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OIL-WATER SIMULATION - IMPES SOLUTION

We have previously listed the multiphase flow equations for one-dimensional, horizontal flow in a layer of
constant cross sectional area as consisting of a continuity equation for each fluid phase flowing:

d d
- B_X(Pt“z) = E(fbpz&), l=0,w.g,
and corresponding Darcy equations for each phase:

kk, OP
AL/ Rdall B I=0,w.g,

= Y, ox’
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Fow=F, —F,
Foog =Py —F,
D s =1
l=o,w,g

Considering the fluid phases of oil and water only, and substituting Darcy's equations and standard Black Oil
fluid descriptions into the continuity equations, and including production/injection terms in the equations, will
result in the following flow equations for the two phases:

i sl

O u,B, ox Qo =" B,
and

2y o) 2[0S,

ox\ u,B, ox Yoo\ B, )
where

Pw :P()_P(TOW
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S, +S, =1

Relative permeabilities and capillary pressures are functions of water saturation, and formation volume factors,
viscosities and porosity are functions of pressures.

Fluid properties as they are defined in a standard Black Oil model have been reviewed previously. Before
proceeding, we shall also review the relative permeabilities an capillary pressure relationships for oil-water
systems.

Review of oil-water relative permeabilities and capillary pressure
Both drainage and imbibition curves may be required in simulation of oil-water system, depending on the process

considered. Although most processes of interest involve displacement of oil by water, or imbibition, the reverse
may take in parts of the reservoir due to geometrical effects, or due to changes in injection and production rates.
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Also, the initial saturations present in the rock will normally be the result of a drainage process at the time of oil
accumulation. Thus, for initialization of saturations, the drainage capillary pressure curve is required.

Starting with the porous rock completely filled with water, and displacing by oil, the drainage relative
permeability and capillary pressure curves will be defined:

K, P. A
Drainage
process
oil _> Sw:1
Pcd
' : > S,
S 1.0 S . 1.0

wir wir

Reversing the process when all mobile water has been displaced, by injecting water to displace the oil, imbibition
curves are defined:

K P, A
Imbibition
process

water —3p| S,,= S,

water

» S

w

S 1-S,, S

wir

]'Sor

wir
The above curves are typical ones for a completely water-wet system. For less water-wet systems, the capillary

pressure curve will have a negative part at high water saturation. The shape of the curves will depend on rock and
wetting characteristics.

Discretization of flow equations

We will use similar approximations for the two-phase equations as we did for one phase flow.

Left side flow terms
Jd | kk  oP
a(”_ag;gfl = Teoir1/2 Poie1 = Po) + Teoi_12(Poioy = Boy)

and

d|( kk._ OP
a(ﬁ_&‘fJ ~ Towizv1)2(Pwis1 = Poi) + Towiy o (Boioy = Py
wow i

where, using oil term and plus direction as example, oil transmissibility is defined as

Txoi+l/2 =

and the oil mobility term is defined as
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The mobility term is now a function of saturation in addition to pressure. This will have significance for the
evaluation of the term in discrete form.

Upstream mobility term

Because of the strong saturation dependencies of the two-phase mobility terms, the solution of the equations will
be much more influenced by the evaluation of this term than in the case of one phase flow. Recalling the
Buckley-Leverett solution to the problem of displacing oil by water in a one-dimensional system, we will use it
to illustrate the effect of mobility on the saturation solution:

wir

» X

Here, for negligible capillary pressure, the water will move through the porous medium as a discontinuous front
as illustrated in the figure above. In simulating this process, using a discrete grid block system, we will find that
the results are very much dependent upon the way the mobility term is approximated. Two cases will be
considered, using flow of oil between blocks i and i +1 as an example:

1) upstream selection Aiviya =R
2 )weighted average selection Aoivt)2 = (Ax,%w + A)C,-HXOHI) /(Ax,- + Axl-H)

