (poST + R pgST/5.6146) bo (3.2)
PosT
—E25 g (3.3)

Pe = 5.6146 g

where Pogr 18 density of stock tank oil, lbsm/cu ft, and pgST is gas density at

standard conditions, lbsm/Mcf (see Problem 3.1).

The compressibility ¢ of fluid is defined by

L= lav
T Vdp

(3.4)
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where V is the volume of any fixed amount of the fluid such as one lbm or one

STB. Eq. (3.4) is thus equivalent to the relation

o= Cp (3.5)

Use of eqs. 3.5 and 3.2 and 3.3 then gives for oil at pressures above bubble

point

0 0
C ., T S (3.6)
oil Py dp bo dp
and for gas
1 dj 1 4db
Cgas = B-g- _-gdp = g-; .—gdp (3.7)

Compressibility is about 3 x 10_6 for water and the order of lO_5 psi“l for oil.
See Problem 3.2 for further development of gas compressibility. For slightly
compressible liquids (e.g. water and most oils above their bubble points) c may
often be taken as constant over the pressure range of interest and eq. (3.5)
integrates to the familiar relation
* clp-ph)
p=p e PP (3.8)
* * -5
where p 1is density at pressure p . If ¢ is small (e.g. order of 10 ") then the

* *
right hand side of eq. (3.8) is very nearly p [l + c (p = p )] since e” is

1+ x + x%/2! + x3/3! + -=—= and for small x this is approximately 1 + x.

Porous rock is slightly compressible and porosity is related to pressure

through the following definition of rock compressibility Cgl
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do _ cg 6 (3.9

-1

The term c_. is generally of the order of 10—6 psi .

£

Relative permeability is an experimentally determined rock property which
is used in the Darcy eq. (4.2) below to relate volumetric velocity to pressure
gradient when more than one phase is flowing. This relative permeability kr is

in general a nonlinear function of saturation as indicated in Figure 3.2.

Fig. 3.2 RELATIVE PERMEABILITY AND CAPILLARY PRESSURE

CURVES IN OIL-WATER SYSTEM

krw is zero at irreducible (connate) water saturation, kro is zero at residual
0il saturation and relative permeability to any phase is unity when saturation of

that phase is unity. Extensive laboratory experiments in multiphase fluid flow

have indicated insignificant sensitivity of the kr vs S relations to viscosities

of the flowing phases.
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Capillary pressure PC is defined as the difference between non-wetting
and wetting phase pressures; this pressure difference arises from the interfacial
tension between the immiscible phases and the small radii of curvature of the
fluid interfaces in the pore structure. In general, water and oil are the wetting
phases in water-oil and gas—-o0il systems, respectively.

Thus,

(3.10)

where one or both relations apply at a point in the reservoir depending upon
the number of phases present. In a two-phase system Pc is generally represented
as a single-valued function of saturation as indicated in Fig. (3.2).

The relative permeability and capillary pressure curves are dependent upon
the direction of change in wetting phase saturation. A fluid displacement where
wetting phase saturation is increasing (e.g. oil displacement by water) is re-
ferred to as imbibition while a displacement involving a decreasing wetting phase
saturation (e.g. o0il displacement by gas) is referred to as drainage. Relative
permeability and capillary pressure curves experimentally determined in these

two situations are referred to as imbibition and drainage curves, respectively.

Fig. 3.3 indicates the difference between imbibition and drainage curves.

1.O \

ﬁ-—-—._____-‘.

- Py

Swe Sw . I"Sor

Fig. 3.3 IMBIBITION AND DRAINAGE CURVES IN WATER-OIL SYSTEM
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Fortunately, many practical problems do not involve this hysteresis effect since
the 0il recovery process is generally one of imbibition (water-flooding or water
drive) or drainage (gas injection or dissolved gas drive).

Various articles in the literature discuss functional dependence of relative
permeability and capillary pressure upon saturations in three-phase systems [ 2, °:
In this text, water—oil capillary pressure and relative permeability to water are

represented as single-valued functions of water saturation,

The relative permeability to oil is a function of water and oil saturations,

kro = kro (Sw’ So)

Relative permeability to gas and gas-oil capillary pressure are represented as

single-valued functions of gas saturation.
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PROBLEMS

3.1. Derive eqs. (3.2) and (3.3). Hint: if Bo reservoir barrels of oil at
reservoir pressure p are flashed to stock tank conditions then 1 STB of
oil and RS (evaluated at p) Mcf of gas are obtained., Equate the mass of

the Bo barrels at p to the mass of 1 STB and RS Mcf of gas.

3.2, Use eq. (3.4) and the gas law pV = 2znRT to show that the compressibility of

a gas is

3.3. Show that at equilibrium the water saturation varies with depth in an

oil-water sand as

1
* 1
(Pc - AYS Z)

where: Z.is depth measured positively downward, Z = 0. at free water
surface (Sw = 1)
the capillary pressure curve is PC = l/(Sw -.2)°3

*
P =P at § = 1.0
c c W

Ay = Yo = Yo where y is specific weight, psi/ft
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4. DARCY'S LAW

A variety of rate processes occur within a petroleum reservoir during the
production of o0il or gas. The relative importance of these processes in any
specific case depends upon the particular exploitation scheme under which the
reservoir is being produced. The rate process of fluid flow is of course dominant
in all cases. For single-phase flow in a porous medium, Darcy's law relates the

volumetric velocity to the pressure gradient and gravity force as

- . -X 9p _ 292
Ux u (ax Y’BX) (4.1)
where
u = volumetric velocity, cu ft/(sq ft of area aormal to flow - day)

k = rock permeability, md x 0.00633

X
v = fluid viscosity, cp
p = fluid pressure, psi
x = distance, feet

1bs g 1 sq ft

Y = specific weight, psi/ft-(p )

m
cu ft 8. 144 sq in

Z = elevation (vertical position) measured positively downward, ft

Similar equations apply for flow in the y and z directions. This volumetric

velocity u is also referred to as superficial or Darcy velocity. Note that it

is simply volumetric flow rate per unit cross-sectional area normal to flow;

u is related to average pore velocity up by u = ¢ up where ¢ is rock porosity.
For multiphase fluid flow the velocity of each fluid is given by eq. (4.1)

modified by relative permeability. The simultaneous flow of oil and gas is de-

scribed by




oX

gX

where subscripts o

bilities k and k
ro r

36

e B . 28)
My 9x Yo ox -ca
kx kr EE& YA

and g denote o0il and gas respectively. The relative permea-

are functions of saturation as discussed in Chapter 3.
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5. A GENERALIZED CONSERVATION EQUATION

A mathematical model is simply a set of equations which describe certain physical
processes occurring in the reservoir. In nearly all cases of interest these equa-
tions express conservation of some quantity which is flowing or being transported
through the reservoir. Examples are conservation of mass of a flowing fluid and
conservation of thermal energy in cases involving injection of hot fluids to en-
hance oil recovery. In general, the quantity one wishes to conserve is indicated
by the verbal statement of the problem.

A generalized continuity equation can be derived for conservation of any
flowing quantity. This equation is simply a material (or energy) balance about
~a small element of the reservoir. We choose a system consisting of a small element

of space Ax Ay Az in the reservoir as illustrated in Fig. 5.1;

R ==t | —Fx)

4 X X +Ax

-

(x,y,2) (x+Ax,y,z)

Fig. 5.1 SYSTEM FOR MASS OF HEAT BALANCE

this element contains rock and whatever fluids occupy the pore space. A general

flux F is defined as the rate of flow of the quantity being conserved, per unit
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cross-sectional area normal to the direction of flow. For example, F is lbsm of
fluid per sq ft per day if mass of flowing fluid were being conserved or Btu per
sq ft per day if thermal energy were being conserved. Note that the flux F is

a flow rate and determination of an expression for F in any particular case re-
quires accounting for all mechanisms by which the conserved quantity flows or is
transported through the reservoir. Since F is a flow rate it will in general
depend upon direction as well as position (%, y, z) in the reservoir. Thus FX
will denote the flux in x direction, Fy the flux in the y direction, and Fz that
in the z direction. Finally, Fx will by convention be considered as the flow rate
in the positive x direction and similarly for Fy and Fz.

A general concentration C is defined as the amount of the comnserved quantity
per unit volume of the system. For example, C might be lbsm per cu ft or Btu per
cu ft. Note that the denominator of C, i.e. the system volume, is the entire
volume Ax Ay Az, not just the pore space therein. Finally, a sink term q, is
defined as the production rate of the conserved quantity, expressed as amount of
the quantity produced per unit volume of the reservoir per unit time. Note that
q, is in general a function of position x, y, z and time t.

A balance about the system, expressing conservation of the flowing quantity

over a small time incremerit At, ¢an be simply expressed as
IN - OUT = GAIN (5.1)

where IN is the amount (of the conserved quantity) flowing into the system during
time At. OUT is the amount flowing out plus the amount produced over At and GAIN
is the amount in the system at time t + At less the original amount present at time

t. Reference to Fig. 5.1 shows that flow into the system (element) occurs at the

three faces of areas Ay Az at position x, Ax Az at position y and Ax Ay at position
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z. Multiplication of the fluxes at these faces by the respective cross sectional

areas normal to flow and by the time increment At gives

IN = [(F) Ay Az + (F ) Ax Az + (F_ ) Ax Ay] At (5.2)
* x M v Z 2

Note that the units of this term are simply those of the conserved quantity
(e.g. lbsm or Btu). Similarly, flow out of the system occurs at the three faces
of areas Ay Az at position x + Ax, Ax Az at position y + Ay and Ax Ay at position

z + Az. Thus

OUT = q_ Ax Ay Az At + [(F.) Ay bz + (F) Ax Az
v * X+AX y y+Hiy

+ (Fz) Ax Ay] At (5.3)

zH\z

Finally, the gain over the time At is
GAIN = [(C)t+At - (C)t] Ax Dy Az » (5.4)

Substitution from eqs. (5.2) - (5.4) into eq. (5.1) and division of each

term in the resulting equation by Ax Ay Az At gives

(F ) - (F) (F ) - (F ) (F ) - (F)
* X+HAX * x _ v+Ay v o_ z z+Az £ 2
Ax Ay Az
) - (O
- q, = t+AZt t (5.5)

In the limit as Ax, Ay, Az and At approach zero, this equation becomes

SRS

S R
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-2 LB g =~ (5.6)

This result follows from the definition of the partial derivative of any function

f(u, v, ...) with respect to any variable, say u, as

of _ lim f(utAu, v, ...) - f(u, v, ...) (5.7)
du  Auro Au ’

Equation (5.6) is a generalized continuity or material (heat) balance equation
expressing conservation of a quantity flowing in a reservoir.
For the case of two-dimensional (x~y) flow in a reservoir of variable thickness

h, a derivation similar to that given above yields

oth F.) 9d(h F) oC
- .S - hA - h = h = (5 8)
9x ay 1y ot *
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6. FORMULATION OF THE MATHEMATICAL MODEL

The term multiphase flow denotes the simultaneous movement of two or more
immiscible phases through a porous medium. Obvious examples are gas-oil or gas-
oil-water flow. The equations describing this flow are simply the conservation
eq. (5.6) written for each phase. In writing these equations we must select the
quantities to be conserved. Customary quantities (or units) are stock tank barrels
(STB) of water, STB of oil and Mcf of gas. As discussed above, each of these units
is convertible to mass through densities at stock tank or standard conditions.

Mcf of gas exist in the reservoir both as free gas and as gas in solution
in the oil, while STB of 0il exists only in the '"oil" (liquid hydrocarbon) phase.

A volume V at pressure p in the reservoir contains V(bSObO STB of o0il and Vd)(SobO R
+ Sgbg) Mcf of gas. ©Note that the STB is a quantity which undergoes no vaporiza-
tion into the gas phase since it is defined as the part or component of the "oil"
phase which remains in liquid form upon flashing to stock tank pressure.

The fluxes FX for the three phases are

Fr = By Yxw
STB
Fxo = bo U sq ft. - day
Fxg = bg L. + bo Rs u_ o Mcf/sq. ft. - day (6.1)

where formation volume factor units here are STB/cu ft and Mcf/cu ft. RS has
units of Mcf of gas in solution per STB of o0il. The production term q, will be

expressed in units of STB/cu ft - day or Mcf/cu ft - day and denoted by 9 dvo?

qvg' The concentrations of the phases in units of STB/cu ft or Mcf/cu ft are

c,=9¢b S C =¢b_ S Cg=¢(bORSSO+ngg)

(6.2)




For one-dimensional flow, the conservation eq. (5.6) can then be written for each

phase as

) a(bw uxw) ) ) 3¢ bw Sw) 6.32)
X Uy ot .24
) B(b0 uxo) _ ) a(¢ bO So) 6. 30)
ox o at ¢
) a(b0 Rou o+ bg uxg) ) ) Y] (bo R S+ bg,sg)]
9x qvg at

(6.3¢c)

Substitution of Darcy's law, eq. (4.2), into these equations finally gives

k, k__b_ 3p 3z 3(¢ b, S )
5_3_[ X ™ W ¢ W__Y —)1 - q & ——— (6.4a)
x M, ox w 3% W at
k. kb 3p Y 3¢ b, S.)
3 X _ro o o _ —_)1 - -—O 0
3% L Hy ¢ ox Yo Bx)] Ivo ot (6-40)
2 : k_ b, Ry (8 P _ EE) + krg bg (8 Pg - 335]} -
ax M, ox Yo 3x Hg x Vg Bx Tvg
_ 3o (bo Rg 55 + bg_sg)] (6.4¢)

ot

These are three equations in the five unknowns P> po, Py S, So' Note that Sg

g w

is simply l—Sw - So' However, two additional equations are available in the
capillary pressure definitions which give P, =~ Py, and pg - p, as functions of
saturations Sw and Sg' Thus, we have effectively three equations in three un~-

knowns. For two or three dimensional flow, y~ and z-direction flow terms, of

form identical to the given x~direction flow terms, are added to the left hand
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sides of eqs. (6.4).

As pointed out by Hubbert [4], a dependent variable Pw may be defined by

7% " Ywix - Yu 5w (6.5)

or

p
Pw=fw—d‘%—)"-z
Py Y, (P
where Py is an arbitrary base pressure (see Preblem 4.1). This transformation is
valid only if specific weight Yo is a single~valued function of P, Similar re-
lations can be written defining oil and gas ''potentials" PO and Pg. Thus, an

alternative, somewhat condensed form of eqs. (6.4) is

3 (kx ko b, an) ) ) 3(¢ b S ) 6. 62
9% Hy, 9x v ot *
_9 (kx kro bo 7o aPo) _ - 2(¢ bo So) (6.6b)
ax Hy 9x 90 at '
9 (kx kro Po Yo B apo) + _ﬁ.(kx krg bg e an) _
ax u 9% 9X u 9 X qvg
& g
=—§-[¢ (b RS +b S)] (6.6¢)
ot 0o 's o g g :

Fluid compressibility effects are generally negligible in producing opera-
tions under pressure maintenance by water and/or gas injection. Although gas
compressibility may be appreciable, the maintenance of pressure results in

negligible time variation of gas density. In addition, the spatial variation of

gas density is usually small in relation to the gas density itself. Producing
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schemes of pattern or flank waterflood and/or crestal gas injection may therefore
be simulated with equations which presume fluid incompressibility.

If the fluids and rock are considered incompressible and gas evolution is
assumed negligible then Rs’ formation volume factors, specific weights and

porosity are constants and eqs. (6.4) become

_i(kx v ¥y _ g =¢E.S."l (6.7a)
9% M ox w v at -8
3 kx kro 3@0 aSO
ax Ch ) T % e T¢I 6-70)
3 kx krg a¢g EEE
Here
LR Al N A (6.8)

and B is 1/b. In egs. (6.4c) and (6.6c) qVg is total gas production rate in-

cluding free gas entering the wellbore and gas dissolved in the oil entering the

wellbore. In eq. (6.7c) qvg is free gas production only.
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PROBLEMS

6.1l. A vertical sand column is saturated with water and oil with an initial
non-equilibrium saturation distribution. The column is closed at both
ends and the fluids may be considered incompressible. Derive the partial
differential equations expressing conservation of mass of oil and water.
From these equations, prove that the total volumetric velocity u is zero
at all z and t. Combine these equations using Darcy's to give the single

equation in water saturation S,

5, 38 af 3s _ , 88
9z ¥ oz k Ap ds 3z ¢ ot

where S = Sw’ z is distance measured positively downward and

k k k
v _ro
Y = - UW u0 d PC £ = krw/uw
krw kro d S krw kro
U‘W 1JO UW uO

Show that the two conservation equations may be combined to give the

equivalent equation

where




6.2.

6.3'

6.4.

6.5.
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Derive the equation describing pressure as a function of x and time for
one-dimensional flow of a slightly compressible fluid in a fractured matrix
reservoir., The fractures are closely spaced and effective fracture perme-
ability is 2 to 3 orders of magnitude larger than matrix permeability.
Denote fracture porosity by ¢f and matrix porosity by ¢m' The transfer

of fluid between fracture and matrix may be represented by

1lbs
m

sq ft. - day

q =K(pf—p)

m
where K is a rate constant and subscripts £ and m denote fracture and matrix.
The 'sq ft' here denotes area of fracture face. The given specific surface

0 has units of sq ft of fracture facial area per cubic foot of pore space.

Derive the equations describing two-phase (e.g. water-oil) flow in a sand
under the following conditions:

1) the flow is one-dimensional

2) capillary forces may be neglected

3) the fluids may be assumed incompressible

4) dissolved gas effects may be ignored

Combine the two equations derived in 6.3 into a single equation in satura-

tion:

a(s) %}% = %S__-

Starting with eqs. (6.4), derive eqs. (6.7) for the incompressible case.

Show that the terms in eq. (6.4c) involving Rs disappear, as indicated by
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eq. (6.7c) (Hint: wuse eq. (6.7b) in the gas equation). Note that q,
in eq. (6.4c) is total gas production and may be expressed as 90 RS +

(qvg)free' The qvg in eq. (6.7c) is only this free gas production rate.
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7. FINITE DIFFERENCE APPROXIMATIONS TO DIFFERENTIAL EQUATIONS

7.1. Finite Difference Forms

Numerical solution of a partial differential equation refers to the process

of solving a finite difference representation of the differential equation. This

representation is obtained by replacing all derivatives by finite difference forms.

These forms can easily be developed from a Taylor's series expansion of the de-

pendent variable. If a function y(x) and all its derivatives exist at a point

X s then y(x) can be expanded in a Taylor's series as

(x~x,)3
" A—————————

(x~x.)?

y(x) = Y(XO) + (x—xo) y' (XO) L Y y'! (xo) + ...i

(7.1)

with the notation y; =Y (xO + iAx), equation (7.1) can be written
Y1 =Y + Axya + é%; yg + é%% y"t o+ é%; ygv + e (7.2)
y_ = v - b+ A’z‘f vy - A’;? v+ AZ‘—; Yo+ e (7.3)

If Ax is small, terms of order 3 and higher in Ax can be ignored and (7.2) can be

rearranged to give

(7.4)

which is a finite difference form of the first derivative %% at the point xo.

Subtraction of (7.3) from (7.2) yields

?

Yo

RSS!

S R Y (7.5)
20Ax

+@ (Ax?)
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an alternate difference form for the first derivative. Comparison of (7.4) and
(7.5) shows that the truncation error (the error incurred by ignoring higher order
terms in the series expansion) is of the order of Ax in (7.4) and of the order
of Ax? in (7.5). Thus, the latter is a more accurate representation of the first
derivative.

Addition of (7.2) and (7.3) yields a finite difference form of the second

derivative,

yl - 2y0 + Y_.l

yg = + @(Arx?) (7.6)

Ax?

A higher order representation can be obtained by writing

4Ax? 8Ax3 16Ax" IV
= ' s o ona e 2008
y2 yO + 2Axy0 + 21 yO + 31 yo + 40 yO + ... (7.7)

40%* 8ax® l6Ax* IV
e TR TR A T A

and manipulating (7.2), (7.3), (7.7), (7.8) to obtain

-y, + 16y, - 30y, + 16y . - y_
g = 2 1 0 1 2 L o(ax") (7.9)
12A%2

The representation (7.9) is seldom used because of the increased computational
labor which results.

In summary, then, the usual finite difference forms for the first and second
derivatives, at any point x = iAx, are

dy » i1 T Y5 oY T Y1 L Yie T Vi1

-~

(7.10)

dx Ax Ax 2Ax
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a2y - Yiel T By YV .11
dx? Ax? )

e

where v = v (iAx).

