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A practical comparison of different parameterizations for anisotropic elastic full waveform inversion
Tore S. Bergslid∗, Espen Birger Raknes and Børge Arntsen, Norwegian University of Science and Technology

SUMMARY

In elastic anisotropic FWI, choosing the optimal parameteri-
zation for a problem is important. We have compared the re-
sults of using three different parameterizations when perform-
ing elastic anisotropic FWI. The parameterizations are: 1) VP0,
VS0, ε , δ , 2) VP0, VS0, Vhor, Vnmo, 3) VP0, VS0, η , δ . Experi-
ments have been run on complex and simple models. Results
indicate that with our survey geometry, crosstalk is still an is-
sue for all three parameterizations. An additional problem with
parameterizations one and three is the difference in amplitude
between the velocities and anisotropy parameters, that leads to
issues updating anisotropy parameters for multiparameter in-
version.

INTRODUCTION

Full-waveform inversion (FWI) is a technique for estimating
subsurface properties by using the entire recorded waveform
and applying inverse theory (Tarantola (1984), Mora (1987)).
If the elastic effects have a weak signature in the data, acous-
tic FWI can work well (Brossier et al. (2009)). At the present
time, anisotropic FWI is still mostly performed using the acous-
tic approximation (Warner et al. (2013), Plessix et al. (2014)).

Anisotropic media are described by stiffness coefficients. In
the case of elastic 2D vertical transverse isotropy (VTI) we
have four such coefficients, in addition to density. These can
be combined in various ways to create different parameteri-
zations. Most common is using density (ρ), vertical P-wave
velocity (VP0), vertical S-wave velocity (VS0), and Thomsen
parameters ε and δ (Thomsen (1986)). However, these are not
necessarily the best parameters to use in FWI. Multiparameter
anisotropic elastic FWI is a highly non-linear problem. The
optimal set of parameters can reduce crosstalk between param-
eters and improve results.

Gholami et al. (2013) showed that the choice of parameteri-
zation is important for acoustic anisotropic FWI. Alkhalifah
and Plessix (2014) describes two parameterizations that are
good for acoustic FWI in VTI media: 1) P-wave NMO velocity
(Vnmo = VP0

√
1+2δ ), anisotropy parameters δ and η = (ε−

δ )/(1+2δ ), 2) horizontal P-wave velocity (Vhor =VP0
√

1+2ε),
η and ε .

Recovering the Thomsen parameters ε and δ in homogeneous
media by inverting for the vertical S-wave velocity (VS0), VP0,
Vnmo and Vhor and then calculating ε and δ from the results
has been shown to be possible (Kamath and Tsvankin (2014),
Kamath and Tsvankin (2016)). In our previous work (Bergslid
et al. (2015)) we showed that it is possible to invert directly for
ε and δ in more complex models with long offset data.

In this study, the goal is to directly compare the results of
anisotropic elastic full waveform inversion when using differ-

ent parameterizations: 1) VP0, VS0, ε , δ , 2) VP0, VS0, Vhor, Vnmo,
3) VP0, VS0, η , δ . The third parameterization is an extension
of Alkhalifah and Plessix (2014) to the elastic case by also in-
cluding VS0. These parameterizations were chosen based on
the fact that there exists previous work showing that each of
them can work in VTI FWI. VP0-inversions are run for a com-
plex model with a decent VP0 starting model, and multiparam-
eter inversion is performed on a simple homogeneous model
with a perturbation in VP0 or ε .

THEORY

Using the Einstein summation convention, the elastic wave
equation can be written in the following form:

ρ üi−∂ jci jkl∂luk = fi, (1a)

ci jkl∂lukn j = Ti. (1b)

where ui = ui(xs,x, t) is the ith component of displacement
resulting from a shot (i.e., body force fi and/or traction Ti)
located at xs, ci jkl is the stiffness tensor, n j is a normal vector
and ρ is the density.

In FWI the goal is to iteratively update our starting model to-
wards the true model. We therefore define a measure, F (m),
between the modeled data u and the measured data d. This
measure is often called the misfit functional, and is here de-
fined as follows (Raknes and Arntsen (2014)):

F (m) =
1
2

ns∑
j=0

nr∑
i=0

||ûi, j(m)− d̂i, j||22, (2)

where ûi, j(m) = ui, j(m)/||ui, j(m)||2 is the normalized mod-
eled data, d̂i, j = di, j/||di, j||2 is the normalized measured data,
nr is the number of receivers in the data set and ns is the num-
ber of shots. || · ||2 refers to the L2-norm.

