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Outline

É Brief introduction to Full Waveform Inversion
É Focus on the gradient

É Present the Frechét derivative
É Adjoint theory for calculating the Hessian
É Calculate the Hessian

É Homogeneous media
É Gullfaks model



Motivation

É Quantify parameter cross-talk
É Measure the resolution of FWI
É Investigate possibility of a Newton solver



Full Waveform inversion1

1. Guess a starting model (m) based on other information.

2. Do a synthetic run.
3. Compare the synthetic signal to the real.
4. Use this information to calculate a gradient update.
5. Apply the model update.
6. Repeat.

1Tarantola 1984; Mora 1987.



Full Waveform inversion1

1. Guess a starting model (m) based on other information.
2. Do a synthetic run.

3. Compare the synthetic signal to the real.
4. Use this information to calculate a gradient update.
5. Apply the model update.
6. Repeat.

1Tarantola 1984; Mora 1987.



Full Waveform inversion1

1. Guess a starting model (m) based on other information.
2. Do a synthetic run.
3. Compare the synthetic signal to the real.

4. Use this information to calculate a gradient update.
5. Apply the model update.
6. Repeat.

1Tarantola 1984; Mora 1987.



Full Waveform inversion1

1. Guess a starting model (m) based on other information.
2. Do a synthetic run.
3. Compare the synthetic signal to the real.
4. Use this information to calculate a gradient update.

5. Apply the model update.
6. Repeat.

1Tarantola 1984; Mora 1987.



Full Waveform inversion1

1. Guess a starting model (m) based on other information.
2. Do a synthetic run.
3. Compare the synthetic signal to the real.
4. Use this information to calculate a gradient update.
5. Apply the model update.

6. Repeat.

1Tarantola 1984; Mora 1987.



Full Waveform inversion1

1. Guess a starting model (m) based on other information.
2. Do a synthetic run.
3. Compare the synthetic signal to the real.
4. Use this information to calculate a gradient update.
5. Apply the model update.
6. Repeat.

1Tarantola 1984; Mora 1987.



Full Waveform inversion1

1. Guess a starting model (m) based on other information.
2. Do a synthetic run.
3. Compare the synthetic signal to the real.
4. Use this information to calculate a gradient update. ←
5. Apply the model update.
6. Repeat.

1Tarantola 1984; Mora 1987.



Iterative methods2

É Searching for a model m that describes the earth.
É Elastic wave equation

L(u,m) = ρ(x)ü(x, t)−∇σ(x, t) = f(x, t).

É Compare with true recorded data d0 using a misfit function

Ψ
�

u(m,xr),d0
�

.

É Iterative approach. Find a model update δmk that decreases the misfit

Ψ(mk+1 = mk +δmk)< Ψ(mk).

2Tarantola 1984; Mora 1987; Fichtner et al. 2006; Fichtner 2011.



Iterative methods

É Calculate the gradient of the misfit

J(m+δm) =∇mΨ(m+δm).

É Linearising the Jacobian results in

J(m+δm)' J(m) +∇mJ(m)
︸ ︷︷ ︸

H(m)

δm = 0.

É The Hessian is given as

H(m) =∇mJ(m) =∇m∇mΨ(m).
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Iterative methods3

É Solving
H(m)δm = −J(m)

for δm we find the next model update.
É Iff H is invertible we can “simply” solve

δm = −H−1J.

É A common approximation is
δm' αJ,

and a line search for the optimal α ∈ R.

3Virieux and Operto 2009; Métivier et al. 2012; Epanomeritakis et al. 2008.
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Gradient (Fréchet derivative)

É We can calculate the Jacobian by use of the Fréchet derivative

J = F(u†,u) =
∫

T
u†∇mL(u,m)dt

É Cross-correlate the adjoint field u† and the forward field u.



Frechét kernel — F(u†,u)

FFTimeTime TimeTime

AdjointAdjoint wavefieldwavefield u† ForwardForward wavefieldwavefield u

ReceiverReceiver SourceSource



Gradient

Fréchet kernel F(u†,u)

Background field u Adjoint field u†



Hessian

The Hessian kernel H can be broken down into three parts4

H = H1(u†,δu) +H2(δu†,u) +H3(u†,u)

u – Forward field.
u† – Adjoint field.

δu – Perturbed forward field.
δu† – Perturbed adjoint field.

4Fichtner 2011.
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Perturbed fields5

The perturbed forward field

δu = lim
ν→0

1
ν
[u(m+ νδm)−u(m)]

The perturbed adjoint field

δu† = lim
ν→0

1
ν
[u†(m+ νδm)−u†(m)]

5Fichtner and Trampert 2011b.
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Hessian kernels

H1(u†,δu) =
∫

T
u†∇mL(δu,m)dt = F(u†,δu)

H2(δu†,u) =
∫

T
δu†∇mL(u,m)dt = F(δu†,u)

H3(u†,u) =
∫

T
u†∇m∇mL(u,m)(δm)dt
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H2(δu†,u) – 1st order scattering
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H2(δu†,u) – 2nd order scattering

H2
2H2
2

Adjoint scatteredAdjoint scattered
wavefieldwavefield δ1u†

ForwardForward wavefieldwavefield u

ReceiverReceiver
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H3(u†,u)

Localised to the perturbation and dependent on the parametrisation

É In the ρ,λ,µ parametrisation H3 ≡ 0 due to linearity w.r.t parameters.
É In the ρ,vp,vs parametrisation H3 can be expressed using model parameters

and Fréchet kernels.

H3(u†,u) =







Hρ3
Hvp
3

Hvs
3
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Anatomy of the Hessian

Hm(xi)δm(xj) = Hm
i δ

m
j
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Model

ReceiversReceivers SourcesSources

InclusionInclusion

É Elastic 2-D
É 4010m × 3000m
É 10m× 10m grid cells
É 8Hz and 32Hz Ricker
É Background:
ρ = 1.5kg/m3,
vp = 2.0km/s,
vs = 1.0km/s

É Inclusion:
100m/s, 30m× 30m
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Gullfaks model
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Conclusions

É Need twice the amount of fields. More computational expensive than linear
methods.

É We can compute the action of the Hessian on a model perturbation without the
need to calculate the whole Hessian.

É Much of the code can be recycled.
É Possible to perform accuracy and resolution analysis on the results.
É Parameter cross-talk analysis.
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Conclusions
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É Much of the code can be recycled.
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Future work

É Write a focused full Newton inversion algorithm.
É Investigate cross-talk in different parametrisations.
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H1 kernel

H1(u†,δu) =





Hρ1
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