An alternate approximation to the first derivative results from writing

equation (7.1) twice, first with x =

= X, + %Ax and again with x = Xy = LAx.
Subtracting the two results gives
y - 1
dy. ~ 3 i-
. e (7.12)
x=iAx

This form is useful in expressing in difference form the term'giK(x)%E'which appears

in the equations of reservoir simulation. Using equation (7.12) we first write

«® - xd
0+1 v—
= Kk £ - e i (7.13)
Using equation (7.12) again,

3 Piv1 ~ Py
kB =g 2 (7.14a)

ox i+ i+ Ax

P, - P,

9p: - i i-1

(X ax)._% Ky~ (7.14b)

Substituting equations (7.14) into (7.13) gives finally

3 dp _ Ny Pin ~ Rip ¥Ry ) Py + 85 4 Py
9x = 39X

(7.15)
Ax?

7.2. Explicit and Implicit Difference Approximations

In discussions of numerical solution of partial differential equations the

terms "explicit" and "implicit" appear frequently.

These terms are explained by
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Richtmyer [5] with reference to the parabolic partial differential equation

3
e . 2 (7.16)
9x?

Equation (7.16) is presumed to hold in some region

0 <x <X

and this region will be represented by grid

iAx, 0 < i < I, where IAx = X

b
]

t = nAt

where Ax and At are selected spatial and time increments. The term Pi n represents
b
the value p (iAx, nAt). A finite difference representation of (7.16) at the point

(i,n) is, then,

pi+1,n - 2pi,n + pi--l,n - pi,n+l - pi,n

Ax? At

(7.17)

P

. - P.
+ - P g . .
The form —=& L in-1 is not used for 2 because of stability considerations

2At ot
which will be discussed later. Equation (7.17) is termed an explicit difference
representation of (7.16) because at each time step only one unknown appears (p:.L n+l)
1]

and this unknown can therefore be solved for explicitly. Thus, rearrangement of

(7.17) yields

- - 7.18
(2a-1) Pin + a Pi-1,n ( )

pi,n+l - a pi+l,n
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where a = At/Ax?. At zero time (n = 0) all Pin for 0 < i < I are known from
9
the initial condition and p, 1 can be calculated explicitly for all i from (7.18).
]
Knowledge of P 1 then allows calculation of Py 5 and so on,
] >

An implicit representation of (7.16) at the point (i,n) is

Pitl,ntl ~ 2Pi el T Pic1nt1 _ Pintl " Pin
Ax? At

(7.19)

2

Here the spatial derivative Q_% is replaced by a difference form evaluated at
x

(n+1)At rather than nAt and at each time step the result contains three unknown

values of the dependent variable p. Rearrangement of (7.19) yields

Piat,mir - Z B Py PP TR R g (7.20)

where B = Ax?/At.. Thus at each time step a set of simultaneous equations which
forms a tridiagonal matrix is obtained. The term "implicit" refers to the fact
that the unknowns are implicitly related to one another through the set of simul-
taneous equations. The implicit form (7.20) seems to demand considerably more
computational labor than does the explicit form (7.18). As discussed below, how-
ever, in practicél applications the former is used almost exclusively in preference
to the latter.

The difference between the explicit and implicit forms can be seen on the

sketch below.

t n+|—€ <>

n
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The explicit form utilizes p values at points marked by the x's while the implicit
uses values at points marked by the circles. The explicit form (7.17) and implicit
form (7.19) are often referred to as forward and backward difference approximations,
respectively. This terminology refers to the time difference extending forward or
backward from the time index of the spatial difference.

The Crank-Nicolson [6] implicit form of (7.16) is

Pitl,ntl ~ “Pintl T Pi-1.nt1 N Pivln ~ Pin?t pi-l,n]

Ax? Ax?

0

- pi,n+l - pi,n
At

(7.21)

a%p

ox?

where the spatial derivative is replaced by an average of its values at nAt

and (n+l)At.

7.3. Truncation Error

Truncation error is that error incurred by replacing a differential equation
by a difference equation. The exact solution (i.e. no round-off error) of a
difference equation differs from the solution of the corresponding differential
equation due to this error.

The truncation error in a finite difference approximation is defined by

T = LDp - (Lp)iAx,nAt (7.22)
where

T = truncation error

LDp = difference form

differential form

=
o
L]
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EXAMPLE 7.1

Determine the truncation error of the explicit difference approximation,

equation (7.17).

Solution:

P - 2p + p._ P. - Pp
Lp--tln” Tin N lo _f,obl d,n (7.23)
sz At
2
Lp = 3°p _ 3p (7.24)
ox? ot
From equations (7.2) and (7.3),
P -2 +p,_ 9%p Ax?% 3%p
i+l,n i!n i 1’n = ) o —— e (7‘25)
Ax? ax? i,n 12 ax*
i,n+l i,n _ —) —_——+ .. (7.26)
At ot i,nm 2 3t?

Substituting (7.25) and (7.26) into equation (7.23) and then subtracting equation

(7.24), we obtain

T=A_¥_i.a_!‘£_.é£.a_2£ (7.27)
12 3x* 2 at2

which would ordinarily be written

T = @(Ax?) + &(At) (7.28)




55

EXAMPLE 7.2
Determine the truncation error of the DuFort-Frankel approximation {7] of

equation (7.16),

+ ——
(pi,n+l pi,n—l) tp pi,n+1 pi,n--l

Ax? 2At

pi+l,n - i-1l,n -

Solution:

The truncation error is, from equation (7.22),

Pitln = Piond1 T Piner? Y Pian Pinkl T Pin-l

T =
Ax? 2At
2
- &3 - (7.29)
ox at’,
i,n
Taylor's series, (7.1) gives
_ At? At3
Pint#l ~ Pi,n TOE P v 3 P T Pree o
_ At? At
Pin-1 ~Pi,n "AE P ¥ TP T T P Yo
_ Ax? Ax3 Ax*
pi+1,n - pi,n + Ax P ¥ 2 P t 6 Pxxx 0% Prox Tt
- - Ax? Ax® Ax*
pi-—l,n pi,n Ax Py + 2 Pxx 6 Pxxx 24 Pxxxx T 7

Substituting these values for Py p+1° ©tCes into equation (7.29) gives
b

T=&—2- _-4—t_2
12 P 6

At.
- (Ax) P,

XXXX t pttt
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From equation (7.16), Pre = Pyxxx?® S° that
Ax? At 2 At?
T=I007 - G 1 Pee = 6 Prge

which would ordinarily be written

_ aAt? 2 2
T = &) + &(Ax*) + @(At?)

Ax?

7.4. Truncation Error in Boundary Conditions

Consider the mixed boundary condition

+ Bp (7.30)

1}
<

applying along the boundary x = 0 of a rectangular reservéir. As discussed in
Chapter 2, if o is zero then half-blocks are employed along this boundary, as
shown in Fig. 2.2, The reason for this is that this grid places points on the
boundary and the condition (7.30) specifies values of pressure at points on the
boundary. If B were zero then full blocks along the boundary would be used as
indicated in Fig. 2.1b. Note that in this case of zero B, the grid of Fig. 2,2

could be used with 3p/3x expressed as

p s = p »
ap ~ 2,7 0,1
Bx) -0 2Ax (7.31)

This difference form is an approximation of order (Ax)? to 3p/dx at x = 0. We

would not use
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since this has truncation error of order Ax. The difference in (7.32) is an
approximation of order (Ax)? to 9p/dx at x = Ax/2, not at x = O.

Thus, if B were zero we could use either of the grids of Figs. 2.1b or 2.2
and obtain a difference representation of 9p/dx with truncation error of order

(Ax)? . In the latter grid, eq. (7.31) would be used and in the former grid,

ey
9x

= (p; . = Py :)/bx (7.33)
=0 1,3 0,3

would be used. If B were zero along the entire boundary x = 0 then the grid of
Fig. 2.1b and eq. (7.33) are preferable because the truncation error in eq. (7.33)
is less than that in (7.31) even though the order (Ax?) of the errors are the same.
If 8 is nonzero along any part of the boundary x = O then the grid of Fig. 2.2
is required in order to handle the specification of pressure values on the boundary.
The mixed boundary condition (7.30) with o and 8 both nonzero cannot be adequately

handled by a grid of type shown in Fig. 2.1b.
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PROBLEMS

7.1. Determine the truncation error for
a) the implicit difference approximation equation (7.19)

b) the Crank-Nicolson approximation equation (7.21)

7.2. Modified explicit approximations are

Pivin ~ “Pinel T Pi-1n#1 _Pinel " Pin

Ax? At

Pivin " Pin " Pintl T Pi-1ntt _Pintl T Pin
Ax? At

What is the truncation error for each form?

7.3. Consider numerical solution of the one-dimensional problem

3%p _3p
ox? ot

with boundary conditions




7.4,
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where o and B are given constants. Show a type of grid which will result

in truncation error in the difference form of the boundary conditions of the
order of Ax? (as opposed to @(Ax)).

Give the difference representations of

the boundary conditions for this grid.

Show that the truncation error of eq. (7.31) applied to the grid of Fig. 2.2

is greater than that of eq. (7.33) applied to the grid of Fig. 2.1b.
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8. METHODS FOR NUMERICAL SOLUTION OF THE DIFFUSIVITY EQUATION

Practical proBlems in a wide variety of fields give rise to linear systems of

equations which can be characterized by

. « s e 4 =
a 1¥ta 5t %0
4 s o e e =
aZ,l x, + a2’2 X, + aZ,n X b2
) " (8.1)
an,l * + an,2 *2 AR + an,n *n T bn j
This system is concisely represented by matrix form as
Ax=b
where x is the unknown column vector (xl, Xy "7 xN)T, b is the known column
vector (bl’ b2, — bN)T and A is the matrix of coefficients {aij}.

The problems of single- or multi-phase flow in reservoirs give rise to the
linear system (8.2) with the matrix A assuming a special form depending upon the
dimensionality of the flow. We will develop these matrix forms by considering

the difference representation of the diffusivity equation

3k 3py , 3 k3py 3 k3py oo 400
w0 T ayey TG 5 T ¢ ek (8.3)

Mathematical models of reservoir processes usually include at least one equation

similar in form to this diffusivity equation.
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For purposes of clarity we will take k and i as constants, and q as zero in
the difference form of eq. (8.3). This in no way detracts from the generality of
the numerical solution techniques which will be described. That is, the techniques
apply equally well to the heterogeneous case with nonzero q. For uniform k, u and

zero q, eq. (8.3) is

2 2 2
yip = &R 43R 9p_23p (8.3a)
x?  ay? az2 °F

where t in this equation is actually k/u ¢c times the t in eq. (8.3).

Replacing the second~order derivatives by the standard second-order differences

yields

Ap P -p
= A2 2 2. . b _ n+l n
Axp + Ayp + Azp X . (8.4)

2
A pn+l

Pressure values in the terms Azp are understood to apply at the new time n+l; the
subscript n+l is suppressed for clarity. Eq. (8.4) is thus the implicit or back-

ward—-difference approximation to eq. (8.3a).

8.1. The One~Dimensional Problem ~ Gaussian Elimination

In the case of one-dimensional flow, eq. (8.4) becomes

Piyp ~ (ZH)p; +py ) = by (8.5)

where

b, = -ap, _ and a = Ax?/At
i i,n

.
]
=
|
|
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Consider the Dirichlet problem (i.e. boundary conditions specify values of

p on the boundaries) of eq. (8.5) subject to boundary conditions

= c (8.6)

PN+1,n 2

The linear system is divided into (N+1) equal increments and X, = iAx,
i=0,1, ===-, N+l1. Writing eq. (8.5) at i = 1, 2, -———, N yields
-(2+d) p; + p, =b, - ¢
p, —(2+%) P, + P, = b,
pz ‘(2'*'0‘).?3 + p4 = b3
Py_p ~(Z+a) py =by-c,
(8.7)
This system of equations may be written as
Ap = ¢ (8.8)

- r -
( P by- 9
Py
2 = 4 -» > c - < L »
Py by-1
. J bN et C2
§ P

and A is the tridiagonal matrix
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~(2+® 1 N
1 —(2+) 1 0
1 (24w 1

1 =(2+w (8.10)

\ 7
Eqs. (8.7) are easily solved by Gaussian elimination. Richtmyer gives a simple

algebraic representation or algorithm for this Gaussian elimination. We will derive

his algorithm here through an inductive process. The derivation will proceed as

follows. We assume a property Pi which is actually a relationship between Pi_1

and Py- We then show that if Pi is "true" then, using equation (8.5), Pi+l is also

"true'. Therefore, if we can show P, true then by induction, P3, P,s Pgy ===, P

2 5° N+1?

are all true. The relationship assumed is

Pi_1 = Ci pi + Di (8.11)

where Ci and Di are given (known) coefficients. Inserting equation (8.11) into

equation (8.5) we obtain

Pipyg - (2+a=-C)p, +D; =b,

or, upon rearrangement,

1 D, - by

PiT2¥a-c Pi Ly c, (8.12)

But equation (8.12) is of identical form to equation (8.11) and, identifying co-

_efficients, we have
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i+1 - 2+a - C (8.13a)
Di - bl
P T T¥a -, (8.13b)

i

Thus, we have shown that if equation (8.11) holds at i then it also holds at i +1
with the recursion relationships (8.13) giving Ci+l’ Di+l in terms of Ci and Di’
Starting values 02 and D2 are readily available from equation (8.5) written

at i = 1:

P, - (2+0) p, +cy= by

and rearranging,

A o 621; Zl (8.14)
Identifying coefficients in (8.14) with those of equation (8.11) gives
C, = =t (8.15a)
2 2+4+a
D, = %——:—_—gl (8.15b)
Equations (8.15) and (8.13) allow calculation of Ci’ Di for i = 2, 3, -=——, N+l.

The upper boundary condition at i = N+l is

Pyt T @

so that, from equation (8.11)
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Py = Che1 S * Dy

and PN-1? Py-2® ~~""» Py can be calculated in order from equation (8.11).

8.2. The Two-Dimensional Case — Gaussian Elimination

For the case of two-dimensional flow, eq. (8.4) is

2 2 - -
AX p + Ay p = (8.16)

where, again, absence of a time subscript on p implies the new time n+l.

In expanded form, eq. (8.16) appears as

Pitl,j ¥ Pi-1,§ T Py j41 Y Py g1 T T Py 5 = by

where o = Ax?/At and b, . =-0ap. . and we have taken Ay = Ax.
i,] i,],0
Eq. (8.17) written at i = 1, 2, -=—, I; j =1, 2, ===, J constitutes I x J

equations in the I x J unknowns Py i In matrix form these equations can be written
2

Ap = b (8.18)

where p and b are column vectors (I x J 'long') and A is a pentadiagonal matrix.

We recall the one-dimensional equation (8.5) gave rise to a tridiagonal matrix.
The correspondence of the eqs. (8.17) to a pentadiagonal matrix can be under-

stood in reference to a modified numbering or indexing of the system indicated in

Fig. 8.1 below.
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y
J| e
]
2 I+ |I+2
) ®
| ol 02 03 Io
|
Fig. 8.1 LINEAR INDEXING OF GRID BLOCKS
The relation
k= ((3-1) xI+i (8.19)

assigns a unique linear subscript k to each grid point (i,j). For example, if

the number of blocks is the x direction, I, is 10 then P3 4 in the original in-
’

dexing mode becomes Pas in the linear subscript mode. Eqs. (8.17) become, in

this linear subscript

- (4+0a)p =b (8.20)

Pegl T Pro1 T Pryr t P K

Eqs. (8.20) are identical to eq. (8.18) with the definitions
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-(4'*'0(,) 1\ 0 . . . 0 0 L] . . . . . . -
~ \\
l—(l}-{-a) 1 O . . . O l O . . . . . . -
~ ~
O l-—(l{-+(),)\l . . . - O \l 0 . . . . . .
~ <~ 4 ~
™~ \\ ~ \\
~ SO ~
~ ~ ~ ~
~ ~ ~ ~
~ ~ ~
~N ~ \\ ~
A= 0 -0 0 « D1 -(G+)>1 0 « « « 0 1 0
1 \\ ~ ~ ~ ~ >
0 « =+ 0 0 « S1-@Gr)>L 0+« « 0 1
~ ~ ~ ~
~ ~ ~ ~
~ ~ ~ ~N
~N ~ ~ ~
~ ~ N ~
~ ~ ~ N
~ S NN
~ ~ ~
~ ~
~ \\ \\ ~
N ~ ~
0 . . . . . . . 0 \l 0 . o\l —(4+()L)
L J
(8.20a)
~ - r -
Py b,
P, b
2:4 : \ E:‘ : e
| Py ) i IxJ ) (8.20b)

The reason for calling A a pentadiagonal matrix
The application of Gaussian elimination to

3 . : . .
21°J arithmetic operations. More specifically,

is obvious.

the matrix A requires a total of abou

about 1°5 multiplications and 1’7

additions are required to render the matrix in upper triangular form (all zeroes

below the main diagonal); about IzJ multiplications and I J additions are then

necessary to solve for the p values - a total of IZJ(I+1) multiplications and IzJ(I+‘

additions. Note that for a square grid (I=J=N)

. . 4
this is N

to N%/3 multiplications ((number of unknowns) ® / 3) required to solve a full matrix

problem with N’ unknowns.

In direct solution (i.e. Gaussian elimination) of eq. (8.20) we number the

multiplications comparec
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grid as shown in Fig. 8.1 only if I is less than J. If J were less than I then

we would number vertically along the columns, i. e.,

k = Jx(i-1) + j (8.21)

The reason for this is that for the numbering scheme of Fig. 8.1 and eq. (8.19)

the computational work of direct solution is 2I%J while for the numbering of

eq. (8.21) the work is 2J%I. The cubic power is attached to the number of blocks

in the direction in which we number.

The implicit difference equations (8.16) can be written out in the form

. - 2p, .+ + p, - 2p, ., + -Q =
Pi+l,j = “Pi,5 7 Pi-1,3 T Pi,341 T “Pi,3 7 Pi,3-1 7 Py
(8.22)

where absence of time index implies tn . This form leads to an alternative

+1

(but entirely equivalent) formulation of the direct solution procedure. For

definiteness and brevity we employ Von Neumann type boundary conditions

Py, = P1,;
j=1, 2, ——, J
P1,i T Pr+1,j
.
Py,0 " Pinn
{ i=1, 2, ———, I

Pi,0 % Pi g+l (8.23)

and select J = 5. If the column vector gi is defined as

i,j,n
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t h
i,1
Py 2
P. = 4 )
- . >
(8.24)
tpi,J
then egs. (8.22) may be written in matrix form as
D P, - TP, +DP, = - B P, (8.25)

—i+1 =i —i~1 —i,n

where (for J = 5)

[ )
1 0 0 0 0
0 1 0 0 0
D=J0 0 1 0 o |
0 0 0 1 0
0 0 0 0 1 (8.26)
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B and D are diagonal (actually scalar) matrices and T is tridiagonal.

In form, eq. (8.25) is identical to the one-dimensional difference eq. (8.5).
The only difference is that, there scalars were involved while‘eq. (8.25) involves
column vectors and matrices. Since eq. (8.25) is identical in form to eq. (8.5)
we proceed with a method of solution analogous to that applied to the latter. We

assume a recursion relationship of the form

(8.29)

where Ci is a square, J x J, matrix and Qi is a column vector. Insertion of eq.
(8.29) into eq. (8.25) gives
DP - (T~-D Ci) gi + DD =~-BP

i+l

or

+ (T ~D ci)"l (b D, +BP, )

P, = (T-D c.)’l D P, D
i i i i —i,n

+1

(8.30)

where superscript (-1) denotes the inverse of the matrix. Comparison of eq. (8.30)

to (8.29) gives

- -1
Cipyy =(T=-DC) "D
- -1
Diyg =(T-DC)~ (DD +BE, ) (8.31)

The recursion relationships (8.31) are analogous to eqs. (8.13) except that matrix
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multiplication and inversion replace scalar multiplication and division.
'Starting' values of Ci and 21 are obtained by writing eq. (8.25) at i = 1

and employing the Von Neuman boundary condition BO “‘31‘

DRy - (T-D) B - BE

Rearrangement and comparison with eq. (8.29) gives

-1
C,=(T=-D) "D
D, = (T-D)_lBP (8.32)
-2 =1l,n '

One might suspect from the sparse (diagonal, tridiagonal) form of the original
matrices D, B, T that the matrices Ci and T - D Ci would be also sparse and the
work of inverting T - D Ci would be less than the 2J° operations required for a
full matrix. This is not true. The matrices Ci or T - D Ci rapidly (with increasing
i) "£ill up' to become full matrices and the work of solving eq. (8.25) can be closely

estimated by simply assuming Ci and T - D Ci to be full J x J matrices.

8.3. Alternating Direction Implicit Techniques

The alternating-direction implicit procedure (ADIP) [8] is a technique for

numerical solution of parabolic and elliptic partial difference equations in two

space variables. Douglas and Rachford [9] developed a modified implicit method for
numerical solution of parabolic and elliptic equations in two or three space vari-
ables. Brian [10] proposed a third difference method of higher-order accuracy for

solution of the parabolic (heat) equation in three space variables.

Chapter presents a single, general alternating-direction formulation which
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includes the above mentioned three methods. That chapter also presents truncation
error and stability analyses for the various alternating-direction implicit tech-
niques. Here we simply present ADIP (the Peaceman-Rachford, two~dimensional method)

and the Douglas-Rachford three-dimensional method.