The results of these two selections on the saturation profiles calculated by the simulator are illustrated on the next
page. Of course, the deviation from the exact solution depends on the grid block sizes used. For the downstream
selection, water saturation behind the front may even become negative for large blocks. For very small grid
blocks, the differences between the solutions may become negligible. Since the same amount of water has been
injected in the three cases, the areas under the three curves must be equal, and only the location of the fluid front
has been shifted, as well as the magnitude of the water saturation at the fluid front. The physical explanation of
the differences, and in particular for the case of the weighted average mobility selection, is that the flow rate of
oil out of any grid block depends primarily on the relative permeability to oil in that grid block. In particular, for
flow between blocks i and i+ 1, the relative permeability of block i will determine when the flow is to stop (i.e.

exact
T T T average
upstream

> X

when the block has reached residual oil saturation). If the mobility selection is the weighted average, the block i
may actually have reached residual oil saturation, while the mobility of block i+1 still is greater than zero.
Therefore, flow out of block i will not stop before the relative permeability of block i+ 1 also has become zero.
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Again, for small grid block sizes, the error involved may be small, but for blocks of practical sizes, it becomes a
significant problem.

Therefore, in reservoir simulation, upstream mobilities are normally used, and using the plus direction as
example, for oil-water flow:
upstream selection of mobility:

Py _{Mm if Pojy12 Po
27 Ao if Popyy < Po

A {;LWM if Pwiy12Pw
iz lwi lf Pwi+| < Pw,-

Right side terms

The right hand side of the oil equation may be expanded as follows:

2(9%|_ 0K, (90
&[BOJ_BO 8t+S08t[BOJ'

Since the derivative part of the second term is identical to the right hand side of the one phase equation, we may
write an approximation for this directly:

i[i) zﬂ[—cz’wm} (Po;— Pol) .
ot Bo ; At L Bo dPo i

For the first term, we will replace oil saturation by water saturation, so that

ot ot

Then we may use a standard backward approximation of the time derivative,

N R VRN,
[BO d ) BoAy (Swi = Swr)

The complete difference form of the right hand side of the oil equation may thus be written as:

d|( ¢S
_[L] = Cpoq(Po; — Po§)+ Cswo;(Sw; — Swf) ,

a| B,

where
(Z).(l—Sw.)[c d(l/Ba)}
Cpogq = 20| =2y :
pod At Bo dPo ;
and
¢4
Cswa' = —__.
! BoiAti

For the water equation, a similar expansion is carried:
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(s, ) 095 (o)
o\ B Bw ot ot\ B,
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The second term in this expression may be expanded further, to yield:
2/ 9 |_2 (8 |h _0 (0| Hu)
ot\B,| oP,\B,|d P B, N\ o ot

Since capillary pressure is a function of water saturation only, we may write:

P, dP, S,

o A

w

Using the one phase terms and standard difference approximations for the derivatives, the right side of the water
equation becomes:

d( ¢S ; :
— = = ow; (Po; — Po; swwi(dw; — dw;
81‘[ B J CP z( i 1)+C 1(S i N 1)9

wJi

where

Cpowi =

05w | ¢ dU/B) |
At |B, dP

[ w i

and

6 P,
Csww =t | — C ow; .
"TB,A \dse ) T

The discrete forms of the oil and water equations may now be written as:

Txor1y2(Poisy = Po )+ Troryo(Poj_y = Po )= qly;

= Cpooi(Poi - Poil)—i— Cswq (Swi - Swﬁ), i=1LN

Towisya|(Pojs1 = Por) = (Peowiiy = Peow )|+ Twwi_y[(Poi—y = Po; ) = (Peowiy = Peow) |- gy

= Cpowl-(Poi — PU;) +Cswwi(Swi — Swﬁ), i=1,N

Complete definitions of the terms in the equations are given below:

2)“01' +1J2

Txoqn =
Ax. Ax.
M{T_ﬂ +_XLJ

i+1 i

20 _1p
Bap=—r 1
Ax,[

ki—l ki

2)~Wi +1J2

Txowyy 2 =

k; .

i+1 i
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2w 1p
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Ax,| ==L 25
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where
k
A, = —Le
#()BU

and the upstream mobilities are selected as:

Py 3 {)"’Hl if Pojy12 Po
oit12 2.()!' lf P0i+l < P‘)i

2 {’L’i—l lf Poi—l 2 Poi
Oj — = .
12 2.()!' lf Poi,l < P‘)i

A {)&Wm if Pwiy12Pw
iz lwi lf Pwi+1 < Pwi

}l {lwi_l lf Pwi—l > Pwi
itz lwi lf PWI‘*] < Pwl

The right side coefficients are:

¢‘(1—SW<){C d(1/B)
Cpoq: i L2 = 4 0
At B, dar, |,
0.

