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Wave equation depth migration

Figure 1: (a) and (b): The zero-order DUWI models for the
downgoing and upgoing fields, respectively. (c) In the first-
order DUWI model for the upgoing wave, the influence of the
downgoing wave on the upgoing wave is included.

THE DUWI MODEL

Now, we dust the Bremmer-Robinson-Ursin model and extend
it to treat laterally varying velocity media, however, without
invoking the WKBJ approximation. This new mathematical
model for migration is called the down-up wave interaction
(DUWI) model.

The zero-order DUWI model neglects the interaction with the
field traveling in the opposite direction, resulting in a pure
one-way wave equations. In the first-order DUWI model, the
downgoing field from the zero-order DUWI model is used as
a source for the upgoing field. This solution gives a quasi two-
way wave equation.

The differential equation for the downgoing wavefieldD0 in
the zero-order DUWI model follows from equation (15) as

dD0

dz
(kx,ky,z)− [ikz(kx,ky,z)+s(kx,ky,z)]D0(kx,ky,z)

= g(kx,ky,z)T(kx,ky,z)∗D0(kx,ky,z) (16)

It describes the one-way propagation of the incident field through
the medium, as depicted in Figure 1a. The source term on the
right side of equation (16) has the effect of coupling plane
waves due to the velocity inhomogeneities contained in the
functionT, thus modifying the plane wave solution in the rms

slowness background medium described by the vertical wavenum-
ber.

The differential equation for the scattered, upgoing fieldU0
in the zero-order DUWI model (cfr Figure 1b) follows from
equation (14) as

dU0

dz
(kx,ky,z)+ [ikz(kx,ky,z)−s(kx,ky,z)]U0(kx,ky,z)

=−g(kx,ky,z)T(kx,ky,z)∗U0(kx,ky,z) (17)

Equations (16) and (17) are one-way wave equations in later-
ally varying media, and they are accurate for steep dips.

The first-order DUWI model for the scattered field is described
by the differential equation

dU1

dz
(kx,ky,z)+ [ikz(kx,ky,z)−s(kx,ky,z)]U1(kx,ky,z)

=−g(kx,ky,z)T(kx,ky,z)∗U1(kx,ky,z)

−[s(kx,ky,z)+g(kx,ky,z)T(kx,ky,z)∗]D0(kx,ky,z) (18)

which follows from equation (14). In this model, the downgo-
ing field from the zero-order DUWI model acts as a source for
the upgoing field. This quasi two-way wave equation can be
used to image turning waves, which travel first downward and
then curve upwards.

In seismic migration, the wavefield is extrapolated fromz to
z+∆z, where∆z is assumed to be small. To simplify our anal-
ysis, we assume in this small depth interval that the rms slow-
ness is vertically constant so that the vertical wavenumberkz

is constant. Then,s= 0. At z+∆z transmission effects can be
accounted for. In the wavenumber domain, the exact solutions
for the fields atz+∆z are

D0 = Φ(D)
0 +aT ∗D0

U0 = Φ(U)
0 +aT ∗U0

U1 = Φ(U)
1 +aT ∗U1 (19)

wherea = g∆z/2, andΦ(D)
0 ,Φ(U)

0 ,Φ(U)
1 are known fields. For

instance,

Φ(D)
0 (kx,ky,z+∆z) = exp(ikz∆z)

[D0(kx,ky,z)+a(kx,ky)T(kx,ky,z)∗D0(kx,ky,z)](20)

The solutions (19) show that wavefield extrapolation for a given
wavenumber is accomplished by using the whole spectrum of
horizontal wavenumbers simultaneously, which is necessary to
respect the lateral variations in velocity at every depth step.
The solutions (19) can be approximated so that they can be
fast numerically solved.
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Wave equation depth migration

Figure 2: Real data from a salt basin imaged with an approxi-
mation to DUWI migration.

The final step of migration is imaging, where the downgoing
and upgoing fields at depth are used to estimate the earth’s
reflectivity.

The method we have presented is valid for acoustic fields in
velocity-inhomogeneous media. The density may vary with
depth. It is possible to extend the differential equations and
corresponding solutions to depth extrapolate fields propagat-
ing in elastic or electromagnetic isotropic/transverse isotropic
media (Amundsen and Reitan, patent application, 2008). The
elastic DUWI model then yields differential equations for P-
P, P-SV, SV-P, SV-SV, and SH-SH migration. We expect that,
say, the P-P and P-SV differential equations and associated so-
lutions can be used to properly depth extrapolate ocean-bottom
seismic data. Finally, we remark that higher-order interactions
can be introduced to treat multiples during the migration.

NUMERICAL EXAMPLE

One of several approximations to the solutions (19) is to ne-
glect the wavenumber dependence of the radiation characteris-
tics of the Green’s radiation, so thatg= g0, a= a0 = i∆z/(4K0).
The solution for the downgoing field in the space domain then
becomes

D0(x,y,z+∆z) = Φ(D)
0 (x,y,z+∆z)/[1−a0T(x,y,z)] (21)

whereΦ(D)
0 is calculated in the wavenumber domain according

to equation (20) and inverse Fourier transformed to the space

domain. The solution for the upgoing field is similar, when
i →−i.

In the case that the medium is “smooth” so that the its deriva-
tives can be neglected, the DUWI migration bears a close rela-
tionship to split-step Fourier migration.

A migration algorithm based on the simple approximationa=
a0 has been applied to a dataset from the Nordkapp Basin, lo-
cated in the Barents Sea. The basin is an exploration area with
complex geology. It contains several salt diapirs with shallow
crests immediately below the seabed, which make imaging of
seismic data very difficult. Especially deeper parts of the salt
flanks below the Base Cretaceous and also the base of the salt
are badly imaged or not imaged at all. We have selected data
from a 2D survey which exhibits the base salt imaging prob-
lem described in Haugenet al. (submitted to SEG 2008). The
image from the DUWI migration based on the approximation
(21) is shown in Figure 2.

CONCLUSIONS

We have proposed a new mathematical model for wave-equation
depth migration that gives rigorous one-way and two-way dif-
ferential equations for the downgoing and upgoing wave-fields.
The differential equations are uncoupled in the wavenumber
variables due to the specific choice of reference medium. The
differential equations have exact coupled solutions that can be
uncoupled by well-defined approximations leading to numeri-
cally fast migration schemes.

A similar procedure can be defined for elastic and electromag-
netic differential systems.
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