8.3.1 ADIP
The alternating-direction implicit procedure approximates the two-dimensional

difference equation (8.16) by the step-wise difference equations

2 % 2 =2 Jr

Ax p + Ay P, = At (p pn) (8.33a)
2 ¥ a2 =2 - ¥

Ax p + Ay Pot1 = At (pn_’_1 P ) (8.33b)

*
The term p may be viewed as Pl Each of equations (8.33) involves solution of
a "one-dimensional" (tridiagonal matrix) problem as opposed to the two-dimensional

(pentadiagonal matrix) problem corresponding to the total implicit form (8.16).

8.3.2 Douglas-Rachford Implicit Procedure

The obvious extension of equation (8.33) to three dimensions,

AL p + Ay potA P, =5 @ p,)

* *%
2 2 2 = - -
Agp vhop +A p =7 @ P)

2 % a2 R0 _ 3 kK
Ag P Ao p A Py =R (P =P ) (8. 34)

is unstable. Douglas and Rachford [9] proposed the stable form
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* 1 *
2 2 2 = -
L T Ay Pot A P = (e P)
* *% 1 %k
2 A2 2 - -
AL P F Ay potA P =5 p)

82 p" a2 p a2 p ® .. -p) (8.35)
X y z “nt+l At o+l n '

This form is also stable in two dimensions but involves more truncation error

* * %
than ADIP, equation (8.33), as will be shown below. The terms p and p may be
viewed at first and second approximations to Pyl

8.3.3 Computational Work

As remarked above, direct solution of the matrix problem associated with

A2 _Pot1 7 Pn
Pnel At
requires roughly 21J% arithmetic operations in two dimensions and 21333 operations
in three dimensions per time step*., These operations are equally split between

multiplications and additions.

In solving eqs. (8.35) we ¢an solve for the changes over the time step,

*
PX=p -p,
*%
PY = P - Py
PZ =p_ .~ P (8.36)

* The assumption is made here that in the two-dimensional case, J < I and in three
dimensions, J < I and K < I.
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from

2 = L 5y _ A2
A2 PX = 7= PX - A%p_
2 -1 _d
Ay PY _At PY —*’At PX
2 -1 _ 1
A PZ ZE-PZ ZE'PY (8.37)

Having obtained PX from eq. (8.37c) we form p =P, + PZ and proceed to the next

n+l
time step.

About 46I1JK operations, again equally split between additions and multiplications,
are required to solve eqs. (8.37) by three successive tridiagonal calculations (in
the variable coefficient case). Thus, the alternating direction procedure requires
461JK/21J%K® or about 23/J%K? as much work per time step as direct solution of the
full implicit form (8.4). As an example, for the cube I = J = K = 10, this is a

ratio of 0.0023. The ratio becomes less favorable however as J and K decrease.

For the case I = 20, J = K = 4 the ratio is only 23/162 or about 0.1.

8.4. Alternating-Direction Explicit Procedure (ADEP)

The alternating-direction explicit procedure [ 11 ] is a method for solution
of 1, 2 or 3-dimensional flow problems. As in the case of ADIP, the utility of the
technique derives from reduced computational labor relative to direct solution of
the fully implicit equation (8.16). ADEP involves replacement of eq. (8.16) at

odd time steps by tn+li by

Ax pi:j’n " Ax pi’lgj Py + Ay pi:jnn " AY pisj"l,n"";f
Ax? Ay?

_Piint " Pign (8.38a)

At/2
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and at full time steps tn by

B Piintl ~ Bx Pi1,9.n4h Piiontl ~ 2y Pi i-1,n+k

A
+ X
Ax? Ay?

_Pig,nt1 T Piqinby
At/2

(8.38b)

Sweeping a two-dimensional grid from Southwest to Northeast using eq. (8.38a) and
from Northeast to Southwest using eq. (8.38b) allows explicit calculation of
pi,j,n+l at the new time step at each grid point.

while ADEP is an explicit procedure, it has the unconditional stability typical
of implicit methods. Chapter presents a comparative analysis of truncation error
and stability for ADIP and ADEP. While ADEP requires less computational effort
per time step than ADIP the truncation error is larger. Thus, for the same level
of truncation error, a smaller time step must be used with ADEP than with ADIP.
ADEP may be extended in an obvious fashion to three dimensions. As in the case of

ADIP, the intermediate solution Py 3, n+s is not utilized -~ i.e. the "numerical solutic
sJs 2

consists of p, ., for integral n.
l’J ’n
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PROBLEMS
8.1. Consider the following linear system:

" Pyyy T3y tPy g T by

where a is constant and biis a known function of i. The range on i is

o0 £ i £ N and the boundary conditions are

Set up equations which allow explicit calculation of each Py 141 gN=-1.

8.2. Carry out numerical calculation of 1 in problem 8.1 for the case a = 2.1,

bi = 0 (all i) and N = 5.

8.3. Repeat problem 8.1 and 8.2 for the flux type boundary conditions

That is, set up recursion relationships similar to equations (8.13) and derive

starting values 02, D2 and a relationship giving Py’ Solve for Py i=1,

wmem, 5.




8.4.

8.5.

8.6.

8.7.

8.8.

8.9.
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Derive the matrix A and column vector b (eq. (8.18)) for solution by Gaussian

elimination of the two-dimensional, variable coefficient equation

A(T A p)ij + Qij = sij Atp (8.39)

where s is a storage coefficient, T.+1 .y T, c 4L etc. are transmissi-
ij 1175, ] 1,373
bilities and Qij is injection for the block.

Verify that about I3J multiplications are necessary to solve the matrix

problem of eq. (8.18) or of problem 8.4 using Gaussian elimination.

Expand the jth row eq. (8.25) to show that the result is eq. (8.22).

Show that the work of solving eq. (8.25) is about 2J3I arithmetic operations.
Derive (verify) eqs. (8.37).

Write the ADIP equations for the two-dimensional variable coefficient eq.

(8.39). Express the x~sweep and y-sweep equations in a residual form

similar to eqs. (8.37). Do this for the definitions

PY

and again for the definitions
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PX=p ~-p

PY = Pot1 ~ pn
Which resulting residual equation form do you prefer? Why? For the Neumann
problem (closed boundaries), derive the recursion relationships required for

solution of the two separate one-dimensional problems (x-sweep and y-sweep).

8.10. Repeat Problem 8.9 for the three~dimensional case, using the Douglas-Rachford

procedure and the residual definitions of eqs. (8.36).

8.11. Verify the computational work of 46IJK operations required to solve the

equations developed in Problem 8.10.

8.12. Write the ADEP equations for solution of eq. (8.39) in three dimensions.
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9, ANALYSIS OF STABILITY

A finite~difference approximation to the equation

3% _ 2
3x2 9t (9.1)

is stable if an error introduced in p at some grid point and at some time level de-
cays with increasing time. If the error in p due to this introduced error grows with
time then the difference equation is unstable. Let p:,n be the exact solution (in-
finite digit computing machine) of some difference representation of eq (9.1)
corresponding to given boundary and initial conditions. Let pi,n be the actual

machine solution of the same difference equation. The error €y in the solution
’

*
obtained is defined by p, = p, + e, . This error arises due to round-off
i,n i,n i,n
error and/or to error in initial or boundary conditions. The difference equation

is called stable if

€,
Ll o (9.2)
i,n
and unstable otherwise. Eq (9.2) holds for all i and n.
Stability analyses may be performed in several different ways. The method
of analysis given here is generally referred to as the Von Neumann method. The

error e, is represented by

»

- xn fBi
€1,n € (9.3)

where 1 denotes ¥~1. The stability condition (9.2) is then
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2] <1 (9.4)

9.1 Stability of Forward- and Backward=Difference Equations

We will first consider the explicit (forward-) difference approximation to

eq (9.1)

- <+ = — .
Pitl,n ~ 2Pi,n T Pic1,n =% Py pe1 7 Pin’ (9.5)
where o = Ax?/At. Let p*i a denote the exact solution of the difference eq (9.5),
b
Pi 4 the machine solution (erroneous due to round-off error) and Ei n the difference
b} b
between them. Then by these definitions, p* satisfies eq (9.5)

* * * _ * ook
P i+1,n 2p i,n P i-1,n o (p i,ntl P i,n) (9.6)

and so does p,

* * *
- +
P i+l,n + Ei+l,n 2(p i,n + Ei,n) +tp i-1,n ei--l,n
= q (p* + ¢ - p* - € ) 9.7)
i,n+l i,n+l i,n i,n
Subtracting eq (9.6) fram (9.7) yields
fi4l,n T 5,0t Cie1,n T % Cine T Sy (5-8)

Thus the error ¢ satisfies the same difference equation as the pressure p.

A
- -igi
Substitution of (9.3) into (9.8) and multiplication of each term by A RS 8

gives
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A
1B o b 7B L o - (9.9)

A
Use of this eq and definition cos x = (e™” + e—lx)/Z gives

_ 2(1-cos B)
a

The stability condition (9.4) is then

2(1~cos B)
a

-1 <1 - <1 (9.10)

The right hand inequality is obviously satisfied for any positive a but the left

hand inequality gives

-2 < 2(1-cos B)

o

or rearranging and replacing o by Ax?/At.

At < 'i‘_zi-;“é‘ Ax? (9.11)

This inequality must hold for all values of B and the restriction is most severc

when cos B = =1 or

Ax?

At <

Thus the explicit difference scheme (9.5) is stable provided the time step does

not exceed %Ax2.

The implicit difference approximation to eq (9.1) is




[+ 24

Pit,ntl ~ 2Py 1t Pici,obr = Pyne T Pyn) (9.12)

and is stable for any positive At. Again, the error ¢ satisfies the same equation

as the pressure,

- + = - .
©i4l,nbl T 24,ntl Y Cinntr T @ (65 nn T f0) (9.13)
-n -ip1
Substitution of ¢ from eq (9.3) into this equation and multiplication by A\ " e 8
gives
-2 (l1-cos B) X = a(x-1)
or

1

A= 3
1+; (1-cos B)

This ratio is positive and less than 1 for any positive value of o and hence there
is no restriction on At to ensure stability. That is, the backward difference eq

(9.12) is unconditionally stable.

5.2 Stability of ADIP

Eqs (8.33) define the Alternating-Direction Implicit Procedure for solving the
diffusivity equation (8.3a). Proceeding in the manner described in eqs (9.6) and

(9.7), we find that the propagated error ¢ satisfies the same equation

i,jsn
2 % 2 = 2 o x
Ax e* + Ay € = At (e en)
2 _* 2 - 2 - <X .14
Ax e” + Ay € 41 = BE (en+1 € ) (9.14)
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Let

A
181 1vj

Ei,j,n An e
AN A

Ef , = A eiBi ele

i,j * (9.15)
and define
y = —dd,m¥l ‘ol _ M e
T e, A A A
1,],n n n P 3

as the error amplification factor for the complete time step. The stability con-
dition is again eq (9.4).

Substituting from eqs (9.15) into eqs (9.14) and division of eqs (9.14) by
Aps: B
elBl etVd gives

_ A* (2 - 2cos B) _ xn (2 - 2cos y) = g% (X* - kn) (9.16a)
Ax2 Ay?
_ (2 - 2cos B) _ (2 - 2cos y) _ 2 -
A* Ax? *+1 ay? At (An+l A*)

(9.16b)

Use of the identity 2 - 2cos x = 4 sin?(x/2) and solution of eq (9.16a) for X*/An,

eq (9.16b) for An+l/x* gives
[3;._ 4 sin? (y/zﬂ{?_ _ 4 sin? (8/2)]
A = 31 An+l - At Ay? - At Ax?
‘o M [QL_+ 4 sin? (7/25[%L‘+ 4 sin? (6/2)]
At ay2  JLAt Ax? (9.17)

This equation shows that the stability condition (9.4) is satisfied, i.e. f A f < 1,

for all B, y, for any positive time increment At. Thus ADIP is unconditionally stable%
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9.3. Stability of a Waterflood Equation

Chapter describes application of the equation

3x at (9.18)

in two~dimensional simulation of a normal or thickened waterflood in a 5-spot
pattern. Fractional flow of water, f, is presumed to be single-valued function
of water saturation S. A reason for interest in numerical solution of this
equation is the coupling between it and a concentration equation in simulation of
thickened waterflooding.

Following are some difference representations of eq (9.18):

fiv,0 " fic1n - Sint1 T Sina
24% 28t (9.19)
fi+l,n B fi—l,n _ Si,nt1 ~ Sin
2% At (9.20)
_ fi,n - fi—l,n = Si,n+l " Si,n—l
Ax 28t (9.21)
R SR _ S " 510
Ax At (9.22)
fiet,o01 ~ fi1,0m R e
20% 28t (9.23)
CHeen T fcren | Siymen T Sim
24x At (9.24)

CHem T fia,an _ S0t " Sin

Ax At (9.25)
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The stability of these equations can be analyzed in a manner similar to that de-

*
scribed above. Sf is defined as the exact solution and fi
9

*
o is f(si,n) (recall

»

that f is a single-valued function of S). Si n is the actual machine solution which
H]

* *
contains an error €, defined by S, = S, + €, . Since S and S both satisfy
i,n i,n i,n i,n

the difference equation, we have, using eq (9.19) as an example,

Fivr,n ™ fio1,0) " Si, ot T Si,n-1 (9.26)
and
(f:+l,n B f:-l,n) %i B S:,n+l B S:,n—l (9.27)
Subtracting the second from the first yields
- Wy a ™ f:+1,n) - Gia T 11,0)] i 1,0+l ~ fi,n-1

(9.28)

From Taylor's series, for small e,

£(s) = £¢8°) + (s-8%) £' ()

*
where S is some saturation between S and S .

Thus

¥*

¥
fivin " fietn T i41n f

and eq (9.28) is
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-«

€i+l,n ~ £ 1.0’ ¢ Si,nbl ~ fi,n-1 (9.29)

where ¢ is f'At/Ax. This same procedure yields a difference equation in € corres-

ponding to each of the egqs (9.19) - (9.25).

The foliowing examples demonstrate application of the Von Neumann method in

determination of stability of the egqs (9.19) - (9.25).

EXAMPLE 9.1

Determine the stability of eq (9.19).

Solution:
fg1
Replacing € in eq (9.29) in accordance with € n =" e and subsequent
A ?
division by A" eiBl gives
i i
- (e B _ e 8) c=Xx=-1/x

or

A2 + (2%c sin B) A -1 =0

The roots of this equation are

A=-%csinB V1 - c? sin? B

If ¢ sin B > 1 then one of these roots exceeds unity in absolute value; if c sin B < 1

then both roots satisfy ]AI = 1. Thus the stability condition is ¢ sin B s 1 or

which gives
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At g Ax/f! (9.30)

We have treated f' as a constant here although it is actually a function of S.
Thus this analysis is only approximate. In practice, we often take such variable
coefficients as constants for the purpose of stability analysis. Theﬁ in the
final result (9.30), a conservative upper limit on the time step is obtained by
inserting extremal values for all variable coefficients which were taken as con-
stants. Thus if f' in this case ranges from .2 to 2 we would insert f' = 2 in

eq (9.30) and obtain
At s bAx/2

In practice we would not expect to attain stability with a time step much larger

than this.

EXAMPLE 9.2

Determine the stability of eq (9.21).

Solution:

The corresponding error equation is

- 2c (Ei,n - Ei-—l,n

Do

. . n 1 ,

Substitution of A e B1 for ei n gives
’

Y

—2c 1 -e By = - an

or
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A2 4 2¢(l - cosB + {sinB)A - 1 =0

Further analysis is simplified in this case if we take sin B= 0, cosB= -1

at this point so that

A2 + 4er - 1=0

The roots are

)\=—2ct1/1+4c2

One of these roots exceeds unity in absolute value for any positive c, however,
small. Thus the difference equation (9.21) is unconditionally unstable.

Results of similar stability analyses of the remaining equations of (9.19) -
(9.25) are tabulated in Table 9.1 Truncation errors of the various equations are

also tabulated. Truncation error is defined as

as

of
T= LDS - Ls = LDS - 3x  ot’iAx, nAt

where LDS is the difference equation.
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TABLE 9.1

STABILITY AND TRUNCATION ERROR OF EQS (9.19) - (9.25)

EQ. STABILITY CONDITION TRUNCATION ERROR
(9.19) csl Vo (s, b2 - s at2)
(9.20) Uncond. Unstable
(9.21) Uncond. Unstable
(9.22) c <1
(9.23) Uncond. Stable
(9.24) Uncond. Stable
(9.25) Uncond. Stable

A nonlinear difference equation may be stable but, at the same time, non-
convergent under a certain iterative scheme of solution. Stability is concerned
with the growth of error amplitude from time step to time step. Convergence is
concerned with the growth or damping of error from iteration to iteration at a
fixed time step. The unconditionally stable eq (9.24) provides a good example
of the distinction between stability and convergence. Since f is a nonlinear

function of S, let S,

i ntl be determined from eq (9.24) by the following iterative

process:

k k At k+1 S

(fi+1,n+l - fi~1,n+l 20x i,n+1  “i,n (9.31)

where
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and k is iteration index. We will denote the solution of eq (9.31) by S

i,n+l’
fi o+l and the question of convergence is then whether
b ]
k
Hm Sy a1 T Si,ne1
is true.
The solution Si a1l satisfies eq (9.24) by definition so that
’
At _
(fi+1,n+l - fi—l,n+1)2Ax =S 1~ Si,n (9.33)

We define e? as the difference between the true solution and the k th iterate, i.e.

k k

Sintl = Si,me1 T &

Subtraction of eq (9.33) from (9.31) then gives

k k

, k+1
i+1,n+1 fi+l,n+1) (fi~l,n+l -

At
11,0417 20x = &4

- [(£

Use of a Taylor's series expansion of f(Sk) in terms of f(S) gives

Cpk ke kM
i+1 i-1'2 T &4

oA
where, again, ¢ is f'At/Ax. Substitution of Xk e1Bi for s? gives
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or

A=- Tc sinB (9.34)

Note that, as in the stability analyses above, A is the error amplification factor,

The condition for convergence of the iterative process is ixl < 1. From eq

(9.34) convergence is obtained only if

Thus while the difference eq (9.24) is unconditionally stable, the particular

iterative process eq (9.31) for obtaining Si ntl is conditionally convergent.

A superior iterative method of solving eq (9.24) which avoids this conditional

convergence is replacement of fn+1 on the left hand side by

- — 1
fn+1 fn + (Sn+1 Sn)f (9.35)
where
f - f
f' = ,S_f}i_l__:_éﬂ (9.36)
n+l n

Note that the definition (9.36) causes (9.35) to be an identity, not an approximate

relation. Substitution from (9.35) into (9.24) gives




x4

1]
Hivn ' (Si+1’n+1 Si+l,n)f1+1 S Egnt
' At _
(Si—l,n+1 = Si~1,n)fi—l>]2Ax = Si,n+1 Si,n (9.37)

Now this equation cannot be solved for Si a4l unless f; is known, but f; cannot be
*

determined (see eq (9.36)) unless Si,n+1 is known.

Hence we define the iterative process

k+1 ) ko
i n® Gipl,ne ~ Siv,o’fitr = $io1n
k - 1k At k+1 _
(8 1,n+1 ~ S1-1,n°F1-12122x = Si,nt1 " Sipn (9.38)
where
K
£ - fi,n

vk = 1k-1 —a)
fi =w fi + (1-w) o (9.39)

Si,n+l - i,n

and f? is simply f(S? The term w is a weight factor, say 0.5. Eqs (9.38)
b

n+l)'

for 1 = 1,2,3,-—- give a tridiagonal matrix in the unknows and hence are solved

by application of the Richtmyer algorithm (see page ). The reader should verify

that if fik is treated as a constant, eq (9.38) is unconditionally convergent.




9.1.

9.2.

9.3.
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PROBLEMS

Show that the following difference approximation to eq (9.1) is uncon-

ditionally unstable:

o
- + = -
Piti,n = 2Pi,n T Pi-1,n " 2 (pi,n+l Pi n-1)

Show that the amplification factor obeys the quadratic equation
8
M+ S sin2 D3 -1 =0,

solve for A and show that lkl > 1 for some B for any At, however small.

Show that the DuFort-~Frankel scheme

o
Pitin - Pinel T Pin-1? T P13 (pi,n-i-l T Pyon-1

is unconditionally stable (o = Ax2/At).

2
cos B * %—~ sin B

2
Hint: Show that A = 3 and treat the two caseS'% 2 sin? B
1+ -é'

2
and %-< sin? 8. Use the relation l a*tib | =22 + b2 in the

second case.

Analyse the stability of the forward (explicit) and backward (implicit)
difference approximations to eq (9.1) in two and three dimensions. Show

that the explicit difference equation in three dimensions is conditionally

stable and that
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At < K

must be satisfied for stability.