Cswa':—__

! BoiAti
Coon = 85501 € ,da/B,)

‘' At |B, dapP,

i

o, dP
Csww =t | — C owj .
" Bway | as, )"

The three derivative terms appearing in the expressions above:

[d(l/Bo)} [d(l/Bw)} d(ﬂ)
po 1oL apw 1M Uasw ),

l

are all computed numerically for each time step based on the respective PVT and capillary pressure input tables
to the model.

Boundary conditions

The boundary conditions for multiphase are as for one phase flow, but rates and pressures can be specified for
each of the phases. Normally, we inject water in a grid block at constant surface rate or at constant bottom hole
pressure, and produce oil and water from a grid block at constant bottom hole pressure, or at constant surface oil
rate, or at a constant surface liquid rate. Sometimes we may want to specify constant reservoir voidage rate,
where either the rate of injection of water is to match a specified rate of liquid production, so that average
reservoir pressure remains constant, or the liquid production rate is to match a specified water injection rate.
Constant water injection rate

Norwegian University of Science and Technology Professor Jon Kleppe
Department of Petroleum Engineering and Applied Geophysics 15.01.18



TPG4160 Reservoir Simulation 2018 page 7 of 12
Lecture note 6

This is the simplest condition to handle, as a water rate term is already included in the water equation. Thus, for a
constant surface water injection rate of Q,,; (negative) in a well in grid block i:

Gwi = Oy [(AAX;) .

At the end of a time step, after having solved the equations, the bottom hole injection pressure for the well may
theoretically be calculated using the well equation:

Ovi = WG 2oi(Pw; — Poly) .
The well constant is defined as for one phase flow:

2rtk.h
WG ===,
In(==)
rW
where r,, is the well radius and the drainage radius is theoretically defined as:

Ax

Ay..
T

T, =

However, the fluid injected in a well meets resistance from the fluids it displaces also. Therefore, as a better
approximation, it is normally accepted to use the sum of the mobilities of the fluids present in the injection block in
the well equation. Thus, the following well equation is often used for the injection of water in an oil-water system:

Q0uiByi = WG ("—’”L+ ﬂ](i’wi — Poiy),
‘uoi oi
or
B .
Qi = Wci(_uloi + Aw:’](PWi — Pbly)
Bwi

By this approximation, the injection will be controlled by the oil mobility initially, when there is no or little water
present in the grid block. At a later stage, the water mobility will take over the control. Injection wells are
frequently constrained by a maximum bottom hole pressure, to avoid fracturing of the formation. This should be
checked at the end of each time step, and, if necessary, reduce the injection rate, or convert it to a constant bottom
hole pressure injection well.

Frequently, capillary pressure is neglected in the well equation, particularly in the case of field scale simulation,
so that the well equation becomes:

Qi = WG[%%:’ + lwi](Poi — Poiy).

wi

However, in simulation of small scale systems, such as cores used in laboratory experiments, this may lead to
significant errors.

Injection at constant bottom hole pressure

Injection of water at constant bottom hole pressure is achieved either by having constant pressure at the injection
pump at the surface, or by letting the hydrostatic pressure caused by the well filled with water control the
injection pressure. The well equation above is again used:

B .
Qi = Wci(_uloi + Aw:’](PWi — Pon;)
Bwi
or
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B .

B .

Qw; = Wci[_u Aoi +ﬂ~wi](P0i — Poy)
wi

if the capillary pressure of the injection block is neglected.

