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Introduction
• Time-Frequency Analysis in 

‣ Seismics 

‣ Seismology 

‣ Volcanology 

‣ Astrophysics 

• Given a time signal, create a time-varying frequency 
field



• Classical methods use the real signal. 

• Here:  

‣ Use the analytic signal or complex trace; 

‣ Short-time window; 

‣ Burg, Marple and Morf algorithms.



Classical Methods

• Spectrogram or Short-Term Fourier Tranform(STFT): 

‣ DFT, possibly weighed, of a short segment of a 
real signal; 

‣ No model for the data, but low resolution and 
leakage



Classical Methods
• Short-Term Autoregressive model (STAR): 

‣ Estimate an AR model from a short segment of a 
real signal spectrum; 

‣ Use inverse of the AR model; 

‣ Attain higher resolution; 

‣ Must determine AR model order.



Wigner-Ville Distribution
• Works with analytic signal (complex trace). 

• Shows interference between harmonic signals due 
to the quadratic nature of the method. 

• To reduce interference use a maximum entropy 
method (Burg) to compute a complex prediction 
error filter to predict the kernel in WV distribution 
(MEWV).



High-Resolution Complex Time-
Frequency Analysis

• Uses the analytic signal; 

• Computes a complex AR model in a short-time 
window (CSTAR); 

• Uses only data inside the window. 

• Makes no assumptions about the signal outside the 
window.



High-Resolution Complex Time-
Frequency Analysis

• Algorithms: 

‣ Burg, 

‣ Marple 

‣ Morf 

• All minimize the sum of forward and backward 
prediction error energies.



About Algorithms
• Burg and Marple set the forward and backward 

prediction error operator(PEO) equal. 

• Burg minimizes with respect to reflection coefficient 
in the Levinson algorithm. 

• Marple minimizes with respect to the coefficients in 
the PEO. 

• Morf minimizes with respect to separate forward 
and backward PEO’s.



• Sum of five Signals: 
 
 
 
 
 
 
 

‣ Two harmonic signals s1 and s2 (f=15 and 35Hz); 

‣ Frequency-modulated harmonic, s3 (f=65Hz); 

‣ Gliding harmonic, s4 (f=35 to 158Hz); 

‣ A Morlet wavelet, s_5, at 113Hz.

Synthetic Data

TRACE: TR Figure (1).
METHOD: /IDEAL /STFT /STAR
PARAMETERS: WL=99 /NC=21(1+20) WL=51 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Synthetic Data - Classical Methods
TRACE: TR Figure (1).
METHOD: /IDEAL /STFT /STAR
PARAMETERS: WL=99 /NC=21(1+20) WL=51 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Synthetic Data - CSTAR
Trace: TR(TR)(ZERO AVERAGE) FIGURE (2)
Method: MEWV / BURG MORF(0) /MARPLE
Parameters:  nc = 3    wl = 13 for ALL.
Trace: TARY(TR)
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Enlarged Morlet wavelet



Marine Data, Lw=3, Lc=1FIGURE (4)
TRACE: MR(SUDIVCOR ONLY) MODE: POWER SPECTRUM + AIF
PLOTS: /TRACE// /STFT/ /MEWV/ /BURG/ /MARPLE/ /MORF/
PARAM: // L_w=99  / L_w=3 L_c=1 / /L_w=3 L_c=1 /L_w=3 L_c=1/ /L_w=3 L_c=1/ 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FIGURE (?)
TRACE: MR(SUDIVCOR ONLY) MODE: POWER SPECTRUM + AIF
PLOTS: /TRACE// /STFT/ /MEWV/ /BURG/ /MARPLE/ /MORF/
PARAM: // L_w=99  / L_w=5 L_c=1 / /L_w=5 L_c=1 /L_w=5 L_c=1/ /L_w=5 L_c=1/
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Marine Data, Lw=13, Lc=3FIGURE (5)
TRACE: MR(SUDIVCOR ONLY) MODE: POWER SPECTRUM + AIF
PLOTS: /TRACE// /STFT/ /MEWV/ /BURG/ /MARPLE/ /MORF/
PARAM: // L_w=99  / L_w=13 L_c=3 / /L_w=13 L_c=3 /L_w=13 L_c=3/ /L_w=13 L_c=3/ 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Marine Seismic Section
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TRACE: OD
Method: MARPLE AVERAGE INSTANT FREQUENCY 
(UNNORM)
Parameters:
wl=3
nc=2(1+1). 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TRACE: OD
Method: MARPLE AVERAGE INSTANT FREQUENCY 
(UNNORM)
Parameters:
wl=3
nc=2(1+1). 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Detail of Seismic Section

0.4

0.5

0.6

0.7

Ti
m
e(
s)

13 14 15 16
Distance(km)

-5000

0

5000

0.6

0.7

0.8

0.9

Ti
m
e(
s)

4 5 6 7 8
Distance(km)

-5000

0

5000

0.6

0.7

0.8

0.9

Ti
m
e(
s)

4 5 6 7 8
Distance(km)

0

20

40

0.4

0.5

0.6

0.7

Ti
m
e(
s)

13 14 15 16
Distance(km)

0

20

40

A

B

Lc=1 
Lw=3

Lc=1 
Lw=3



LIGO Gravitational 
Wave Modelpropagation time, the events have a combined signal-to-

noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5

ðm1 þm2Þ1=5
¼ c3

G

!
5

96
π−8=3f−11=3 _f

"
3=5

;

where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).

PRL 116, 061102 (2016) P HY S I CA L R EV I EW LE T T ER S week ending
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properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.

PRL 116, 061102 (2016) P HY S I CA L R EV I EW LE T T ER S week ending
12 FEBRUARY 2016
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properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.
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Power Spectrum of LIGO Grav. Wave 
Detection with CSTAR
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Conclusions
• CSTAR is a high-resolution method for time-frequency 

analysis; 

• The Marple algorithm is recommended. 

• Good results for: 

‣ Synthetic data, 

‣ Marine seismic data, 

‣ LIGO data.
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