9.4. Consider the two-dimensional equation

2

2
3° p + 3
3x2 3z2

P _ 3P
at
in a rectangle of dimensions Lx’ LZ where Lx >> Lz. Such regions arise
in calculation of flow in two-dimensional cross-sections or vertical slices
of reservoirs. As determined in problem 9.3, the explicit difference

approximation to this equation is stable for

which is approximately

Ax?
2

At <

since Az << Ax. This is a severe limitation since Az is small. Suppose
then we approximate the differential equation implicitly only in the z-

direction and explicitly in the x-direction, i.e.

2 2 =L _
Ax P + Az P At (pn+1 p)

n n+l n




9.5,

9.6.

9.7.

9.8.

9.9.
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Do we now obtain the less severe time step limitation of At g Ax2/27?
Determine the stability of this difference equation. (NOTE: There is no
"alternating direction" here. We proceed every time step implicitly in the

z-direction only.)

Determine the stability of the Douglas-Rachford three-dimensional alternating-

direction technique, eqs (8.35).

Determine the stability of the following approximation (similar to ADEP) to

eq (9.1).

"% Pin T %% Picinel _ 2

Ax?

At (pi,n+l - pi,n)
The DuFort-Frankel approximation to eq (9.1) in two dimensions is

pi+l,n— (Pn+l + pn__l) + pi_l?n + Pj+l,n_ (Pn+l + Pn__l) + pj-]_,n
Ax? Ay?.

L (p - p__)
2 At “Fn+l n-1

Determine the stability of this equation.

Determine the truncation error and stability of the following difference

approximation to eq (9.18)

f

i,n fi-l,n+1 - Si,n+l " Sa
Ax At

Verify the truncation errors and stability conditions tabulated in Table 9.1.
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10. SOLUTION OF ELLIPTIC EQUATIONS BY ALTERNATING
DIRECTION PROCEDURES

In Chapter 8 we discussed solution of the parabolic equation
(8.32) by alternating-direction methods. We now consider solution

of the elliptic eguation

V°p = 0 (10.1)

in the rectangle with either p specified on the boundary (Dirichlet

problem) or with 3p/3%n (n is normal to boundary) specified there

(Neumann problem). The difference equation
2
Ap = 0 (10.2)
can be solved directly by Gaussian elimination. However, the work
3.3

involved is 2IJ°K~ in three dimensions, as discussed above.

The alternating-direction procedure may be used to solve eqguatior
(10.2) in the following manner [8, 9]. The solution p(x, ¥y, z) to
equation (10.1) mey be viewed as the steady-state or large-time

solution to the parabolic or transient problem

V2p = %% (10.3

That is, we could arrive at the desired solution p to equation (10.1)

by solving (10.3) for a seguence of time steps until we reached steady

state. In that case we would solve
2, = & 4
b%p = 3% (Ppyqy - 2y) (10.
by the alternating direction procedure. Since, however, we are not

interested in the transient solution, we inquire whether "Judicious"
time step values might be chosen so that the steady state solution

is reached in as few steps as possible. These At values may intro-

duce considerable truncation error in the transient solution but,
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to repeat, we are not interested in the transient solution. Thus
there is no need to retain the terminology time, n, At, and we re-

write equation (10.4) as

+ k+1 k
A2pkl=H(p - 1)

k (10.5)

where Hk is the iteration parameter and k is iteration index; from

the above discussion, Hk may be viewed as the inverse of a pseude

time step and k as the total number of time steps.

10.1 The Douglas-Rachford Alternating-Direction Iterative Technigue

To avoid the labor of direct solution we employ the Douglas-
Rachford alternating-direction procedure, equation (8.35), and solve

equation (10.5) in three dimensions by

2 k * k
Aip* + Aspk + AZP = Hk (p - ) (10.6a)
* % 2k #® % k
A2p" 4 Asp + A pT = Hy (p - p) (10.6v)
* * ¥ 2 k+1 _ k+1 _ K
Aip + Aip + AZP = Hk (p D ) (10.6¢)

To insure convergence, the same value of Hk is used in each of the

three steps. Howevir, Hk is varied from one iieration to the next.
Solution for p from equation (10.6a), p from (10.6b) and

pk+l from (10.6c) constitutes one iteration. K iterations constitute

one cycle. Thus one cycle involves solution of eguation (10.6) for

k=1, 2, =-~, K, using parameters Hl’ H2, —_—— HK' Cycles are

repeated until convergence is obtained. Douglas, Rachford and

Peaceman discuss selection of iteration parameters in several papers
[8, 9, 12]; we will consider that problem below.

The alternating-direction iterative procedure is equally ap-
plicable to the parabolic equation. Consider the parabolic case with

a source term,

2
Vp + a(x,y,z) = g g% (10.7)




98

In implicit difference form this equation becomes
2 s - -
B7Pryr * 97 1x (Pn+l pn)
or

2 o - o _ - .
A"Pre1 = Bt Pnel ° T Bt Pa 7 @ Bijx (10.8)

where 1Jk denotes spatial grid point (Xi, Yja Zk)' We obtain pn+l
by iteration as
22p" + Aipk 00" - 3y » - Hk(p“ - ) - B (10.9a)
A:pn N Aip““ + Azpk _ f%‘p*“ - Hk(p** _ pk) - B (10.9)
Aip“ + Aﬁp*“ + Aipk*l _ f% pk+1 - Hk(pk+1 - pk) - B (10.90)

* * *

k k+1 R . .
where p , p , P , and p , etc., are successive approximations to

the new time step values Pret-
The Douglas-Rachford procedure applies in two dimensions to

eq (10.8) as

2 * 2 ko _ & *_ * oK -

by vApp -oe =H @ p) - B (10.10a)
2 % 2 kt+l _ o k+1 - k+1 - k -B

Ayp +tAg® At P H G P) (10.10b)

Iterative solution of equation (10.8) for P41 has the advantage
that any time step, however large, may be accommodated. If equation
(10.8) is solved by the noniterative application of the alternating-
direction procedure, equation (8.35) as described in Chapter 8, then
a limited time step (smaller as compressibility o becomes smaller)

must be employed to insure smoothness and accuracy in the solution.
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10.2 The Peaceman~Rachford Iterative Technique

The two-dimensional Peaceman-Rachford procedure applies to

eq (10.8) as

* k o * * k

2 + A2 -— =H (p -p)-B

beP y? Tac? k (10.11a)
X K+l okl _ KLk

o N TR R Mt -p) -8B (10.11b)

Note that the only difference between this method and the Douglas-
*
Rachford technique in two dimensions is the use of p as opposed to

pk on the right-hand side of the second (y—sweep) egquation.

10.3 Iteration Parameters for the Two-Dimensional Problem

The convergence analysis which yields formulae for selection of

iteration parameters is discussed in the literature [8, 13, 14] and is

.presented in detail in Chapter below. Here we will simply give

guidelines based on this analysis which are often satisfactory.

Consider a two-dimensional elliptic difference equation,

AT Ap) = - Cy, (10.12)

where Ci is a known term at each grid point x = iAx, y = JAy and

J
ATAp is defined in eq (2.3). Application of the Peaceman-Rachford

alternating-direction iterative method to this equation gives

#* K * k
T A = H, ( -p ) ~-2C
A, T A P +Ay P k P

X y i) (10.13a)

k+1 *
A T A p + A TA P = H (p -p ) - Cij (10.13b)

In practice the iteration parameters are normalized as defined by
He = by @Dy, (10.1L4)

where LT,, = T, + T, + T, + T, .
i 1+1/29.j 1“;593 133"';5 193"';5

the numbers of grid points in the x and y directions, respectively,

If N and N denote
X y

then the minimum iteration parameter is
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. m 1 ul 1
hmin = Min. > T > T
2N 1 + X 2N 1+ X (10.15)
X Ty y
¥
while the maximum parameter is 1 if Tx = Ty and 2 if Tx >> T or

Ty >> Tx' Strictly speaking, this formula applies only to the
Peaceman-Rachford (two dimensional) alternating-direction procedure.
However, the formula has been used with success in selecting param-
eters for three-dimensional problems using the Douglas-Rachford

iterative technigue.

As pointed out in Chapter 12 below, except for relative per-
meabilities

h = Min T 1 5 . “2 1 .
min gNi 1+ EI ﬁi_ 2N5 1+ E& ﬁi_ /
2 2
A
k, Ay ky x (10.16)

For an areal (two-dimensional) problem, generally Ax ¥ Ay and if

kx = ky’ then the two terms in equation (10.10) are equal. For

cross-sectional problems, however, generally

>>

and the first term in equation (10.16) is the smaller.

Iteration parameters should be spaced as a geometric sequence
[8, 12] i.e.

Perr _

If a total of K parameters are chosen per cycle, then
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If hy, h (minimum and maximum parameters) and the number of

K
parameters per cycle, K, are known then 4O may be calculated from

equationg (10.18) as

£n (hK/hl)

£n o = K-1 (10.19)

The number of parameters K is generally chosen as 4 or 5 for a small

range on the h, (e.g., .01-2) and as 6 to 8 for a large range (e.g.,

k
.0001-2). The writer has generally used the hk in order of increasing

magnitude-~-i.e., the smallest hk first, etc.

Equation (10.16) provides only an estimate of the minimum pa-
rameter. Some problems exhibit considerable sensitivity to this
hmin with respect to ease of convergence. In such cases only the
minimum parameter is important in gaining a rapidly convergent calcu-

lation. That is, whether a maximum hk of .5, 1, or 2 is used is
generally immaterial. A difference from .0001 to .005 in hl’ how=-
ever, may be critical. In cases where sensitivity to hmin exists,

three or four trial runs over the first few time steps with dif-
ferent sets of hk are usually sufficient to determine an hk set
which will be satisfactory for the entire time prediction.

A satisfactory rate of convergence is,vin the writer's exper-
ience, convergence within two cycles--i.e. 6 to 12 iterations per

time step.

Example 10.1. Estimate an iteration parameter set for a cross-

sectional two-dimensional problem with the following data:

N = 30
X

N = 8
y

k = 100 md
X

k = 20 md
Y

L = 6000 ft
be

L = 160 ft
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where Lx and Ly are reservoir length in the x and y directions,

respectively.

Solution: The grid size is Ax = 6000/30 = 200, Ay = 160/8 = 20.
Equation (10.16) gives

2 1
h = Min it 2’
min * 2(30)2 ) (299)
1+ J00 20
n° 1 5
2 0
8) 100 (20
2( 1+ 35 (200)

The first of these two numbers is smaller and therefore

- . 5 1 _ 5 1 - 500
hin =01 % 500 I+ .2(100) ~ 900 21 ~ ° 3
Since T_ >> Tx’ hK = 2 and using K = 7 parameters per cycle,

equation (10.19) gives

_1n (2/.0003) _ 1.47
in O = 6

o = k.35

Thus the set is

h, = .0003

h, = L.35 (.0003) = .0013

hy = 4.35 (.0013) = .00566

ny, = k.35 (.00566) = .0246 “
hy = 4.35 (.0246) = .107

hg = 4.35 (.107) = .L66

h, = L4.35 (.L466) =2
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11. DIFFERENCE APPROXIMATIONS TO THE RESERVOIR

SIMULATION EQUATIONG

The reservoir simulation equations (6.11) contain second-order spatial deriv-

g
ax
the o0il flow eq. (6.13b) is

. 3 . . : ) ; , . .
atives of type (K‘si) and first-order derivatives in time. In three dimecusions,

3 kk b vy ap Aok ko VF d kk_ b vy &P
—_ ro o o o) — v o A oo ‘o o)
ax - M, Jx a8y b Yv o Bz i iz
3
- = — (&b {1 )
190 ot Ve "7) 1.1}
We will develop difference approximations to eq. (l1.1) for the uses of ragular and

variable grid spacing.

11.1. Regular Grid Spacing

The standard central-difference apprcximation is empleved for the spatial

derivatives, i.e.

‘ op . P . - P ) - K, L P S
wi o Q) =z I{orl-% ( oi+l Ol) oi-% ( ci 01~l)
ox o 2x 2

Ax

where Ko = k kro bo Yo/ua. The P values in these =patial differences ave understood

to apply at the new time level tn . The backward time difference is emploved,

1

) - )]
2 on sy =2l S T b Sy
at o o At

Using these difference approximations in eq. (11.1) and multiplying each term in

the equation by Ax Ay Az gives
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V'

iik

A(T A P)) - q . = A, (b S) (11.2)
o o ijk oijk At t o o iik

where
/\ e
A(T AP ) =A (T A P)Y+A (T A P )-+AZ(T AZ P)

b, (T_ A _P) =T (P y-T ., (P, -P

oit}s oi+l Poi oi-*s oi oi—l)

k k bo Yo Ay Az

( ro
Ax i+

oit+ks

q .., = STB/day oil production rate from block (i,3,k)
oijk

A, (4b_S) = (§b, ) - (¢ b S)
¢ © ° ° ° i’j’k’n+l ° ° i’j,k’n

Vijk = block volume, Ax Ay Az

The term T0 is oil-phase transmissibility for x-direction oil flow between blocks

i+
(i,j,k) and (i+l,j,k). In fact, Toi+% (Poi+1,j,k - Poi,j,k) is simply the rate of
0il flow, STB/day, in the x direction from block (i+1,i,k) to block (i,j,k). Trans-
missibility for y-direction flow is Toj+% = (k kro bo Yo Ax Az/Ay). .
i,j+s,k

EXAMPLE 11.1

Express in difference form the equations (6.14) describing incompressible, two-

phase (water-oil) flow in three dimensions.

Solution:

In three dimensions, eq. (6.l4a) (6.14b) are
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9 k k_ 3% g k_ k30 3s

(- YW_._!V.)+__..(._)L.£E._.VL . ~(..§.,_I_W_._y,)_g S —

ox M, 9% Ay U ay 9z M 9z w dyw at
3 k_k_ 3% 3 k. k_ 2% 3 k_k__ 39 as
_*.(_§_~£2.__2g — ro -2 + _,.(~£_,£9.__2) - B = oy
Ix uo ax oy uo ay az uo dz o Yvo ¢8t

Replacing the spatial derivatives by the second-order differences and multiplication

by Ax Ay Az gives

vV ..
_ - pijk
A(Tw A Qw) , Bw qwijk At At 5
ijk
Voiik

ACT_ A ®) -B q ... == A_S

o o 19k o ‘oijk At t

where

AT A D) =A_ (T_A_0) +A (T A 0) +A (T A 3)

w w 19k X "W X W 15k y Wy w ijk z w oz w i3

(® o )

By (T, 04 %) witl, ik~ Pwijk

=T, .
W i3k wits,j,k

- Twi—%,j,k (Qwijk - ®wi—l,j,k)

k k__ Ay Az
T - ( X Iw )
withs, i,k Mg Ax its,3,k

Vpijk = (¢ Ax Ay Az)ijk = block pore volume

Transmissibility for flow in the y- and z-directions are defined similarly. The

term Ytk is production rate for the block (i,j,k), STB/day.
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11.2. Variable Grid Spacing

This procedure for obtaining the difference equation applies equally well to

the case of a variable grid. Consider numerical solution of eq. (11.1)

o GPO d apo 0
= %o B Ty Ko 3y T G T 5 90 5 1.3

in two dimensions using the grid of Fig. 11.1. The term Ko here is

i-1 i i+l
15Y j+| [ ] ® ) ’+|
Ay. o ]
Yj
Ay‘_| L ]"'
AX A X; AXix|

Fig. 11.1 VARIABLE GRID

k kro bO yo/uo. We will denote distance between points (block centers) by 2, that

is

)

=
!

= .5 (Axi + Axi+

i+s 1

2

.5 (by. + Ay,
(yJ AyJ_l)

LI |
-

3 oP

A difference approximation to 5; (Ko 7;9) at the point Xi’ yi is

X




3 aP aP oP

0y ~ o 0
— K =) = [K — - (K =)
dx "o 9x o 9x i+, § o 3% 1%,

where iH; denotes the position X; + Axi/Z. Further differencing gives

3 oP P . .~ P .. P, .~-P, .
— o) * Kk oi+l,q oi,i _ ¢ oi,j oi-1,i
93X o 9x oits, ] Axi 2i+% oi-%, ] Axi Qi—%
9 aP
A similar differencing of the term 5; (KO 753) in eq. (11.3) and multiplication by

h Axi ij (where h is reservoir thickness) gives

V..
- = 11
A(To A Po).. qoij At At @ bo So) . (11.4)
ij ij
where
T ) (Ko Ayi h)
oiHs, ] 2 14,9
Ko h Axi

V.. = block volume, h Ax, Ay,
ij 1 J

qOij = 0il production rate for block i,j, STB/day

11.3. Difference Approximation to the Time Derivative

Expansion of the difference At (¢ bo So) must be carefully performed so that

the expanded form reduces identically to (¢ bo So) - (¢ bo So) . For example
ntl n

At (@ bo so) - ¢n b Be S5 *F ¢n Son At bo + bon S

1.5
on t o n At ¢ 1 )

(o}

is clearly incorrect since, as the reader should verify, the right-hand side does
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net reduce to (b b S ) - (d b S ) . One of several correct expansions is
o o o o
n+l n
At (@ bo So) = ¢n+1 bon+1 At So + ¢n+1 Son At bo + bon Son At ¢
(11.6)

Further expansion of the right hand side of eq. (11.2) is given in Chapter 15 in
conjunction with the description of methods for solving the equations describing

multiphase, multidimensional flow.

11.4. Calculation of Interblock Transmissibilities

The transmissibilities T etc., in eq. (11.2) contain pressure~dependent

oiHs,]
terms (bo, Yoo po) and saturation—depandent terms (kro)' These variables are

generally evaluated at the old time step (tn) regardless of whether Po on the left
hand side of eq. (11.2) is taken implicitly (at tn+1) or explicitly (at tn). The

truncation error incurred by taking these bo’ k_, etc., at the old time step is

ro
generally negligible in practical problems. As pointed out by Blair [13], however,
problems which involve '"converging" flow, such as coning problems, may be solved
in some cases with larger time steps if the transmissibilities are taken at tn+%

or t In any event, the truncation error associated with use of explicit

n+l”
(time level n) transmissibilities can be estimated by repeating portions of a
calculation using smaller time steps. If the calculated answers are largely
insensitive to the change at At then this truncation error is not significant.
Use of smaller time steps in an explicit transmissibility model allows estimation
of the effect of using implicit transmissibilities simply because the transmissi-

bilities are more frequently updated when a smaller time step is used.

In calculating the interblock transmissibility

(k kro bo Yo Ayi Azk

T =
o#s,j,k u, L

)

o i, 3,k
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values of kro’ bo’ etc., are required at the position i+s (or X, + Axi/2) between
points (i,j,k) and (i+l,j,k). However, pressures and saturations are known only
at the points. The pressure—dependent quantities bo’ Yo and M, are generally
arithmetically averaged or taken at the upstream point. The upstream point is
(i+1,j,k) if flow is from (i+l,j,k) to (i,j,k) and is (i,j,k) if flow is in the
opposite direction. In most practical cases, the calculated answers are insensi-
tive to the choice of upstream weighting as opposed to averaging of pressure-
dependent quantitiés in the transmissibilities.

An interblock relative permeability value between points i and i+l can be

obtained as a) the weighted average

k = wk.) . + (1-w) (k) (11.7)
rits r upstream downstream

b) the value of kr at a weighted saturation wSi + (1-w) Si+1’ or c¢) the harmonic

or "series resistance' value 2k, k /(kri + k This writer strongly re-

ri+l ri+1)'

commends use of the upstream weighting, i.e. eq. (11.7) with w=1l. This handling
of interblock relative permeability is intuitively‘correct if we consider the
extreme case of o0il draining from a block (1) of low oil saturation to an adjacent
block (2) of high oil saturation. If krol were (say) .05 and kro2 were .8 and
simple arithmetic averaging were used to obtain krol+%’ a relative permeability

of .425 would be used and oil would drain out of block 1 at a rapid, highly erroneot

rate. However, an upstream weighting would give an interblock transmissibility

corresponding to a relative permeability of .05 which would result in a more

realistic, retarded rate of gravity drainage. More pertinent to this weighting
problem, however, is a comparison between a Buckley-Leverett saturation profile
and several numerical, one-dimensional calculations using various values of w in

eq. (11.7). Use of w = 1 or nearly 1 yields much better agreement than use of
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w = ,5 as shown in Example 11.2 below. The harmonic mean gives highly erroneous

results in the vicinity of relatively sharp saturation fronts (areas where satura-

tion varies sharply with distance). As an extreme example, consider the flow of

water from block i having k. = .7 to block i+l having k_ = 0. The harmonic
rwi rwi+l
mean is 0 and would not allow water to enter the block i+l,
The remaining term k/2 in the interblock transmissibility should be taken as

the harmonic value. Consider the geometry shown in the sketch comsisting of adjacent

blocks of different lengths and permeabilities

i i+
° kK Kiep ©
}-——Axi

For steady-state flow between points i and i+l, Darcy's law correctly relates pressu

 AX 4

drop to flow rate as

=@ 20

.= Paq)
m u i i+1

where A is cross-sectional area and

& - 1 ) 2ky kg
% Ax; /2 N Axg /2 kg Bxg TRy A%
kg kinl
If Axi = Axi+l then this is
K Lo 2k; Ky

@ =Xk 4k,
m i i+

1
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If the arithmetic average of k/& for the two blocks is used in the transmissibility
then the calculations will give an erronedus pressure gradient if and when the
flow regime approaches a steady-state.

In summary, the transmissibility in eq. (11.2) is calculated for use in the

new time step's calculation (tn+l) as
2k, k b vy
i i+l o 0
T i s 1 = Ay, Az, ) (k_ ) ( )
0i+s,3,k ki Axi+l + ki+l Axi ] k ro upstream o upstrear
or aver:

All pressure~ and saturation-dependent components are evaluated from the old time

level's (tn) pressure and saturation distributions.

EXAMPLE 11.2

Numerically solve the equations for one-dimensional displacement of oil by
water and examine error in the solution as a function of the weighting employed on
relative permeabilities in the transmissibilities. Fluids may be treated as in-~
compressible. Relative permeability curves are given in Fig. 11.2 and other data

are:

k = 300 md My = W, = 1 cp ¢ = .2
L, = reservoir length = 1000’ Ly = width = 100' h = 100'

Injection rate = 76 BPD
The reservoir is horizontal and initial water saturation is .16.

Solution:

For the case of incompressible, one-dimensional flow of oil and water, egs.

(6.14) are
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d k krw 3(bw qu
3% ( u ax) T Ay T ¢ 3t
3 k k_ 3 3s
— ro _ o, _ s
9% U Ix o Yoot

where & = p - yZ and 5 is water saturation. In finite~difference form these equatior

are
\Y i
Ax (Tw Ax Qw)i T 9y T At At S
Vgi

Ax (T0 AX ®o)i - dg; T T At At S (11.8)

where
k krw L h

T . = (et Y

witls Ax )i+%

Ax (Tw Ax ¢w) = Twi+¥§ (Qwi+l - Qwi) _ATwi—% (Qwi - ®wi—l)

and similarly for the oil phase. Vpi is simply the block pore volume ¢h Ly Ax.

The results discussed here were obtained by simultaneous solution of eqs. (11.8
as described in Chapter 15. Forty spatial increments (Ax = 1000/40 = 25') and a
time step of 10 days were employed.

Figure 11.3 shows water saturation vs distance after injection of .32 pore
volumes. The solid curve is the analytical (Buckley-Leverett) solution. The open
circles are numerical results using upstream weighting on both water and oil
relative permeabilities in the transmissibilities. The solid circles are numerical

results using mid-point weighting (w = .5 in eq. (11.7)) on the relative permeabilit

The considerably superior accuracy obtained by upstream weighting is apparent.
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Figure 11.4 compares saturation profiles calculated using a) upstream weighting
on both water and oil relative permeabilities and b) upstream weighting on the oil
(displaced phase) and midpoint weighting on the water (displacing phase). The
good agreement between these profiles and poor agreement between the profiles on
Fig. 11.3 shows that the only important weighting factor is that on the displaced
phase. That is, it is generally immaterial whether midpoint or upstream weighting

is used on the displacing phase. However, upstream weighting on the displaced phase

is highly preferable to midpoint weighting.
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FIG. 1.2 WATER-OIL
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12. METHODS OF HANDLING INDIVIDUAL WELLS

The finite-difference equations describing the flow in a reservoir contain a
production term qijk' This term is the entire production rate for the block (1,j,k).
If more than one well is located in the block then q is the sum of the rates for
all wells. Sections below discuss calculation of qijk for the two cases of specified

well rates and specified flowing well pressure.

12.1. Case of Specified Well Rates

In two-dimensional areal calculations the term qi’i is given directly for in-
jection wells by the specified injection rate. That is, if a well located at 1 = 11,
j = 7 is injecting 250 STB/day of water then qwll,? is (-250) STB/d.

In two-dimensional areal calculations, individual phase production rates can
be calculated from specified oil or total production rates. If the well's oil pro-
duction rate is specified then gas and water production rates are calculated for the

block as

b

qw = (Mwo -I—Dy-) qo (12.13)
on '
g
9 = (MgO bo)n q, (12.1b)

where dg is the specified oil production rate in STB/d and

k_ /u k_/u
M 5 = E£E7J£ M o = i;57aﬁ (12.2)
v ro’Ho 8 ro' "o

Subscripts i,j on all quantities are suppressed. Formation volume factors are
i

STB/RB for liquids and Mcf/RB for gas. These calculated production rates are for
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use in the coming or new time step n+l.

Eqs. (12.1) represent an explicit production routine since the mobility ratios
M are evaluéted using the oil time level (n) relative permeabilities. In most two-
dimensional areal calculations, this explicit routine is adequate. However, if the
producing block is "small" or if the total reservoir flow rate comverges upon the
producing block, as in the case of an areal 5-spot calculation, then use of this
explicit routine can give rise to saturation oscillationé. These oscillations can

be reduced or eliminated by use of the implicit production routine:

b
w
= (—) M ) q (12.3a)
qw bo n wo n+s o
g
q. = = O™ ) q + (R) q © (12.3b)
g b0 a  8° oty o s’ o

These time-~centered mobility ratios can be calculated as

- 1 .
™, ) M) +.5M A S (12, 4a)
nHs n
™M ) =M ) + .5M A_S . (12,48
80" go’ go 't g

Eqs. (12.4) assume that water-oil and gas-oil mobility ratios are single-valued
functions of water and gas saturations, respectively. The "derivatives'" are actually

chord slopes, defined as

™M ) -\ )
W - wo' .1 wo’
wo Swn+1 - Swn

M_) - )
' go n+l 8% 4 ,
Mo™ 5 -3 (12.5)
g gntl gn .

a

These chérd slopes can generally be estimated from the relative permeability tables
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at the beginning of the time step and retained without updating for the time
step's calculation. Results are generally insensitive to updating of the pressure
lependent formation volume factor ratios. Substitution of eqs. (12.4) into (12.3)

ives equations for and of t
g q 4, qg ype
q=2¢C, + C2 At S (12.6)

The term C2 At S combines with the term At S already present on the right hand
side of the difference equation. For an example, see the right-hand side of
expansion given in eq. (15.9). Thus, use of an implicit as opposed to explicit
production routine requires very little additional computational labor.

If total producing rate, as opposed to oil rate, is specified in a two-dimensional
areal problem, then that total must be split into individual phase producing rates.

Assuming the total rate q is specified as (RB of total fluid)/day, we have

q, = M, b, q STB water/day (12.7a)
q, = Mo bO q STB oil/day (12.7b)

=M b + R Mcf/da 12.7¢c
q, = Mg Py a3 F R 9, /day , ( )

where M is the ratio of mobility of phase £ to total mobility. For example, Mo
is (kro/uo)/(krolpO + krg/ug + krw/uw). Again, the mobility ratios can be expressed
at time level n or at n+s depending upon whether an explicit or implicit production

routine is desired. In the implicit case, the assumption that MQ is a function only

of SQ (where £ = w, o, g) gives

= t
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= 1
9, = 4 bon [Mon + .5 Mo At So] (12.8b)

= '
q q bgn [Mgn + .5 Mg At Sg] + RSn 4, (12.8c)
where M&, etc., are defined in eq. (12.5).
In two-dimensional cross-sectional or three-dimensional calculation, a specified
well production rate must be allocated among the grid layers as well as split into
individual phase rates. Let a well at areal position i,j be completed (perforated)

in layers k,, k,+1, k

1’71 1 L’
*
on all quantities. We denote the mobility of phase £ in the kth layer by

+2, =—===, k As above, we will suppress the subscripts 1i,j

k Az k
AN 2.7

2
A = ( ) I (12.9)
Lk uz Kk

total mobility of the kth layer as

Ak = Awk + Aok + Agk (12.10)

and the total mobility of all layers as
A= I A (12.11)

If q RB/d is the specified total fluid producing rate then

Xk ,

is the RB/d produced from layer k and individual phase pvoducinz rates fror aver

7

% ) N B
Note that layer index k is used only as a subscript. 1hat 's - inside the ~-can-
theses is absolute permeability, md.
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k are

A A _
= ko gk  STB
Ao T Por Tk Ik T Pk h 9 day (12.13a)
for & = w and o, and
iﬂ& Mcf
Yok = Pak x4 T Rok Yok day (12.13b)

This calculation of individual phase production rates for each block assumes that
the difference between reservoir pressure and sandface flowing pressure is about
the same for all layers. This is a good assumption if sufficiently good vertical
communication exists in the sand over the perforated interval. That is, flow
potential should vary little with depth (z) compared with the radial variation out
from the well. The assumption is clearly a poor one in stratified reservoirs where
a number of non-communicating sands are connected vertically only by the wells. 1In
simulation of a reservoir where vertical fluid communication exists between the
grid layers in which the well is completed, the assumption of small vertical
gradients in flow potentials can be checked by simply printing them out.
Considerable programming difficulty is avoided in relation to eqs. (12.13) if
in the implicit case the total mobility A in the denominator is evaluated at the old
time level n. The "implicit" mobility ratio for any phase £ is then calculated as

(hgy)

- ——n¥s ' 2.14
M) ke, g " Moeon T 00 M Be 5y (12.14)

where M'k is defined in eq. (14.5) and the assumption is made that mobility to

phase £ is a single~valued function of S .

For a water injection well in a two-dimensional cross-sectional or three-

dimensional calculation, the water is generally allocated on a total mobility
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: . . t .
basis. That 1s, the water injection rate into the k b layer is calculated as

(b ) STB
_ W k
Tk T k] % day (12.15)
T (b N
_ W
_kl k

where (—qv) is the specified injection rate in STB/d and A is the sum of water, oil
and gas mobilities. Eq. (12.9) defines the individual phase mobilities.

For a gas injection well in a cross-sectional or three-dimensional calculation,
the recommended procedure is allocation of gas on a gas mobility basis. The gas

P : , th .
injection rate into the k layer is calculated as

(bg Xg)k, Mcf
= — 12.16
qgk kL qg day ( )
T (. A)
=k, g &y

where (—qg) is specified gas injection rate in Mcf/d.

The allocation of gas on a basis of gas as opposed to total mobility is recommende

because of the ease with which gas flows vertically in a reservoir. Consider the

case of a gas injection well perforated through four vertically communicating, 1l5-feet
thick layers in an oil leg, Until gas saturation builds up sufficiently in the upper
layers, any gas injected into the bottom layers will flow very rapidly upwards. This
high flow rate will lead to computational instability or will require a very small
time step with resultant large computer time. We can put gas where we like but we
cannot keep it there against strong prevailing gravity and viscous forces. A remedy
to this problem is injection of gas only into the top block, or, equivalently, inject
it into the layers in accordance with gas mobility of the layers. The gas injected

into the top block will move downward into lower blocks of its own accord when gravity
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and viscous forces dictate that downward movement. The movement of gas away from
the well and out into the reservoir is almost completely insensitive to whether

the gas is injected into all four layers or only the top layer. 1In short, the

gas will go where it pleases regardless of where or how we inject it. Calculations
performed with gas injection only into the top layer have been compared in several
cases with (very difficult and expensive) calculations involving injection into all
layers. Computed results for all blocks once or twice removed from the injection
well were virtually identical in the two calculations in all cases.

This injection of gas into the top layer or in accordance with gas mobility is
not recommended for reservoirs having zero or negligible vertical communicatioﬁ.
Injection of gas into a well completed in several noncommunicating layers will in
general result in gas flow into all the sands. Th2 relative amounts of gas entering
the various layers must be calculated taking into account the differences between

injection pressure and pressure at the well in each of the sands. This is discussed

below.
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15. MULTIDIMENSIONAL, MULTIPHASE FLOW

Eqs. (6.11) describe the three-dimensional flow of water, oil, and gas in a

porous medium:

3 (¢ bw SW) »

AR [Kw v P, = Y, vz} - Y = 735 (15.1a)
3 (o bo SO)

vV . [Ko (v Py = Y, v Z) - Yo = 35 (15.1b)

vV . [KORS (Vpo-YOVZ)]+V' [Kg (Vpg~y v 2)]

g
~q =-2(b R S +4¢b_S)  (15.1¢)
vg ot 0o's o g g :
where
k k bw k kro o k kr b
Kwa K = K:————&——g‘
Mo o Uo g Ug

We will outline two methods for solving eqs. (15.1): a) an impliéit pressure -
explicit saturation method (IMPES) which is an extension of methods proposed in
1960 by Sheldon et al [14] and Stome [15], and b) a method of simultaneous solution
which is an extension of a method proposed in 1959 by Douglas, Peaceman and Rachford
[ 16 ] for solution of two-dimensional, two-phase inéompressible flow problems.

In presentation of these methods, the boundary conditions are assumed to be
no-flow. Any flow across a boundary 1is accounted for by the production terms in
the boundary blocks. An aquifer may be handled by extending the areal grid to

encompass the aquifer using increasingly larger blocks at increasing distance from

the reservoir. Alternatively, an aquifer can be handled by restricting the grid to
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rhe reservoir proper and accounting for water influx in the edge blocks in the
manner described in Section . The no-flow boundary conditions are imposed by
simply setting to zero all transmissibilities for flow across the reservoir bound-
aries.

As discussed in Chapter 11, the difference approximations to eqs. (15.1) are
AT, Gop, -y, b 2] -aq, =758, (6D, S)
AT, (4, -y A D) -a =358, (b S)
AT R, p -~y 0D+ A[Tg a Pg ~ Vg A )] -q

g

= L
= 7£ 8 G b R S +o b S) (15.3)

where for x-direction flow

k k__ b Ay Az
[— W

T . =
WI"J/Z,j’k Uw Ax ]i‘Hj,j,k

and similar definitioss hold for the oil and gas transmissibilities. The term V
is block volume, AxX Ay Az. The spatial and time difference notation is defined on

in Chapter 2. Eqs. (15.3) apply at each grid point i,j,k in the reservoir.

Eqs. (15.3) are three equations in the six unknowns P,s Pos pg, Sw, SO, and Sg'

Three additional equations are

S +5 +8 =1 (15.4)
W o g

= p - p = P (Sg) (1505)
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(Sw) (15.6)

Cwo

ssure - Explicit Saturation Method

The name of this m
solution for saturation

a single equation in oi

A

. So’ and At Sg'

A very important,

right hand side terms i
preserves a good materi
gain in STB of oil in t

At (abc) must preserve

A, (abce)

is consistent while

A, (ab)

is not. (15.

Using eq.

At X = Xn+l - Xn. Thus
At,(ab) =

ethod implies the implicit solution for pressure and explicit

The basis of the method is the reduction of eqs. (15.3) to

1 pressure with no terms on the right hand side of type At S.

Tiat is, the pressure equation is obtained from eqs. (15.3) by eliminating At Sw’

but often overlooked, matter is consistency in expansion of the

n eqs. (15.3). These terms of type At (abc) are material

balance terms and their proper expansion is critical in obtaining a calculation which

al balance. For example, V At (¢ bO So) is quite simply the

he grid block over the time step. Any expansion of a term

the definition of the difference operator, namely

= (abc)n+l - (abc)n

Consistency of an expansion simply denotes satisfaction of the definition of

A (15.7>

an+1 t b+ bn At a

an At b + bn At a

7) we can perform the consistent expansion
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At @ bo So) = bo)n+l At So + Son At @ 2? = bo)m_lAt So

+ Son ¢n+1 At bo + Son bon At ¢ 15.8)

Using the definition of rock compressibility

c,. = -l— -dﬁ ‘ L@ o /
£ ¢ dp

we have 5 25 4+ 0
¢ = o (1 +ce (p- pb)]

where ¢b is base porosity at arbitrary base pressure pb. Thus
Ay =90y, cedpp

Also, by definition of

b' = bon+l - bon

pon+1 - pon
we have
= ht
At bo bo At po

Thus, eq. (15.8) becomes

— 1
At (¢ bo So) - Son [¢n+l bo + bon ¢b cf] At p+(d bo)n+1 At So

(15.9)
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where p is oil pressure.

Similarly consistent expansions of the time differences on the right hand sides

of the water and gas equations (15.3a and c) gives

v 3

At By 0By 550 = G B P ¥ 9;2—- 1 C1ebe 5¢

v 3

at Bp (05 85 = G Bp p+ 2 Cop B By

v 3

LA, (b RS+ b S) = Cy Atp+R§l Cyy By S,

(15.10)

where subscripts of 1, 2, 3 on S denote water, oil, and gas, respectively. The

coefficients C,, are

i3

v

10 At Sun [¢n+1 bp S t bon % cf]

«
i

C., ==& (¢ b)
11 At Wl
Cig =Cy3=0
= -l ! C
CZO At Son [¢n+1 bo + bon ¢b Cf]
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C30 - z%-{sgn [¢n+1 bé + bgn ¢b Cf] * Son [¢n+l (bo Rs)'
+ (bo Rs) ¢b Cf]}
n
C31 = 0
C32 - Z%.(¢ bo Rs)n+l
€33 = Z% @ bg)n+1

Definitions of terms newly introduced are

bl -_-M
g Pgn+l ~ pgn
b R - (b R
b R)' = (0 5)n+'l (O S)n
(¢ S

pon+l B pon

bw = bwb (1+ Cw (pw - wa)]

We have used the identity At P, = At P = At p, where p is oil pressure, in accordance

g
with the assumption of "explicit saturation' in this techhique. That is, in obtaining
the pressure equation we ignore change of capillary pressure over the time step.

To repeat, the equations here of type (15.9) are rigorous expansions in
accordance with the definition At X = Xn+l - Xn' That is, the dating of certain
terms at time n and others at n+l on the right hand side of eq. (15.9) and other

expansions is not arbitrary and introduces no assumptions or approximations. The

appearance of saturation at time level n in the coefficients Cij in no way reflects




127

any "explicit" dating or specification of saturation. We could have performed the
expansion in (15.8) equally consistently as

At (¢ bo So) = Son+l At (¢b) + (¢b)n At So
However, this type of expansion would result in unknown.saturations at time n+l in
the coefficients Cij' We would then have to follow a calculational procedure at
each time step of: a) solve the pressure equation, b) solve saturation equations
for new saturations, c) update (reevaluate) Cij's, d) resolve the pressure equation,
etc. Using the expansions of type (15.8) we have Cij's which are dependent.only
upon new time level values of pressure. We can, thus, solve the pressure equation
independently of and prior to the calculation of new time level saturations.

Substituting eqs. (15.10) into eq. (15.3) gives

A(Tw (A P, = YW AZ)) - qw = C10 At p + Cll At Sw

A(To C Py ~ Yo A7) - 9 = C20 At p+ C22 At So

AT, R, (B p - Y A 2Z))+ A(Tg (A L A Z)) - g

33 "t

= Cyg By P+ Cyy B S+ Cyy B S (15.11)

To eliminate all terms of type At S from these equations we multiply the first by

aps the second by a5, and the third by a, and add to obtain
a, A(Tw (¢a) P, " Y, A Z)) + a, A(To (A Py~ Yo A Z))

- v, 2
*ay AT R, (Ap -Y¥ A 2) +ag (T Bop, -v, 212
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-4 = CA p+ay Gy A S+ (ay Cyy + a3 Cyy)
A 5 + a. C33 A S (15.12)
where
q = al qw + a2 qo + a3 qg
C=a C10 + a, CZO + aq C30 (15.13)
We now seek values of ays @y, 34 such that
8) Cpp by S, * (8 Cpp 23 Cgp) A S, + 353 Cy3 8,5, =0
Since At Sg = - At Sw - At S0 this requirement is
(ay Cpy - a3 Cgp) & S, + (ay Cpp + 23 (C3p = C33)) 8, 5, = 0

This equation is satisfied if

These two equations in the three unknowns a;s a5, 24 give one degree of freedom

which we use by specifying a, = 1. Then
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o 22
3 G337 Cyy

£
1 3 Cll

a, =1 (15.14)

These values of a; reduce the right hand side of eq. (15.12) to simply C At P
However, the left hand side still contains the three unknowns P> po and pg. We
use egs. (15.5) and (15.6) to eliminate P, and pg in terms of oil pressure p to

obtain from (15.12),

{al A(’I‘w A pn+1) + a, A(To A pn+l) + aq A(T0 R.S A pn+1) + a, A(Tg A PLi1

{al A('rw A Pcwo) - 2, A('J:g A cho)} .

{a1 A('I'w Y, 8 z) + a, A(T, Y, & Z)
+ a, A(To R v, A Z) + ay A(Tg Yo AZ)} -q
=CA P (15.15)

0il pressure is taken implicitly at time n+l while capillary pressures are
taken explicitly ("explicit saturation") at time n. The capillary pressure and
gravitational spatial differences and production term in eqs. (15.15) are known
from the time level n pressure and saturation distributions so that eq. (15.15) is

of type

(15.16)

AT A Pyye = Byg = Cigi B¢ Pigx




130

This pressure equation is easily solved by iterative alternating direction as
discussed in Chapter 10. At the end of each iteration, the new pressure iterate
is used to update the Cij's and recalculate the coefficients a; and ag from eqgs.
(15.14).