Since the (unknown) grid block pressure is included in the well equation, the corresponding terms must be
included in the appropriate coefficients in the pressure solution.

At the end of the time step, the above equation may be used to compute the actual water injection rate for the
step.

Constant oil production rate

For the oil equation, this condition is handled as for the constant water injection rate. Thus, for a constant surface
oil production rate of Qo; (positive) in a well in grid block i :

Goi = Qni [(AAX;).

However, in this case oil production will generally be accompanied by water production, so that the water
equation will have a water production term given by:

oo Ay (P = Poiy)
qu - qu l(”’(POi —th]) M

In case the capillary pressure is neglected around the production well, the expression simply becomes:

9 =q’<l—w’--
wi ol A{)

At the end of a time step, after having solved the equations, the bottom hole production pressure for the well may
be calculated using the well equation for oil:

Qoi = Wciloi(Poi _thi)'

Production wells are normally constrained by a minimum bottom hole pressure, for lifting purposes in the well. If
this is reached, the well should be converted to a constant bottom hole pressure well.

The water cut at the surface is:

’
—Gwi
’ ’ *
qwi + i

Jws =

Frequently, well rates are constrained by maximum water cut levels, due to limitations in process equipment. If a
maximum water cut level is exceeded for a well, the highest water cut grid block may be shut in, or the
production rate may have to be reduced.

Constant liquid production rate

Here, a total constant surface liquid production rate of Q;; (positive) is specified for a well in grid block i:

Ori =0yi + Qi

which, if capillary pressure is neglected, leads to:

1.
Goi = ﬁ Or; I(AAx;)

ol w
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and

A
Gri :ﬁrQLi 1(AAx;).

ol w

Production at constant reservoir voidage rate

This condition may be illustrated by a case of constant surface water injection rate of Qw;,; in some grid block,

and the total production of liquids from a well in block i is to match the reservoir injection volume so that the
reservoir pressure remains approximately constant. Thus,

QoiBoi +OyiByi = _QwinjBWinj p

which, again assuming that capillary pressure is neglected, leads to:

—_—
AB.+A B

o~ ol wiTwi

9oi = (=OwinBwin;) /(AAx;)

and

A
) E—G, W B Y.
qwz l B +A’ B ( Q ij lnj)/(AAx[)

oi~ ol oi - wi

Production at constant bottom hole pressure

Using a production well in grid block i with constant bottom hole pressure, Psr;, as example, we have:
Qo; = WG Aoj(Po; — Pbl;)

and
Qi = WG Ayyi(Pw; — Poiy).

Substituting into the flow terms in the flow equations, we thus have:

WC.
——L ) (Po; — Pbh
AAX ()l( 1 bh1)

i

(-
4doi =

and

WG
qwi = AAx Awi(PWi_thi)'

Since the rate terms contain unknown block pressures, these will have to be appropriately included in the matrix
coefficients when solving for pressures. At the end of each time step, actual rates are computed by these
equations, and water cut is computed as in the previous cases.

Solution by IMPES method

In the equations above, oil pressure, Po;, and water saturation, Sw;, are the primary variables, and unknowns to
be solved for. All the coefficients in the equations, transmissibilities as well as storage coefficients, are functions
of these unknowns. In addition, the capillary pressures on the left side of the water equation are functions of
saturation. Thus, we cannot solve the equations before the coefficients and the capillary pressures are calculated,
and we cannot calculate the coefficients and the capillary pressures before the unknown pressures and saturations
have been solved for. Obviously, a solution method is needed that either iterates on the solution and updates
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coefficients and capillary pressures until convergence is reached, or some other method for estimating the
coefficients and the capillary pressures. IMPES is a simple method, but one that is still being used quite
extensively today, although in decreasing extent. The acronym IMPES stands for IMplicit Pressure, Explicit
Saturation method, and we will describe this method in detail in the following.