The crucial step in FWI is computing the gradient. Finding ex-
pressions for the gradients in a VTI medium is done by follow-
ing the approach of Mora (1987), but assuming VTI medium.
Writing out the stiffness tensor ci jkl for VTI, the expressions
for the model update gradients with respect to the stiffness co-
efficients in 2D can be found:

δ̂ ρ =−
∑

ns

∫
dtu̇ jΨ̇ j,

δ̂c11 =−
∑

ns

∫
dtu1,1Ψ1,1,

δ̂c33 =−
∑

ns

∫
dtu3,3Ψ3,3, (3)

δ̂c13 =−
∑

ns

∫
dt(Ψ3,3u1,1 +Ψ1,1u3,3),

δ̂c44 =−
∑

ns

∫
dt(Ψ3,1 +Ψ1,3)(u3,1 +u1,3).
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Figure 1: True VP0 perturbation.

Here, ui, j is the derivative in the j-direction of the forward
modelled field in the i-direction. Ψi, j is the equivalent for the
backward modelled field. In order to find the gradients in terms
of our various parameterizations, a change of variables is re-
quired. Parameterization one gives the following gradients:

δ̂VP0 = 2ρVP0(1+2ε)δ̂c11

+2ρVP0
V 2

P0−V 2
S0 +δ (2V 2

P0−V 2
S0)√

(V 2
P0−V 2

S0)
2 +2δV 2

P0(V
2
P0−V 2

S0)
δ̂c13

+2ρVP0δ̂c33,

δ̂VS0 = 2ρVS0

[ V 2
S0−V 2

P0−δV 2
P0√

(V 2
P0−V 2

S0)
2 +2δV 2

P0(V
2
P0−V 2

S0)

−1
]
δ̂c13 +2ρVS0δ̂c44, (4)

δ̂ ε = 2ρV 2
P0δ̂c11,

δ̂ δ = ρ
V 2

P0(V
2
P0−V 2

S0)√
(V 2

P0−V 2
S0)

2 +2δV 2
P0(V

2
P0−V 2

S0)
δ̂c13.

For parameterization two, the gradients are

δ̂VP0 = ρVP0
V 2

nmo−V 2
S0√

(V 2
nmo−V 2

S0)(V
2
P0−V 2

S0)
δ̂c13

+2ρVP0δ̂c33,

δ̂VS0 = 2ρVS0

[ V 2
S0−0.5(V 2

P0−V 2
nmo)√

(V 2
nmo−V 2

S0)(V
2
P0−V 2

S0)
−1

]
δ̂c13

+2ρVS0δ̂c44, (5)

δ̂Vhor = 2ρVhorδ̂c11,

δ̂Vnmo = ρVnmo
V 2

P0−V 2
S0√

(V 2
nmo−V 2

S0)(V
2
P0−V 2

S0)
δ̂c13.

Parameterization three has gradients given by

δ̂Vnmo = 2ρVnmo(1+2η)δ̂c11

+2ρVnmo

√
V 2

nmo−V 2
S0(1+2δ )

V 2
nmo−V 2

S0(1+2δ )+2δV 2
nmo

δ̂c13

+
2ρVnmo

1+2δ
δ̂c33,

δ̂VS0 = 2ρVS0[ V 2
S0(1+2δ )−V 2

nmo(1+δ )√
(V 2

nmo−V 2
S0(1+2δ ))2 +2δV 2

nmo(V 2
nmo−V 2

S0(1+2δ ))
−1

]
δ̂c13,

+2ρVS0δ̂c44, (6)

δ̂η = 2ρV 2
nmoδ̂c11,

δ̂ δ =
ρV 2

nmo
1+2δ[ V 2

S0−V 2
nmo√

(V 2
nmo−V 2

S0(1+2δ ))2 +2δV 2
nmo(V 2

nmo−V 2
S0(1+2δ ))

]
δ̂c13

− 2ρV 2
nmo

(1+2δ )2 δ̂c33.

Minimizing the misfit functional in eq. (2) is done via the
limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS)
algorithm (Nocedal and Wright (2006)), which is a quasi-Newton
method that uses gradients from previous iterations to estimate
the inverse Hessian matrix.

RESULTS

The complex geology example was a synthetic model of the
Gullfaks field, including ε and δ , with the same starting model
as in our previous work (Bergslid et al. (2015)). Receivers and
shots were placed in the water layer at 10 m depth. The grid
spacing was 10 m in both directions, with receivers every 10
m in the x-direction and shots every 100 m. A Ricker wavelet
with a center frequency of 5 Hz was used as the source. Only
pressure data were used.

There is one key difference between the gradients in the three
parameterizations: VP0 in parameterization two is not depen-
dent on δ̂c11, whereas VP0 in parameterization one and Vnmo in
parameterization three are. For every other parameter except δ

in parameterization three, which has an additional dependence
on δ̂c33, there is a corresponding parameter in each parameter-
ization that depends on the same wavefield components. Since
δ̂c11 is a term that contains information about the horizontal
component of the wavefields, examining its effect on long off-
set FWI would be interesting. Therefore, with this model, we
have focused on inverting for VP0 in the case of parameteriza-
tions one and two, and for Vnmo with parameterization three.

Results from the VP0 inversions in the complex model are shown
in Fig. 2. It is clear that parameterizations one and three worked
well for this example. However, parameterization two pro-
duced artifacts near the surface as well as wrong updates in
the low velocity layer at 1000 to 1500 m. The linesearch cri-
terion had to be relaxed in order for parameterization two to
start iterating at all, which allowed the inversion to get stuck in
a local minimum. In a long offset case such as this, it appears
this horizontal component is critical in order to guide the in-
version towards the correct solution if the starting model is not
very close.
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Figure 2: VP0 inversion results for the Gullfaks model in each of the three parameterizations.
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Figure 3: Difference between initial and final models with a perturbation in VP0. (a) – (d): parameterization 1, (e) – (h): parameter-
ization 2,(i) – (l): parameterization 3

A simpler model was used to examine the crosstalk between
different parameters. This was done using multicomponent
transmission data and inverting for all four parameters at the
same time. A circular decaying anomaly in VP0 with a maxi-
mum magnitude of 288 m/s (Fig. 1) was placed in the middle
of the model, shots were spaced by approximately 100 me-
ters close to the top, and receivers were placed in every grid
point along the bottom of the model. The source was a Ricker
wavelet with a center frequency of 10 Hz. Homogeneous pa-
rameters were chosen similar to Kamath and Tsvankin (2014):
VP0 = 3000 m/s, VS0 = 1500 m/s, ε = 0.1 and δ =−0.05. The
numerical model is a 300×500 grid, with a grid spacing of 6.6

m in both directions. True homogeneous models were used as
starting models. For the experiment with the anomaly in ε , the
anomaly had the same form as for VP0, with a maximum value
of 0.143.

Fig. 3 shows the results for the inversion with an anomaly in
VP0. Both parameterizations one and three were able to re-
cover approximately 63% of the maximum value of the true
anomaly, Fig. 3a and 3i, with insignificant updates to the other
parameters. Parameterization two stands out here, as it man-
aged to recover 75% of the maximum. However, the updates
in Vhor and Vnmo are not as well behaved, leading to large erro-
neous updates in ε (−0.058) and δ (−0.04). This result agrees
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Figure 4: Difference between initial and final models with a perturbation in ε . (a) – (d): parameterization 1, (e) – (h): parameteri-
zation 2,(i) – (l): parameterization 3

with Kamath and Tsvankin (2014).

Since ε governs the horizontal P-wave velocity, a vertical trans-
mission experiment is clearly a suboptimal survey geometry in
order to recover the true ε . As such, a good recovery of the
true anomaly is not expected.

Results of the inversion with the anomaly in ε can be seen
in Fig. 4. Parameterizations one and three give almost identi-
cal results, and neither is able to capture the anomaly in any
meaningful way, instead trying to compensate by updating VP0
and VS0. Parameterization two does slightly better by both per-
forming smaller updates in VP0 and VS0 as well as actually be-
ginning to recover the anomaly, albeit only at approximately
10% of the true value. An incorrect update of δ occurs here as
well.

In both experiments with the simple model, parameterizations
one and three did not perform any significant updates to ε and
δ . Due to keeping the color scale consistent between param-
eterizations, the small changes that were done are not visible
in the figures. However, the updates still recover the structure
of the anomaly, but the amplitude is tiny. This could be a re-
sult of the amplitude difference between the velocities and the
anisotropy parameters causing issues when inverting for all pa-
rameters at the same time. As parameterization two only uses
velocities, it does not encounter the same problem.

CONCLUSIONS

In this study we have performed multiparameter FWI of multi-
component transmission data in simple models as well as VP0
inversion in a complex model, using three different model pa-
rameterizations in each example. The VP0 inversions show
that using a parameterization that includes as much informa-
tion as possible about the horizontal component of the wave-
fields in the gradient when inverting for VP0 with long off-
set data can mean the difference between recovering a good
model or not. Experiments using the simple models demon-
strate significant crosstalk between parameters in parameter-
ization two. Parameterizations one and three have problems
updating anisotropy parameters in multiparameter inversion,
likely as a consequence of the amplitude difference between
velocities and anisotropy parameters.
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