After solution of (15.16) for p.

, the new water and oil saturation re
i,j,kyn+l s a

calculated directly from eqs. (15.1la and b). All terms in these two equations are

known except At Sw and At So' The new saturatiomns S

w1 are then used to

and Son+1

obtain the new capillary pressures Pcw and P This completes the time

on+1 cgontl’

step's calculations.

15.2. The Method of Simultaneous Solution

Using the definition of the "potential"

Pg__dp
= - 15.17
Pp J L(p) Z (15.17)

where £ = w, 0 and g, we can write eqs. (15.1) as

‘ 3(¢ b._ S )
w W
v [Kw Yw v Pw] - qvw = ot

3 (¢ bo So)
Ve [Ko Yd v Po] - qvo = ‘ ot

. . - - —Q— -+ S
v [Ko R; Y, v Po] + v [K8 Yg v Pg] qvg t (¢ bo R, S, ¢ b8 e

(15.18)

In implicit difference form these equations are

v
A(Tw a Pwn+1) - qw = At At (¢ bw Sw)
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Vv
A(To 4 Pon+l) - qn AL At (4 bo So)
\Y%
/\ + i \ - T Y
A(TO RS A Pon+]) [(Tg / Pxn+l) 7Q Tt At (¢ bo RS SO + 9 bg Sg)
(15.19)
where the transmissibilities here are
k km bW AYw Ny AZ
Toige ik = ¢ ") (15.20)
Y7 s Uw ° i+s,] .

and similarly for oil and gas. We seek expansions of the right hand sides of these

equations of the form

A
At

0
O
o>
-

+

g
+
9]
o
g

b (@b S =Cobe Fu ™% o7 "13% T

V 4 " . ~ 3
ae b b 85 = Gy A Pyt G T Ty e Ty

i
2
o>
o
-+
o
+
o~
-

e 3 S = C. X N 8] A o
A (¢bORS.aO+¢bgL) Cqyp & P +L32At10+c3, b F

Insertion of these expansions into eqs. (15.19) then yiclds three equations in the

wWn P and P for which these equations can be simultaneously
three unknowns Pwn+1’ ontl? © gn+l 1

solved.

We will demonstrate the procedure for obtairing the coefficients Cij by expanding

the term A, (¢ bO SO). As given in eq. (15.8)

: = o . b < ] )
o (@ bo So) - bo)n+l At So + “nn bn*t t bo + on ton T

t

(15.8)
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.sing the definitions of capillary pressures, egs. (15.5) and (15.6)

5 EE . — = e 1 - ]
At 5o At Sw At Sg Sw At Pcwo Sg At cho
= - ) - - \j -
sy (B Py = 8P~ 5y (B, pg A Py
(15.22)
where
S - S 3 -8
g' = = wntl - Pwn g' = 5 got+l - Pgn (15.23)
cwon+l cwon & cgon+l cgon
Eq. (15.17) gives dPQ = iL dpz at any fixed spatial point so that
L
At Py =Yg At Pl (15.24)

where £ = w, o, or g and Y, is an average specific weight over the pressure interval
L

pSL’n to pl,n+l' Thus, eq. (15.22) is

= Q' ~ - ' _ ety ~ _ Q' v
At So Sw Yw At Pw (SW Sg) YO At Po Sg Yg At Pg

(15.25)

From eq. (15.7a)

b, b= ¢b g At P, = ¢b e Y, At P (15.26)

Finally
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= K
At b0 b0 At Po (15.27)
whnere
b - b
v oo _ontl on
b 5 - P (15.28)

on+l Pon

cubstitution from eqs. (15.25), (15.26), and (15.27) into (15.8) gives

_ = LS
A, (& bo So) - Vw [ bo) Sw + Son bon ¢b Cf] AL Pw

t
n+l

v v Q!
+ [Son d)n+1 bo {o (Sw Sg) (@ bo) | At Po
n+l
-y s' b A P 15.28
Yy Sy (b)) A P (15.28)

n+l

Similar expansions of the right hand sides of egqs. (15.19a and c¢) gives egs.

(15.21) with the following coefficients:

-

1
Sun Por1 b Cw"(¢ bw) Sw]
n+l

V_..
11 At Y [Swn cbb Cf bwn +

C,, = (¢ b)) s''y
12 w e+l w 'O
C3=9
e =YY (4b) S +S_b ¢ cl
21 At 'w T o] \ on on b f
n+l
c..o=Lis ¢ . b -y (sL-38D (¢h) ]
22 At "“on "ntl o o w g O+l
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V.-.
Co.==—vYy_ S' (¢ b)
23 At g n+l
~ = ]
C31 At w [ b R ) Sw + (Son bon * gn gn) ¢b f]
S ntl
v - -
C,n=—1IS ¢ (b R)' -y (8" -58") (¢b_ R) - ($ b)) S' vy
32 At '"on "mtl “o s o W g o s 11 8 41 B8
V —
Can = 7= [S__ ¢ ., bt + 8!y, [(6Db) - (@b R) 1]
33 At ‘"gn "ntl g g 'g g 1 o s" .1
Definitions of newly introduced terms are
b ~ b b R - (b_R
pt = ERHL g0 (b R)' = ®o Moy = P By (15.30)
gn+l - Pgn °o s Pon-+1 - Pon

The term b is defined on page 126.

Substitution of egs. (15.21) into (15.19) gives the three flow equations

A(T, AP

wntl) ~ %~ G118 Bt G2 At P+ Cia b By

A(To A Pon+l) “ 9% T C21 At Pw + CZZ At Po + c23 At Pg

A(To RS A Pon+l) + A(Tg AP ) At Pw + C At P0 + C33 A

gntl) " g T C3; 32 .
(15.31)
We can write these equations as the single matrix equation
ATAR sk, ntl ~ gk Ciyk B¢ Bijk (15.32)
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s
: 1 %2 G
v C={C1 S Caf
T 31 C32 Ca3
L )
%, |
a = « qo \
g (15.33)
. p

tq. (15.32) applies at each grid point in the reserveir.

Eq. (15.32) is implicit
explicit dating of capillary
The changes in pressure over

caturation through equations

both in pressure and saturation. That is, there is no
pressure at the old time level as in the IMPES method.

the time step automatically account for the changes in

of type (15.22).

We solve eq. (15.32) by iterative, Douglas-Rachford alternating-direction. The
s—sweep 18
* k *
ATA P +A TA P- +A TA P -g=¢C (p ~P)
X X v y - -n
* k
+ H, (P -P) (15.34a)
Similarly, the y- and z- direction sweeps are
* Kk k *k k
ATA P +A T A P +A_ TA P -g=C((E® -E )
X x = y y 4 - =
*k
s @7 =P (15.34b)
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Pk+1

A TA P +A p** = k+l
LTO P gTA, R +8, TA P -g=c@7-P)

k+1 k

+ Hk (e - P) (15.34¢)
The matrix Hk is
r -
e @ T 55 0 0
= »
Heijk =1 0 b G T4k 0
0 h CT RS):.ij h, Tg):.ij
~ o
(15.35)
The term hk is iteration parameter as given by eq. ( ). The terms of type I T

are the sums of the six transmissibilities for flow across the six faces of the grid
block.

Effects of round-off error are minimizgd by solving for changes over the iteration.
We define

* *%k
px=p -p° py=p -p¥ z = p<t o pk (15.36)

raluta) — — e— — —— p—

Adding and subtracting AX T Ax‘gk to eq. (15.34) and rearranging the result gives

- = - . )
B, T O PX = (CH+H) BX o= - Ry (15.37a

where the residual Rijk is simply the eq. (15.32) itself,

= k - k _
R = ATA g_ijk - Q4 c (® _lzm)jij (15.38)

1]




. . . Kk . .
This residual approaches zero as the iterate P approaches the desired solution En+l'

Subtraction of eq. (15.34a) from (15.34b) gives
AT PY - + = - (C + .
y Ay__” (c H) PY ( Hk) PX (15.37b)
and subtraction of (15.34b) from (15.34c) yields for the z-sweep
AZ T Az‘gg - (C + Hk) PZ = - (C+ Hk) PY (15.37¢)

Each of eqs. (15.38) are of one-dimensional type and can be solved by application of

the Richtmyer algorithm. Eq. (15.37a) is first solved for ggi K for all i,j,k. Eq.

3

(15.37b) is then solved for gza. at all grid points and finally eq. (15.37c¢) is

jk

solved for PZ.j The new iterate is then calculated as

ko

EF+1 = EF + P2 (15.39)
This solution of eqs. (15.37) constitutes one iteration.
We now proceed to outline the application of the Richtmyer algorithm to each of
eqs. (15.37). Each of these three equations is of the same type so that we will
demonstrate the solution for only the x-sweep, eq. (15.37a). At any j,k grid line,

that equation is

T PX

st By = Ty, T

gy ¥ O HH D PX T PX = -

(15.40)

where we suppress the fixed j,k on all terms. Extending the Richtmyer algorithm

-
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¢ this matrix equation, we write

PX, = E PX, +F, (15.41)

Where Ei is the matrix and Ei the column vector

r 2
€111 €12i €131 11
= = 4 3
Ey ©1i  ®221 %231 5 £a4
e311 %321 ©331 f35 (15.42)
. J

Substitution of PX. from (15.41) into (15.40) gives
——i-1l

T, By = (T + Ty, (- E D H G+ H ) PX

+ T, , F. = - R,
i-ts —i —i
and solution for PX. gives
|
PX. = AL T [T F, +R,] (15.43)
— i i+J ——1+l i-ls —i
where the matrix A;l is the inverse of
Ay =T+ (I -E) +C +H, (15.44)

Comparison of eqs. (15.43) and (15.41) gives
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-1
F =
L Ai [Ti L 4 Bi] (15.45)
These recursion relationships allow calculation of £ EZ’ EB’ Eﬂ’ —-—— ENX+1
where Nx is rhe number of grid bi cks in the x direction., Note that E2 can be

caiculated frem (15.45) without knowing E, because Ty is zero by the noflow boundary

1

conditions. “imilarly E is zero because T is zero.

N +1 N +5
X X
After calculating all E, and E, from (15.453), the value of EXN is obtained
X

from (15.41) as

v s n
-—‘NP‘X E—N +1
X X

— 1

This solution for Eﬁj along the x-direction line at j,k is performed for all x~—

and values of Pglxml' PXN DT M PX. are obtained by successive use of eq. (15.41).

direction lines in the reservoir.

+ +
After obtaining g3+1 from eq. (15.39), the components P5+l, PS l, P; 1 are used

to update time level n+l terms in the coefficients Cij' That is, Rsn+l’ bwn+l’

bon+l’ bgn+1 and the various chord slopes in eqs. (15.23), (15.28), (15.30) are

recalculated.

The residuai gijk of eq. (15.38) provides a simple clesure tolerance for this

iterative solution. This residval vector is

A=
°

where the oil equation residual RO is

i k k . ok k
= - -C P° - -
Rbijk ATO A Po g A C22 A

21 Tt w
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This residual has the same units as 9, namely STB/day. Thus, any nonzero value
of Ro is interpretable as an erroneous production rate from the block. The sum

(i§k Roijk) At is simply the total STB of o0il created or destroyed during the time

step due to error in the computed solution. A simple tolerance is then

Z R
i3k {3k

e, = T%__Egil_ (15.46)
ijk “oijk ‘

That is, we iterate until the total amount of oil "destroyed" is a specified small
fraction €1 of the total amount of oil produced during the time step. This tolerance

can be misleading since cancellation of errors due to sign can occur in i?k Rbijk'

A more severe tolerance is

= z T
2 7 13k | Roijkll ik Joijk (15.47)

A generally satisfactory procedure is to use €, = (say) .002 as a closure tolerance

1

on the iterations but to monitor, that is print out, the value of 62.

15.3. The Role of Capillary Pressure in the IMPES and Simultaneous Solution Methods

The method of simultaneous solution (SS method) is dependent upon a nonzero
level of capillary forces. The reason for this dependence is that the terms of
type At S are replaced by terms of type S' At PC in the ménner of eq. (15.22). 1If
capillary pressure curves corresponding to PC = constant are used then S' is = and
the SS method is invalid.

Since a dPC/dS of zero cannot be used in the calculations, the question arises
as to what minimal level of capillary forces, i.e. minimal values of ch/dS, are

necessary for the calculations to converge. Extensive experience with this SS method

has shown that this minimal level of Pé is considerably less than the value at which
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the capillary forces cease to affect the computed results. This situation is indicated

graphically in Fig. 15.1.

MODE L
v

IS INVAL D
COMPUTED ANSWERS ARE
CALCULATIONS INDEPENDENT OF dP, /dS
DIVERGE BELOW THIS POINT
0
dP, /dS

Fig. 15.1 DEPENDENCE OF SS METHOD ANSWERS

UPON VALUES OF dPC/dS

Because of this independence of answers upon Pé below some minimal Pé value,
the SS model can be run to simulate systems where capillary forces are effectively
absent, The IMPES method can be run with or without a nonzero level of capillary
forces. Numerous comparisons have shown excellent agreement between IMPES and SS
method results where zero capillary pressure was used in the former and small values

of Pé were used in the latter.

EXAMPLE 15.1

A computer program utilizing the SS method was run to simulate a waterflood of

the linear oil sand described in Example 11.2. Forty spatial increments were used

along with a time step of 10 days. Two runs were performed, with linear capillary
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pressure curve slopes dpcwo/dsw Of 0.5 and 0.1 psi, respectively. The calculated
saturations are listed vs x in Table 15.1. This table is presented in preference

to a figure because of the virtual identity of the results in the two cases.

TABLE 15.1
Calculated Water Saturation vs x after 1500 Days of Injection at 76 BPD

Linear Reservoir of Example 11.2

S
W
(x=(1i - %) Ax) ch/dS = ,5 psi dPC/dS = ,1 psi
1 .7975 .7976
3 .7661 .7672
5 .7181 .7189
7 .6797 .6802
9 .6483 .6487
11 .6215 .6218
13 .5995 .5997
15 .5807 .5809
17 .5641 .5643
19 .5510 ’ .5511
21 .5392 .5394
23 .5253 .5256
25 . 5115 .5119
27 : .4994 .4999
29 .3704 .3652
30 .1911 .1854
31 .1609 : .1606
32 .1600 .1600
33 .1600 .1600
40 .1600 .1600

15.4. Stability of IMPES and S8 Methods

The eqs. ( 15.1 ) describing multiphase flow contain two sources of instability.
First a conditional stability, i.e. a time step restriction, can arise by explicit

treatment of certain variables. For example, if a nonzero level of capillary pressure
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is used in the IMPES method, then a conditional stability results. The stability
condition is unimportant in areal {(x-y) calculations where grid block dimensions
are roughly equal. The time step restriction may be severe, however, in two-
dimensional cross-sectional or three-dimensional calculation where Az is much less
than Ax or Ay. This conditional stability due to explicit handling of PC of course
disappears if capillary pressure of zeroc is used in the calculations.

Since the SS method handles both pressure and saturation (capillary pressure)
implicitly, it is unconditionally stable -~ insofar as instabilities caused by
explicit handling of the primary variables is concerned.

A second source of instability exists in both the IMPES and SS methods. This
is the explicit handling of the saturation-dependent transmissibilities. If these
transmissibilities were taken at time level n#s or n+l as described by Blair and
Weinaug [13], this source of instability would not exist. However, except in
coning problems, the time step restriction associated with the conditional stability
due to explicit transmissibilities is generally not severe.

Analysis of stability with respect to primary variables and with respect to
transmissibilities of the set of three flow equationé is somewhat complicated.

We, therefore, summarize the results here and follow with the detailed analyses.
The conditional stability of IMPES caused by the explicit treatment of capillary

pressure is

H H
6 Ax Ay Az (Tc-°—+§——&)

o rg min
o op' [k Dydz o AxAz ., Ax Ay (15.80a)
cwo X  Ax y Ay z Az

for reservoir regions where primarily only gas and oil are flowing. For regions

where o0il and water only are flowing,




144

H H
W 0
¢ Ax Ay Az (k + m )

™w ro min
<
At & . Ay Az A% Az Ax Ay (15.80b)
2P [k BLRZ 4 ¢ + k ]
cwo T x Ax y Ay z Az
The terms P' are P! =dP [/dS and P! =~d P _/d S , both positive quantities.
c cgo cgo g cwo cwo W

These time step restrictions do not reflect any time step restriction caused by
explicit handling of transmissibilities. These stability conditions also do not
reflect the mitigating effect of fluid compressibility. The effect on stability of
compressibility is to slightly relax the restrictions given here.

In three-dimensional or two-dimensional cross-sectional problems where kz Ax Ay/Az
is much greater than kx Ay Az/Ax and ky Ax Az/Ay, these stability conditions simplify

to

H o
¢ az* (= + )

k
At g ro  rgmin (15.81a)
'
2 kz Pcwo
in the gas-oil flow regions and
u o
¢ A22 L + A
kro krw in
At & = - (15.81b)
1
2 kz Pcwo

in the regions of water—oil flow. For two-dimensional areal calculations, kz is

zero in eqs. (15.80a and b) and for Ax = Ay we have

H u M U
¢ Ax Ay (TO'“LF&) o Ax Ay (E—9-+E—W—)
At < Min { TO rg min , Yo ™w min}
s 4 k P! 4k P
cgo cwo

(15.82)

Comparison of eqs. (15.81) and (15.82) shows that, using IMPES, the ratio of maximum

time step in cross-sectional or three-dimensional studies to the maximum time step
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in an areal study is about

2
AtB—D ;.ji 2 Az 15,89
Atareal kz Ax by

This ratio is often the order of .01 to .001.

Ignoring the conditional stability associated with the explicit transmissibil-
ities, we find below that the S$S method is unconditionally stable.

The stability condition for both the IMPES and SS methods which is imposed by
explicit transmissibilities is derived for the assumptions of zero capillary pressure
and zero fluid compressibility. As above, the effect of fluid compressibility is
slight relaxation of the time step restriction derived here for the incompressible
case. The fractional flow of each phase is assumed to depend primarily upon the

saturation of that phase. That is,

A
m

A+ X+
W o g

= f (Sm) (15.84)

for m = w, o, g where A is mobility, relative permeability divided by viscosity.

The stability condition is

. ¢ 1 1 5
At $ m;%fg,g [f; Uy Uy uz] (15.85)
Z;'+ Ay + Az

where Uy uy’ u, are total superficial or Darcy velocities in the three directions.

As derived below using the method of characteristics, the term f; u_ At/¢AL is simply

1

the ratio of (distance advanced in direction £ by a phase m flood front in time At)

to the block length AL in that direction. If we denote this ratio by r then eq.

(15.85) is
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m=¥?§,g (rmx + rmy + rmz) <1 (15.86)

EXAMPLE 15.5

A reservoir is undergoing natural depletion with natural water drive and gas
cap expansion. Using IMPES with Pégo = 2 psi and Péwo = 1.5 psi, what are the time
step restrictions for two-dimensional areal and three-dimensional studies? What

time step restrictions are there for the SS method? Available data are

Ay = 500" Az = 10' k

it

¢ = .15 Ax k, = 200 nd

= ,02 cp

z 100 md M, 1 cp Mo 2

]
[\
0

o
=

i

the relative permeability curves give

" U
= + =& 2 2.3 (k° +kW) =7
To Tg min ro ™V nin

Solution:
From eqs. (15.80) and (15.81), the time step restriction for IMPES in the two-~

dimensional areal calculation is (kz = 0 here)

U U H H
¢ bx by G + B ¢ Ax Ay G-+ )
At < Min { ro rg min s Irw o min
S ' Ay Axy 5 o Ay Ax
2 Proo (y ax TRy 1) 2 Pcwov[kx rx T E Ay

Using the given data we find

.15 (500)2 (2.3) .15 (500)% (7)
At & Min { s
2(2) (200 + 200) (.00633) 2(1.5) (200 + 200) (.00633)

= 8500 days
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This "restriction" is obviously of no importance whatsoever.
In a two-dimensional cross-sectional (x-2z) or three-dimensional case, eq.

(15.82 and 15.83) give the time step restriction using IMPES as

U H H H
¢ Az® (§f2-+-~—gﬂ ¢ Az? (EJL + EJLQ
At < Min { ro g min , Yo ™ min}
2k P’ 2 k P
z cgo Z  cwo
.15 (100) (2.3) .15 (100) (7)
< Min { s } = 13.6 days

~

2 (100) (.00633) (2) 2 (100) (.00633) (1.5)

The time step restriction of eq. (15.8 ) applies to both the IMPES and SS methods.
This is a difficult restriction to quantify in the two~ or three-dimensional case.
Experience indicates that in general it is satisfied if saturation change in each
block per time step is less than 15%. Again, in general, time truncation error in
the calculated results becomes significant at about 10-15% saturation change per time

step so that this stability condition is often of little practical importance.