In the IMPES method, the key lies in the approximation of coefficients and capillary pressures. It simply

evaluates these at time level 7, and thus enable us to solve for pressures and saturations without having to iterate
on the solution. Thus, the following assumptions are made:

Txot , wat
t t
Cpo ,Cpw
Csot ,Cswf
t
Pcow

Having made these approximations, the equations become:
U 13 ’
Txcly112(Poi iy = Po;) + Txof_y 5 (P, = Po;) = 4,

:C[H)O?(Poi—Poﬁ)-i- C.vwoir(Swi —SW;)’ i=1,N

Tonl, /2[(Po.+l — Po;)— (Peow,

i z+1_Pcowi)l]
+wa§_1 /2[(Po,-_1 - Poi) - (Pcowi_l — Pcow,; )t ] —q:‘,i

= Cpuw§ (Pui = Pal-t) + Csww;(Swi = Swi ), i=1,N

IMPES pressure solution
Since water saturation only appear as Sw; on the right sides of the two equations, they may be combined to
eliminate water saturation completely as an unknown from the equations. Thus, we may obtain a pressure
equation as:
t t t t
(TX”H]/Z +05iTXWi+1/2)(P0i+1 - Pﬂi)+(Tmi—l/2 +0‘iTXWi—1/2)(P0i—| — Po;)
t

—0Tewi 172 (Peowy 1 = Peow;)' = 0 Tewi_y 2(Peowi_ = Peow) = q5; = 0iqhy; =

(Crod +a,Cowd (Po, = P}),  i=1N
where

1 1
o; Z—Cswwi /Cswoi .

The pressure equation may now be rewritten as:

a;Poj_y +b;Po; + ¢;Pojy =d;, i=1N

where
_ t t
a; =Txo_12+ 0 Txwiy 2
_ t t
Ci =Txopy1/2 + 0 Txwii1)2
t t t
bj = =(Txo11/2 + Txoj—172+ Cpoq)
t t t
=0 (Towiy gy +Towi_yp + Cpow;)
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di = —(Cpool{ + aiCpow; )Po,-t + q:,,' + a,»qv'v,-

+ aiTXW§+1/2(PC(’Wi+1 — Pcow; )r +0; wail_l/ Q(Pcowi_l — Pcow; )l

Modifications for boundary conditions

We have seen that all rate specified well conditions are included in the rate terms ¢,; and g,,;. With the

coefficients involved at old time level, as for all other IMPES coefficients, these rate terms are already
appropriately included in the d; term above.

For injection of water at bottom hole pressure specified well conditions, we have seen that the following
expression apply (using the case of neglected capillary pressure as example, however, capillary pressure can
easily be included):

Qi = WG[%%:’ + lwi](Poi — Poiy).

wi
In a block with a well of this type, the following matrix coefficients are modified:

t t t
b; = —(Txoi41/2 + Txoj41/ 2+ Cpoq)

wWC ( B!,
- waf +wat< +C owt- 4+ —> 9! ﬂ,t.-}-ﬂf ,
l|: i+1/2 +1/2 pow; AN i ;ti 01 wi

!
di = —(Cpuoi + al-Cpowif )Pol-t - m)yzlpbhl -0, E ﬁﬂfoi +)‘ivi thl
AAx, AAy, | B!

+ ociwat 2 (Pcow.

t t !
i1/ i+1—Pcowi) +aiwai_1/2(Pcowi_1—Pcowi)

For production at bottom hole pressure specified well conditions, we have the following expressions:

WC.
——L ) (Po; — Pbh
AA)C {)l( 1 bh1)

i

’ —_—
4doi =

and
WC.
ro == (Pw; — Pbl).
qM}l Af l Wl( l bhl)

In a block with a well of this type, the following matrix coefficients are modified:

t t . WG,
b; =—(Txoi41/2 + Txoj12 + Cpog +—=——=A,,)
AAx.

WG

1

t t t
_ai(TXWHI/Z +wai+1/2 + Cpowl- +

X

|i4e li4e
di = —(Cpooﬁ + Oll-Cpowﬁ )Pol-t - K )‘Lipbhi -, E )fwiphf;

l

+ a,-wa§+1,2(Pc0w,~+1 — