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INTRODUCTION

The scalar wave equation

Integral equation solution

Inverse methods without computing the gradient

Simplified notation without computational details
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THE WAVE EQUATION

L(x)ΨΨΨs(x) = −fs(x), L(x) = OOO2 − ω2

c(x)2 (1)

The reference Green’s function

[
OOO2 − ω2

c0(x)2

]
G(x, x′) = −δ(x− x′) (2)
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THE LIPPMANN-SCHWINGER EQUATION

ΨΨΨs = Gfs + ω2GVΨΨΨs (3)

with

V =
1

c0(x)2 −
1

c(x)2 (4)

Data

ds = RsGfs + ω2RsGVΨΨΨs (5)

Rs = restriction operator
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THE FORWARD SCATTERING SERIES

ΨΨΨs =
(
I− ω2GV

)−1 Gfs =

∞∑
k=0

(
ω2GV

)k Gfs =

∞∑
k=0

ΨΨΨsk (6)

with

ΨΨΨsk = ω2GVΨΨΨsk−1 and ΨΨΨs0 = Gfs (7)
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SINGLE-SCATTERING INVERSION

For V0 = 0, ΨΨΨs = Gfs, and we compute V1 from

min
V1

Ns∑
s=1

∑
ω

‖ds − RsGfs − ω2RsGV1Gfs‖2 (8)
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ITERATIVE BORN INVERSION

Solve the equation

ds = RsGVk (I− ω2GVk−1)−1 Gfs, k = 2, 3, ... (9)

by least squares, starting with V1, the single-scattering solution.

Note: this requires the inversion

ΨΨΨk−1
s =

(
I− ω2GVk−1)−1 Gfs ≈ Gfs + ω2GVk−1Gfs (10)
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THE T-MATRIX

Definition

TGfs = VΨΨΨs (11)

From the Lippmann-Schwinger equation

VΨΨΨs = VGfs + ω2VGVΨΨΨs (12)

we obtain

TGfs = VGfs + ω2VGTGfs (13)

or

T = V + ω2VGT, T =
(
I− ω2VG

)−1 V (14)
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T-MATRIX INVERSION

Compute

ΨΨΨk
s = Gfs + ω2GTkGfs, T1 = V1 (15)

and solve for Vk+1

min
Vk+1

Ns∑
s=1

∑
ω

‖ds − RsGfs − ω2RsGVk+1ΨΨΨk
s‖2 (16)

Update

Tk+1 =
(
I− ω2Vk+1G

)−1 Vk+1 ≈
(
I + ω2Vk+1G

)
Vk+1 (17)

BJØRN URSIN WAVE-EQUATION INVERSION ROSE MEETING 2014 10 / 22



COMPARISON

Born:

ds = Rs

[
I + ω2GV

(
I− ω2GV

)−1
]

Gfs (18)

T-matrix:

ds = Rs

[
I + ω2G

(
I− ω2VG

)−1 V
]

Gfs (19)

Note:

V
(
I− ω2GV

)−1
=
(
I− ω2VG

)−1 V (20)(
I− ω2VG

)
V = V

(
I− ω2GV

)
(21)
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INVERSE SCATTERING SERIES

From the Lippmann-Schwinger equation

ds = Rs

I + ω2GV
∞∑

j=0

(
ω2GV

)j

Gfs (22)

with

V =

∞∑
k=1

Vk (23)

The first-order term gives the single-scattering solution V1.
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INVERSE SCATTERING SERIES

Matching higher-order terms gives

GV2G = −ω2GV1GV1G (24)

GV3G = ω4GV1GV1GV1G
...

GVkG =
[
−ω2]k−1 GV1 · ... ·GV1︸ ︷︷ ︸

k terms

G

or

GVkG = −ω2GVk−1GV1G (25)
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INVERSE SCATTERING SERIES

This gives, formally,

GVG =

∞∑
k=1

GVkG =

∞∑
k=0

(
−ω2GV1

)k GV1G =
(
I + ω2GV1

)−1 GV1G

(26)
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CONTRAST-SOURCE INVERSION

The contrast sources Ws = VΨΨΨs.

From the Lippmann-Schwinger equation

Ws = VGfs + ω2VGWs (27)

and

ds = RsGfs + ω2RsGWs (28)

For k = 2, ... solve, for each s and ω, by least-squares,{
ds = RsGfs + ω2RsGWk

s
Wk

s = Vk−1Gfs + ω2Vk−1GWk
s

with V1 = V1. Next compute Vk from

min
Vk

Ns∑
s=1

∑
ω

‖Wk
s − VkGfs − ω2VkGWk

s‖2 (29)
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DISCUSSION

All methods start with the single-scattering solution.

Need Nrs · Ns · Nω > NV to have an overdetermined linear system.

Born and T-matrix inversions are very similar, both update the model fit
to the data.

Born inversion and T-matrix inversion require one inversion per iteration
(in addition to the data fit equation).

The inverse scattering series depends on the data only through the single
scattering solution.

Contrast-source inversion requires no inversion, but Ns fits to the data in
each iteration.

Convergence and uniqueness issues for all methods.
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A SIMPLE 2D EXAMPLE
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SYNTHETIC SEISMIC WAVEFORM

DATA FOR MULTIPLE SOURCES
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TRUE VS INVERTED CONTRASTS

FIGURE : True versus inverted contrast source models corresponding to different
frequencies.
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