15.4.1 Derivation of IMPES Stability Condition

If flﬁids are considered incompressible and transmissibilities are taken constant

along any given direction, then eqs.(15.3) become

\Y
2 _ )
T, & Py Bw %y At Tt Sw
2 - = P
T, & Py Bo qo At a So
T A2p -B q =-LA_ S (15.90)
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where
2 = 2 2 2
T A p = Tx Ax p + Ty Ay p + Tz Az p (15.91)

and transmissibilities are

Using linear capillary pressure curves gives

2 . _ pt 2 - - Vp
TW A% p Pcwo Tw A Sw Bw qw At At sw

2 | =¥ -y
To AT P Bo 9 At At Sw At At: Sg

v
T A2p+P' T A2S =-B =2 A s 15.93
g® P77 Tego g g g dg T At e g ( )

where p is oil pressure. These are three equations in the three unknowns Sw’ s ,

g

and p. The errors E1» €35 €4 in these three variables satisfy the same equations

- Vi

T A% e)) +T A2 e) =-2A ¢

w 3 e+l w 1 n At "t 1
2 - _Vp _ ¥

T A 83)n+1 . At €1 " At At €,
- Vi

T A2e,) +T A€, =-2A ¢ (15.94)
g 3 ntl g 2 n At Tt T2

where T = - P! T , a positive number and T = P' T , also positive. The time
w cwo W ‘ g cgo g

notation on left hand side terms in eq. (15.94) reflects the fact that the IMPES
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method takes pressure implicitly and capillary pressure or saturation explicitly.

As discussed in Chapter 9, the replacement

To i 2o 35 % a, k

= X y
eijkn fn e e e (15.95)

gives

A2 A2

X €ijkn T Yk 8ijkn v Eijkn - T Yy Eijkn
2 = e
A% €4 kn Yz €44kn (15.96)

o
-z

Q.
2 X = 2 X = 2 ; :
20 Yy 4 sin 2 Yy 4 sin > and f, is a function of n.

where Ye = 4 sin
O s ay, o, range from nearly 0 to 7 but not more than 2 of the three values are
simultaneously . We then have

A2 e, =T A2 e +T, Ae +T, A e =-2

To® Ea " T B B H Ty By B T N B2y )
(15.97)
where AZ = krz/”z
4 k. Ay Az a 4 k Ax Az o 4 k_ Ax Ay o
Yo T _—_EZ;_——‘ sin? > + ———XZ;———~ sin? 7¥-+-—~—EZ;———— sin? ?f
(15.98)

Substitution from (15.97) into (15.94) gives

~ Ay Y3 €3n41 T A Y1 €10 T @ (€141 T E1p)
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= Ay Y3 Egnyy T (B T B — @ Egpyy m €0

- xg Y3 €341 Ag Yy €q T © (€2n+l - €

2n) (15.99)

. - [} . 1 = s .
where Xw is Pcwo Aw and Ag is cho Ag and o gp/At. Adding these three equations

(note the right hand side adds to zero because E 1 A = (), solving the result

L t SZ

for Y3 €341 and substituting the latter into (15.99b and c) gives the two equations

X A X
_lw Cw g
-5 Qg # A Y € ¥ =3 ¥y €y

% & nt1

—— —

A A A
M

o (- 20 "Wy __o'g
@€yt T gy = (@ X ) €+ (@ o Y2) €9p

(15.100)

A is total mobility Aw + Ao + Ag‘ These two equations are, in matrix form,

a §n+l = b gn (15.101)

where
- €ln
£n
€on (15.102)

Solving for Entl gives

£ =albe =B¢ (15.103)

“n+l “n n

where a_l is the inverse of the two x two matrix a.
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The matrix B is

- .
_ A A X
=Yy A, Q- Yy
=1
B=3 X@ A Y, x Y,
- A
A6 a- B2 +2) | @s.10)

Successive application of eq. (15.103) gives the error vector after n time steps

as

=Bn

[ £,

where £y is the initial error. For stability we require that

Lim B® = 0 (null matrix) (15.105)

Varga [17] states that (15.105) is true - i.e. the matrix B is convergent - if the
spectral radius (largest eigenvalue in absolute value) is less than unity. Denoting

the entries in the B matrix by b,, we have for the eigenvalues the equation

ij
bjp-o by
=0
by by -o

and, upon expansion of this determinant and solution of the resulting quadratic,

b, + b, + (b, + b, )2 4 A
5o 1L 22 V/ 11 7 22 b (15.106)

2




152

where

Ay = byp boy =iy by

After considerably algebraic manipulation we find that the maximum value of

| o ] given by eq. (15.106) is

Y1 xw (Ao + Ag) _ Y2 Kg (xo + >‘w)

=L -
9 Za{za

1 = - T 2
Y V/ {Yl A (Ao + Ag) Yo Ag (Ao + Aw)]

*“"w*g"w"ngYz}

- This ¢ is always <+ 1 but the restriction -1 < ggives

4 Vp

3 .
S Y]_ -XW ()\0+>\82_+Y2 Xg (Xo-{-)\w) +_]:\/————————~
A

A A

At

(15.108)

For water-oil regions of the reservoir, we set Xg ='Xg = (0 and obtain (15.80b).
For gas-oil regions we set Aw = X& = 0 and obtain (15.80a). In obtaining these
equations (15.80), we use the fact that the most severe restriction on At in eq.
(15.108) occurs when the sin®? terms in Yy and Y, (see eq. (15.98)) have their

maximum values of 1 or nearly 1.

15.4.2 Derivation of the SS Method Stability

The stability of the SS method is examined here for the case of incompressible

two-phase flow. The compressible, three-phase flow case can be examined in the
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same manner to obtain the same result of unconditional stability. The simpler case
is treated here to minimize the algebraic complexity and preserve some .clarity re-
garding the méthod'oannalysis. For flow of incompressible water and oil, egs.

(15.18) are

3S
w
v (Kw v Qw) Ty T ¢ at
BSO
V. (Ko v @o) -9, = ¢ Y (15.109)

Using the SS formulation, we have in difference form

2 L = -
Tw A ¢wn+l q, c At Qw C At @0
N 2 - E—
To A ¢0n+l q, c At @w + C At @0 (15.110)

where C is - Vp (d Sw/d Pcwo)/At, a positive number. For the purpose of analysis

we take T

, T , etc. as constants. Notation is defined in eqs. (15.91) and (15.92).
wx’ “wy

The errors in @w and @o will be denoted €4 and €y respectively so that

T, 8% €1y = CA 8~ Chp gy

T, A% e, .1 =-CAh g +CA & (15.111)
Following eqs. (15.95) - (15.98) we have

= A Yy Eipgr T C Cppyg T 1) T € gy T Epp)

- >\o YZ e2n+1 =-C (Elnﬁi - En) +C (€2n+1 - SZn) (15.112)
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where A, and Y, are defined in eqs. (15.98).

2
Eqs. (15.112) can be written

§n+l = B En (15.113)
€
where £ = In
-mn €
2n
C ko Yo - ko Y
B =
¢ (Aw Yl + xo Y2) + Aw Ao Y1 Y2 xw Y1 xw Y1
(15.114)

As above in analysis of IMPES, for stability we require %;g B" = the null matrix
or that the maximum eigenvalue (in absolute value) of the matrix B be less than 1.

We find this maximum eigenvalue to be

- C (Ao Y2 + Aw Yl) _
max C (Ao Y, + kw yl) + Aw Ao Y1 Yo

o (15.115)

This ratio is positive and less than 1 since Y1 and Y, are positive and never zero

(see belowveq. (15.96)).

15.4.3 Analysis of Stability with Respect to Transmissibilities

The equations describing three-phase incompressible flow are

N 3s
I A T
3s
b - =2
N AT
P s s (15.120)
—ch-—q —d)at .
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where 32 is the superficial (Darcy) velocity vector for phase £. Adding these

equations gives

u=-gq (15.121)

>

- - >
where u is the total superficial velocity v + u, + ug.

The fractional flow of water is defined by
u_ =f wu u _=f u u_=f u (15.122)

The fractional flow fw has different values for flow in different directions because
of the gravitational component due to fluid density differences. Further, fractional
flow is a function of two saturations (any two since Sw + So + Sg = 1). As an
approximation for the purpose of this stability analysis, we take fg for each phase

as a single~valued function of the corresponding saturation Sz. Thus

A =f 1 (15.123)

Subgtituting from (15.123) into the water eq. (15.120a), using the fact that

Vef us=¢f Veoud+ u « .V £ and using eq. (15.121), we obtain
L L L

as,

> - g ¥
UV +HE o q -dq=¢ 5 (15.124)

Setting 9 =’fw q, and using the assumption that fw is a single~valued function

of Sw’ we obtain

- f‘:, Sevy s, = ¢ — (15.125)
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where
£, =df /ds,
With no loss in generality we consider a point where U, uy, and u, are all

positive., In accordance with the upstream weighting of explicit transmissibilities,

we express (15.125) in the following difference form:

3 - — -—
) fw At o Si Si—l . S] Sl'l . Sk Sk—l] _ s s
¢ X Ax y Ay z Az n n+l n
(15.126)

where S = Sw and centered values of i,j,k,n are omitted from the subscripts. Defining

= §! = £ = £
U = £ u At/ Ax U, = £ u At/é Ay U, = £! u_ At/¢ Az

(15.127)

eq. (15.126) is

The error £ in water saturation S satisfies this same equation. Making the

Fourier replacement,

n e X e y e z (15.129)
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(15.130)

Solving for B, we obtain the complex form a + ib. The absolute value of B is

J/ a? + b? and

Ox

2

i

82

Q.
- 2 Y - in2 L2
+ Uy (1 Uy) sin 5 + UZ (1 Uz) sin 2]

- - 2
1 -4 [Ux (1 Ux) sin

o o,
+ 2 {U U [4 sin? —=£ gin? =¥ + sin o sin q 1
Xy 2 2 X y

¢ o

2 X s 2 .
+ Ux Uz [4 sin 5 sin + sin a, sin az]
o o
2 X =2
+ Uy U, [4 sin 53 sin - + sin oy sin az]}

(15.131)

This result shows that for stability (| B | < 1) each of Uss Uy’ U, must be less than

1. For example, set ay =a, = 0 and o, = to find that

2 .7 _ -
B¢ =1~ 4 Ux (1 Ux) (15.132)

and B2 exceeds 1 if U > 1. Furthermore, setting a_ = o

v o, =T gives

B2 =1-4U0U @A -1 (15.133)

where U = Ux + Uy + Uz so that U< 1 is a necessary, more stringent, condition for

stability. This analysis and results for the water equation applies also to the

oil and gas equations, leading to the stability condition (15.85).
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15.5 Handling of Aquifer Water Drive

A reservoir-aquifer system can be treated with the grid indicated in Fig. 15.2.
Small blocks define the reservoir while increasingly larger blocks are used away

from the reservoir to define the aquifer. A disadvantage of

QY

AQUIFER

N
2
m
3
m
b
<
o
Py
N,
v
x

7
\

Fig. 15.2 EXTENDED GRID FOR RESERVOIR-AQUIFER SYSTEM

this handling of an aquifer is the increased computer storage and computing time
required for the grid blocks in the aquifer,

An alternative method of accounting for the aquifer is to restrict the grid
to the reservoir, as in Fig. 15.3, and represent the influx into the reservoir by

the production term in eq. (15.3a). Actually the grid of Fig. 15.3 is generally

extended somewhat so that the boundary blocks of the grid lie in the aquifer.
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.

???
3
(l)I‘

Fig. 15.3 GRID RESTRICTED TO RESERVOIR

The simplest representation of an aquifer is the "pot'" aquifer. This is a

relatively small aquifer with a closed exterior boundary. A semi-steady state
pressure distribution is assumed to exist in the aquifer at any time so that the

rate of water influx into the reservoir is

ap,
w
e, c Vpa' 5t RB/day (15.60)

where

water + rock compressibility, 1/psi

c =
Vpa

P, =

pore volume of aquifer, RB

average pressure at reservoir-aquifer boundary
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The reservoir boundary blocks are designated by the single subscript m, as indicated
on Fig. 15.3, and a fraction o of this total influx is associated with boundary

block m as

o P
q_=oqo_b c Vpa STB/day (15.61)

wm m  wm at

The factor o reflects the frontage area of block m as a fraction of field perimeter
and possibly the heterogeneity around the field boundary. The derivative Bpwm/at
is expressed in difference form as At pwm/l&t and combines with the identical term
on the right hand side of eq. (15.3a) (see eq. (15.10) or (15.,23a)). Thus, the
representation of aquifer water influx by eq. (15.6) requires only a slight modifi-
cation in the definition of the coefficients C10 in IMPES or Cll in the SS method.
Eq. (15.61) shows that the pot aquifer concept leads to a water influx rate which is
dependent only upon the rate of change and not upon the level of pressure. That is,
reservoir boundary pressure could be well below initial aquifer pressure but no water
influx would occur if BpW/At were zero.

A second representation of an aquifer is the Schilthuis steady-state [18] or

Katz "pound-day" [19] model. Schilthuis calculates cumulative water influx into a

reservoir as
W@ =csfe® %) a (15.62)
e o w

This equation is equivalent to using a linear influence function, Q(t) = Ct, where

the influence function is defined by eq. (15.63)

W, ® = 6™ -3 o (15.63)

for the case of a constant pressure ;.at the reservoir boundary. Further, eq. (15.62)
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reflects the assumption of a steady-state pressure distribution in the aquifer from
P =P, at the reservoir-aquifer boundary to p = P, at the aquifer exterior boundary.
Katz [19] proposed in the 1940's use of a similar concept in calculating water

movement about gas storage reservoirs. He calculated cumulative water influx as

n

W) = CpiEy (o, = b, o) Bty (15.64)

where P, 3 is an average reservoir-aquifer boundary pressure during the time period
’

from tj—l to tj' The time increment Atj is tj - tj-l' Using eq. (15.64), we have

the water influx rate into the boundary block as

[
Yol
]

(We)t - (we)t ]1/At STB/d

wm bwm [
n+l n

or

n bwm ¢ (po - pwm,n) -2 bwm %n

-q, - 2 - v A, P (15.65)

The first term on the right hand side is known while the second combines with a term
on the right hand side of eq. (15.3a) to modifyvthe definition of C10 in IMPES or
Cll in the SS method. Eq. (15.65) relates water influx rate to the level as well as
rate of change of the boundary block pressure.

A third method of representing aquifer water influx by the q, term is use of a
nonlinear aquifer influence function Q(t), defined by eq. (15.63). The storage re-

quirements and calculational complexity of handling the resulting superposition

formulas [ 20 ] can be largely eliminated by use of the Carter-Tracy approximate

water influx method [ 21 ].
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ITERATIVE METHODS OF SOLVING SYSTEMS
OF LINEAR EQUATIONS

H. S. Price

I. Point Iterative Methods

Consider the following system of linear simultaneous equationg

al’1 X, + 31’2 x2 + .« 4+ al,n xn = kl
B, X1 T Xt 0 0 ey x =k,
an,l X1 + an,2 ) e et an,n *a © kn

which in matrix notation becomes

Ax=k
= = (1)
where
— n— g oy p— p_—
1,1 21,2 10 *1 k
22,1 %2,2 ° 7 " 3, X2 k,
A= ‘ ' y X = ’ », and k=| ° .
e X
anyl an’z . an’n— n -kn..l
We will assume the matrix A is non-singular to insure the existence of 4
unique solution. Moreover we assume that the diagonal entries 3, 4 are al]
¢ »

nonzero.

Let us now express the matrix A as the sum

A=D-B

where D is the diagonal matrix




a (2)
B n,n _|

and the elements of B are the negatives of the off diagonal elements of A.

We can now define the following iterative scheme for solving (1)

D 35(m+1) - B 2E(m) +k (3)
or written out as
4 x (m+1) _ _ ? a % (m) + k l1<ig¢<n, m20 4
11 %4 g=1 1,3 3 1 D '
j#i

Since the elements of D are nonzero (4) becomes

n a k
xi(m+1) =-1 (Ziii) xj(m) + 3 4 , lsi1ign, m220.
=l %41 i,1 :
j#
or in matrix notation
5‘m+1) _ D—l B x(m) + D—¥E )

This method is known as the point Jacoby method and the matrix

p! g

is called the point Jacoby matrix. .

Noticing that this method does not use updated information we now con-

sider the iterative method

i-1 n
a x (mr+1) = - I X L X a X (m) + ki lsi<n, m>0

a .
i’i i j 1 i’j 1 j"‘f.*i f.,J j

(6)




Or if we write the matrix A as the sum

A=D-1L -

where D is given by (2) and

0 0 -3, a3 “®In
~-a 0
21 O 0 o0 -a,, -a,.
T831 T23 L
L= . and U
-a -a + -a 0 <:> . a“‘l’“
| nl n2 nn-1
- 0 B
Now (6) can be written in matrix form as
-1y x™1 -y x™ 4k 20
or since D - L is non-singular if D is non-singular we have
<D Loy o™+ ok 1)
and this iterative scheme is called the point Gauss Seidel method. The matrix

L = (D—L)“1 U

is called the point Gauss Seidel Matrix.

We now introduce a third basic iterative method which is very closely re-
lated to the point Gauss Seidel iterative method. Starting directly with the

Gauss Seidel iterative method, we define the components of an auxilary vector

X from
a b 4 (m) - -i;l a X (mtl) _ 2 a X (m) + k l1<1isn,m30.
1,1 i j’l i'j j j-i+1 i:j j 1' S $
(8)
(m+1)

Then the actual components x of this iterative method are defined from

i




MDD )y (1-0x™ + ux D, (9)

The quantity w is a relaxation factor, and x is seen to be a weighted

(m+1)
i
(m) and §§m+1)

mean of X, with weights (l-w) and w. When 0 £ w < | the weights

1
are non-negative and we shall call this underrelaxation. When w > 1 we call

this overrelaxation. Combining (8) and (9) into a single equation

(m+1l) _ (m)
i1 %4 = 3,1 %
i-1 m
(m+1) (m) (m)
+ u{- £ a, X - ¥ a X + k. - a: }.
e Y J=i+1 1,3 73 i %4, %

We can now rewrite this in matrix notation as

(m+1) (m)

(D-wl)x = {(1-w)D + wU}x""" + wk, m 2 0,

and as (D-wL) is non-singular we have
LD

-ul) ! ((1-0) D+ w0} x™ + (@-uL)”! wk, m > 0,

which is the point successive overrelaxation method. The matrix

L, = (-wL) ™} {(1-w)D + wU}
is called the point successive overrelaxation matrix.

II. Convergence of These Methods

Each of the above schemes can be looked at as a scheme of the following form
D ™ g (10)

if x is the exact solution of (1) then

x=Mx+g (11)

and if the error vector after m iterations is defined by




cm_(m) x (12)

then subtracting (11) from (10) gives

£‘m+l) =M g , m 3 0. (13)

Since (13) holds for all m > 0 we have

LMy D 2 e e (0)

and so it is easily seen that

lim_g(m) =0
>
if and only if
lim M" = 0, (14)

mre

and by Theorem 1.4 page 13, (Varga), (14) is true if the spectral radius
p (M) < 1 where

p(M) = Max lk

|
le¢ign T

where the Ai's are eigenvalues of the matrix M.

Before presenting a simple test for convergence we need the following

definitions:

Definition 1: For n 2 2, an n X n matrix A is8 reducible if there exists a

permutationt matrix P such that

Ag,2
where Al 1 ig an r x r submatrix and A2 2 is an (n - r) x (n - r) submatrix,
» ’

where 1 € r < n. If no such permutation matrix exists, then A is irreducible.

A permutation matrix is a square matrix which in each row and each column has

some one entry unity, all others zero.




The simple matrix

is obviously reducible while

is irreducible,.

The geometrical interpretation of irreducibility is quite useful in

determining when a matrix A is irreducible. Let A = ( ) be any n x n matrix,

a
and consider n distinct points Pl’ PZ’ e ey Pn’ in the plane, which we shall

call nodes. For every nonzerc entry a; j of the matrix, we connect the node
’

Pi to the node Pj by a path directed from Pi to Pj (see figure below).

Figure 1

Once this is completed if there exists a path from every node P, to every node

i
P then the matrix is irreducible.

j’
The graph for

is

and since there is no path from P2 to P1 the matrix is reducible.




Definition 2: An n X n complex matrix A = ( ) is diagonally dominant if

21,3

la; I (15)

for all 1 €1 £ n. Ann x n matrix A is strictly diagonally dominant if strict

inequality is valid in (15) for all 1 £ i & n.

We are now ready to state our convergence criteria:

The matrix M of (10) derived from A of (1) in one of the ways considered
above is convegent (i.e. p(M) < 1) if the matrix A is strictly diagonally
dominant or irreducible and diagonally dominant with strick inequality holding
in (15) for at least one i. This last property will be called irreducibly

diagonally dominant.

Exercise 1: Which of the following matrices are reducible?

a. - 0 3 1l
2 1 -2
0 0 4
_ 0 1 -1
b -1 0 3 1]
3 2 1 -2
2 0 4
o 0 1 -1 |
c ) 1
0o -1




f. -1
0 2 - 0
0 - -1
| 0 2 |

Exercise 2:

a. Derive the central difference equation for

= y ,éj,,

: .@....L.l_ + ,a-.‘.‘, = e 20 (x,y)g {0,117 x [0,L])
2 2
ax - dy. o o
and ~
7
u(x,y) = 0 on the boundary for Ax = Ay = “3 .

b. Show that this matrix is irreducible and diagonally dominant with strict
inequality for at least one row. L ’ :

c. Derive the point Jacoby Matrix and the péinE successive?overrelaXation

matrix. : ,
d. Assuming that the initial error vector_g(o) has all components —'l show
that 1 L | i
ety P =L 1 g @@L
2 1 : 4 1
1 1
Exercise 3:
Let A be the 5 x 5 matrix defined by
—_—
[ 2 -1 o o o
-1 2 -l 0 "
A = 0 -1 2 0 0
0 0 -1 2 -
0 0 0 -1 1
- e

Derive its associated point Jacobi matrix, point Gauss Seidel matrix, and point

successive overrelaxation matrix. .




Show that the point Jacoby matrix is non-negative, irreducible, and

convergent.

b. Show that the point Gauss Seidel matrix is non-negative, reducible, and

convergent.

c. Show that for 0 < w < 1 the point successive overrelaxation matrix is non-

negative and convergent.

ITI. Block Iterative Methods

We shall begin this section by stating a very important theorem about

Block Successive Overrelaxation.

Theorem: Let A =D - E - ET be an n x n Symmetric matrix where D is symmetric
and positive definite (i.e. all the eigenvalues of D are positive), and D - wE
is non-singular for 0 € w € 2. Then D(Lw) < 1 if and only if A is positive

definite and 0 < w < 2.

As an application of this theorem let the n x n matrix A be partitioned

into the form

_AN,l A,2 AN,N_J

where the diagonal blocks A 1 <1 < N are all square and nonempty. From

i’i,
this partitioning of the matrix A, we define the matrices

1,1
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0 0 « s o 0

Az'l 0 e & e 0
E = - . pe ’

A e s

B TF: °

0 Al,Z s e . Al,N

0 0 AZ,N
F=-|" ’ ,

O 0 . o s 0

where the matrices E and F are respectively lower and upper triangular matrices,
and A =D - E - F. 1If we assume that A is symmetric, it follows that D is
symmetric, and ET = F, If we further assume that D is positive definite, then,
from the form of the matrices D and E, it follows that D - wE is non-singular
for all values of w. If the column vectors x and k of the system of linear
equations Ax = k are partitioned relative to the partitioning of A then the

system of equations can be written as

r- * s e ] [ 7] - T
A1 AL AN X k)
Ba,1 Ba,2 Tt Ay X, k,

» . . . .




'
S o o C>' © 0o © o lc: o o

!

11

or equivalently

i-1
(m+l) _ (m) _ (m+1)
At % Ay, ol i Mg %
. (m) (m)
- L A X +k, - A x, "}, m>0 (16)
j=i+1 13 7 i i,i -1

where we have assumed that matrix equations such as Ai 1% = Ei can be solved
b4

directly for X given 91' As 1is readily verified, this iterative procedure

can be written as

(D - wE) §(m+1) = {wF + (1-w)D} E‘m) + wk (17)
We shall now consider a simple example to illustrate the two most impor-
tant Block SOR methods (i.e., 1 line and 2 line SOR). If we consider the
1
problem of exercise 2 for the unit square with Ax = Ay = % (see Figure 2, The
numbered points of this correspond to the rows of A below) the linear system

of equations which must be solved are

-1 0 o ]-1 0o 0o oj0 0o 0 o | 0o 0o o o [x
4 -1 0o 0 -1 0o 0o 0o o 0o olo o o offx,
-1 4 -1 0 o -1 o0 | 0 0 0 O | 0o 0 0 o X3
o+t 4,0 0 01 0 o 0o 0'0 0 0 0f]x
o 0 0 4 -1 0 0'-1 0 0 0 “o 0 o0 o [xg
-1 0 o I L4 -1 00 -1 0 o0 | 0o o o0 o |x
0 -1 o'o0o -1 4 -2"0 0-1 00 0o o offx,
0_‘1_'L|_ﬂ_32_€|_9_£.9.1|.9_;9_..9__9. Xg
©o 0 0 ,-1 0 0 0 4 -1 0 0,1 0 0 O _;;
o 0 o0 | o -1 0 o]-1 4 -1 o l 0 -1 0 0] |x,
0 0 00 0 -1 0 0 -1 4 -1]0 0 -1 0 fx;
o 0o o' o o o0 -1lo o-1 4a'0 0o o -1 X5
R R L= B
0o 0 o | 0 0 0 o |01 0 01 4 X4
o 0 o 0o o o0 o0'0 0 -1 0 0 -1 4 -1 [x,
o o oJo o o olo o o -1)0 o -1 e

the Jdashed lines indicate the partitioning for one line block SOR. For

this simple problem

N NN

"

NNNNl
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B -1 0 o
- 4 -1 0
A =2 -1 4 - o lsigd
N o -1 4 |
i} o |
- 0
Ai,a+1 = 23 o o -1 o |+ lsigs3
_ 0 -1 |
-1 0
0 - 0 0
Bi1,0 725 0 o - o |+ 2sts4
0 0 -1 |
and the remaining A j's are zero.

We can now directly apply (16) for some choice of w noticing that we must

solve the tridiagonal system of equations directly

Ai,iii _c_;,i, l<1i<é

for each iteration.
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When one uses a 2-line method a renumbering of the points makes this
computationally more efficient. See Figure 3 below for the numbering and the

matrix A is given by (18) wirh the dashed lines again indicating the partition-

ing.

I}O 12 14 16

9 11 13 15

2 IA ?(T 8

.1 3 ‘5 7

Figure 3
4 -1 -1 0 o o o olo o o o o o o o
-1 4 0 -1 0o 0 0 O0]-1 o 0 0o 0 o0 0 O
-1 4 -1 -1 0 0 O o 0 0 o0 0 O0 0 O
0 -1 -1 4 0 -1 0 O ' o 0 -1 0 0 O0 0 ©
0 0 -1 0 4 -1 -1 o0 ' 0o 0 0 o0 o0 o0 o0 oO
0 0 0 -1 -1 4 0 -1 o 0 o0 O0 -1 0 O0 O
0 0 0 O0 -1 0 -1l 0o o o 0o o o o o
. ©o o 0 0 0 -1 -1 430 0 0 0 0 0 -1 0
0o -1 0 0 0 O0 o0 © | 4 -1 -1 0 0 0 0 o0
c o 0 o o0 o0 O O -1 4 0 -1 0 0 O0 O
o 0 0 -1 o o0 o o l-1 0 4 -1 -1 0 0 O
o o o o o o0 o0 O0]o0o -1 -1 4 0 -1 0 O
0o 0 0 o0 O0 -1 0 O | o0 o0 -1 4 -1 -1 o0
0o 0 0 o0 o0 0 O0 O 60 0 o0 -1 -1 4 0 -1
o o o o o o o -1 1o o 0 -1 4 -1
L___o o o o o o0 o o)Jo o o o0 0 -1 -1 4

Here again we just use the iterative scheme of (16) with the partitioning of

A as given above. Notice that now when solving
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Ai,iggi=l(i lsgig2,

one must invert a five diagonal matrix directly. We could continue in this way
defining multiline methods; however, what is gained in improved rates of con-
vergence is usually lost by increased work per iteration and the 2-line Block
SOR is generally the best,.

Exercise 4:

Let the 4 x 4 matrix A be given by

4 -1 0 0

A= o -1 4 -1
o o -1 4
and let Dl = 471,
4 -1 0 o0 4 -1 0 0|
- 4 0 0 -1 4 -
D= o a4 o | +3@ADP3=l o 1 4 o |
0 0 0 4 0 0 0 4 (
and
4 - o o0 |
- a4 0 0
Pa= 1] o -1
0 -1 4

With A = D, - Fi defining the matrices F 1 <1<g4é4, find p(D;1 Fi) for

i
1 <1gé.

1,

IV. Rates of Convergence

»

Let us define the average rate of convergence of a convergent matrix A

to be

R_ (A) = - 1n p(A)
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Now it is easily shown that it takes approximately 1/R_ iterations to reduce
the length of the initial error vector by a factor of e. Therefore, if you
wish to meet a convergence criteria ¢ and if m is chosen so that e ™ < ¢ then
the method will take about (m/R_) iterations. As an example if one wants to
reduce the relative error to less than 1.0 x 10—4 then the number of iterations
required is (9.2/Rm). Therefore, if the spectral radius of the iteration

matrix is .6, 18 iterations will be required to accomplish this.

A brief comparison of the various Block SOR methods will be constructive

for example

R [Lw’ point])

«©

R, [L,, 1 line) ~ 72

R

and

R_ [Lw’ 1 line]
R, (L, 2 line] = /2

]

so 2-line Block SOR is about twice as fast as point SOR.

V. Optimal w

As one can see from ?igure 4 below the rate of convergence of SOR depends

critically on the choice of w. Therefore, this section will

p(L,) 4
1.0 .
]
[}
, b 1
P :
0 - >
1 w 2
b W
Figure 4

be devoted to selecting an optimum w.

It is not yet known how to choose an optimum w for all partitionings of

the matrix A; however, for the ones mentioned above the theory has been worked
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out. In fact if B is the block Jacoby matrix derived from A (that is if
A=D-F then B = D'—1 F) and if there exists a permutation matrix P such
that
0 BI,Z

PBP

Bz’1 0 (20)

then B is called weakly cyclic of index 2 and an optimal w can be found.
Notice that the partitioning of equation (19) is already in the form (20) so
P is just the identity matrix I. It is also easily verified that the Block

Jacoby matrix derived from the matrix of equation (18) can be put in the

form (20) if

O H O ©
o O H O
H O ©O O

where the I's are 4 x 4 identity matrices.

It can also be easily verified that the point Jacoby matrix can be put in
the form of (20). Therefore, these important SOR iterative techniques lend

themselves to a theoretical determination of Wy (the optimal w).

The optimal w, for the case when the derived block Jacoby matrix B is

weakly cyclic of index 2, 1s given by

2
w:
b 1+1-97(B)

Therefore, all one needs to know if the spectral radius of B and one can deter-

mine wb' Moreover
2
o(il) = p"(B)

so a determination of on ) is all that 1is necessary. This can be done in the

following simple way. Let x( ) be any vector with positive components; then
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(m+1)

defining x through

(m+1) _ . (m)

Ux m

\\4
o

(D-L)x

where the matrices D, L, and U are chosen as above, that is so thatjfl =
-1

(D-L) U (see sections I - III). It can now be easily shown that if the

™ (m) im)'s > 0 for all

s are the components of the vector x then the x

1 <1i¢nandmz 0. Because of this, we can define the positive numbers

(m+1) (m+1)
*y - Xy
A Min (——/—), A = Max (———) m3: 0
l<i<n xim) M 1g¢i¢n xim) ’

and it can be shown that

A s A LS pCfl) €A S A m30

Therefore

lim A = 1im A = p Q).
Mo @ mre O c‘l

Consequently if one has programmed the solution of
Ax =k

using Block SOR all one must do to find pCfl) is to choose w = 1, k = 0, and
5(0) z e, where e is a vector with all ones as components in this program and
calculate Am and AP from the successive iterates until a satisfactory value of

DG(I) is obtained. For other ways to calculate an optimal w see Wachspress
(pp 105).

Exercise 5

Given the matrix
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fill in the entries in the table below by using the method described above. As

an initial guess choose x( ) . e.

m An ‘m Ym “m
0
1
2
3
w_ = 2
1 +vV1 -
m
and
5 = 2
m 1+\/1-Xm

Exercise 6

For the partitioning of A given below repeat exercise 5.

o =
2 -1 0 0
-1 2 -1 0
A = .
-1 2 -1
0 0 -1 2
o -J

VI. Cyclic Chebyshev Method

By means of Chebyshev polynomials one can improve the convergence rates
of the iterative schemes defined above. This is quite effective if the

derived block Jacoby matrix is weakly cyclic of index 2 (see (20)).

We wish to solve the matrix problem

Ax =k
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and we shall assume that A is symmetric and positive definite and that if
A=D-C

then D is symmetric and positive definite and that D.-1 C is of the form (20).

Obviously if there exists a P such that

- 1,2
pp lcpt = . 0’
2,1
then
0 F
Mz pD %D TP’ = T . (21)
F 0

Once we have our problem in the form (22) the cyclic Chebyshev semi-iterative

method is defined for the problem

%1 °© F % 91
= T +
%2 F 0 X2 92
by
(2m+1) _ (2m) _ J(2m-1) (2m-1)
X = uyney (FXp 7 Y8~ X b+ x) » m2 1
i T (2m+l) _ (2m) (2m)
2D = gy 1F 2 e Tx ClAxy T, m20

where_:_c_l1 = E§§o) +.§1. The wi's are given by
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This is illustrated schematically by

(0) (1) (2
: /////” L \\\\\S o ) ,///)’ 51(3)
(0) x, D L (2) L (3)

X

ES

V. Variational Methods

Recently, the use of variational methods to derive difference approximations
of high order accuracy has become very popular. This section illustrates how to
formally use a Galerkin-type process for deriving high order approximations of

a simple parabolic partial differential equationm.

In the region R = { (x,t)/0 < x <1, 0 < t < o}, we seek a solution of

the equation

L {u] = du 233 + A du 0, (x,t)eR
T3t 3x2 X ’ * ’

. s v s s ¢ & ¢ e ¢ = s e s 3 s . s . (22)

subject to the initial-boundary conditions

u(x,0) =0, 0 <x =<1

and e e (23)

u(0,t) = 1.0,~§% (1,£) =0, t > 0.

Our approach is to ''discretize' first only the space variables, leaving the
time variable continuous, by means of a Galerkin-type process. The resulting
system of ordinary differential equations is then discretized in the time
variable to obtain a discrete approximation to (22), (23) which may be solved
on a digital computer. In particular, we discuss here the use of high-order

polynomials and/or piecewise-polynomials in the Galerkin process for obtaining

high~crder semi-discretizations.
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Let S denote the class of all real-valued, pilecewise continuously differen-

tiable functions, w(x), on [0,1] such that w(0) = 0, (%g)x=l = 0. Let Sm be a

m-dimensional subspace of S spanned by the m basis functions {wi(x)}Tz We

1
seek an approximation to the solution of (22), (23) in the form

m
um(x,t) = F

- Cm,k(t)wk(x) + wo(x)

s & 8 s e s & & s e s 2 2 s s s . (24)

where the coefficients Cm k(t) are determined by the condition that L [um] be
b

orthogonal (in LZ) to Sm for all t > 0, and that u satisfy the boundary con-
ditions (23), i.e.,

1
) I 4 LH} W dx = 0,k=1,2,000,m, € > 0
0

.......'.....C.Q.'l.......'....l..'." (25)
and

( dw (1)

wO(O) = 1,0, -—a-;—- =0,

dwk( x)

m
z Cm.k(t) dx
kel

e .

-0.
x=1

\0.0..0..‘..0'.0.."..'.Q‘.".'.'.....‘ (26)

and the coefficients Cm k(0) are uniquely determined such that

m
[wg(x) + 1 Cm.k(o)wk(x)ll ), "
kel L
m
mﬂ?'lwo(X) + z ukwk(‘)l' 20 seee (27)

k=1 L
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Equation (25) takes the form

lm ,
1 {C"nd(c)wj(x) = Gy, (BIW)()
0 j=1
% me.J(t)wi(x)} wk(x)dx -
1 - 1
f wa(x)wk(x)dx - A I‘ w6(x)wk(x)dx
0 0

k=1,2,...m or after integrating by parts and noting that

“

dwk(l)

wk(O) = = 0, k=1,2,...,m,

we have

nm 1
{1 Ca,q(®) f Wy (9w, (x)dx

b 0
m 1 .
+ ] Cm,j(t) ] wj(x)w&(x)dx
=1 0
m 1
+ A X Cm.J(t) f ws(x)wk(x)dx -
4=1 0

1
- ] wé(x)(xwk(x) + w&(x&)dx, k=1,2,...m
0

O‘.l.'...."'..I.'.'...'......Q..'.... (28)
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or

[, L 11 ]
lewldx v e e Iw wldx c:;,l(t)
0 0
1 1l
[wlwmdx e o [wmwmdx c'm,m(t)
| 0 Y !
1 1 ]
I(wiwi + Awiwl)dx o o @ I(w:nwl + Aw"nwl)dx
0 0
N : : :
1 1
I(w'w; + Awiwm)dx o o o I(wn"w"n + Aw;wm)dx
0 0 J
cm.l(c)
Cm.n(t)‘
[ 1 1
- [ w0 + was
0
é
[ ] ese (29)
1 *
- Iv(')(x) (Av-(x) + V;(x))dx
L o ]
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The following example using chapeau base functions should illustrate the

use of equation (29) to derive a semi-discretization of (22), (23).

The unit interval is divided into m mesh blocks of length h, and the chapeau

basis functions are defined to be

= - (x-h)/h s O<x<h
vy (%)
= 0 » h<x<l
( = (x-(1-1)h)/h , (i-1)h<x<ih
= ((i+1)h-x)/h , ih<x<(i+l)h
wi(x)< i=1,2,..., m~2
\ = 0 elsewhere
[« (-@-DMW) /b, (@-2)h<x<(@-1)h
wm—l(x)< = (mh—x)zlh2 » (m=1)h<x<mh=1
- 0 0<x< (m-2)h
= - ((x-mh)2-h%)/n?, (m-1)hex<mh=1,
wh(x)

= 0 0<x<(m-1)h,

which is illustrated below

w w
m-
~N
h h
0 X1 X %3 % *n-2 *m-1 *m

We see, by performing the simple integrations in (29) that this leads to

the following matrix differential equation




where

B=h

-

-

Wi
O |

O |
0o
O |

AN

1 2 1
6 3 6
1 8 2
(:::) 6 15 15
2 _8
15 15
[ 2 -(1-a)
~-(1+a) 2 -(l-a)
-(1+a)
O
o -
(14a)
0
: , and a = %ﬂ
(4}
b -

- =(1-0)
%’ —(g-u)
°C£410 -G&+a)
3 3

(31)

(33)
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C e (32)

The other base functions used in the text are defined as follows:
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Smooth Cubics

If the unit interval is divided into g‘- mesh blocks of length h, the smooth

cubic base functions are given by

= (2x+h) (x-h)2/h3, 0<x<h

O I »hex<1
- x(x-m*m?  ,0<xz<h
L. 0 ,hgxz<l

(= (~2x+(1421)h) (x-(1-1)h) 2/n3,
(i-1)h < x < ih

- (2x+(1-24)h) (x-(1+1)h) * /03,

wu(x)ﬁ ih < x < (i+1)h

1-1,2,...,%-1

r 0 elsewhere
= (x-1h) (x~(1-1)h) 2/n?,
(1-1)h < x < ih

= (x-1h) (x-(1+1)h)2/hZ,
w21+l(x)4 ih < x < (i+1)h

m
1-1’2.000,2 1

- 0 elsewhere

= (-2t (1w b) (x-E-1)m) /m,

w_(x) (%Ll)h xzx1
m

- 0 elsewhere
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Non-Smooth Quintics

If the unit interval is divided into m equally spaced blocks of length h,

the 5m+l basis functions will be the following

= (h-x)/h », 0 <x <h
v (x)
- 0 ’hixf—l

= (x-(i-1)h) (x-1h),

s (1-1)41 N (1-Dh <x < 1n

= 0 elsewhere

= (x-(i-1)h) (x-ih)x,

w5(1_1)+2(x)< (i-1)h < x < ih

= 0 elsewhere

S1<i<m
= (x-(1i-1)h) (x-1h)x2,

w5(1_1)+3(x) (i-1)h <x < 1ih

- 0 elsewhere

= (x~(1-1)h) (x-1h)x>,
Vs (1-1)+4 X { (i-1)h < x < 1ih

= 0 elsewhere
\ )

{- (x-(1-1)h) /h,
(1-)h <x < ih

wSi(x) = ((1+1)h~-x)/h,
1h < x < (1+1)h
> 1<iam-1

- 0 elsewhere
“

(= (x-(a-1)h) /h,
wS‘(x)1 (m-1)h < x <1

- 0 elsevhere
s
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Exercises 7

Derive the matrices A and B and the vector S of equation (30) as in (31),
(32), and (33) for the smooth cubic basis functions.
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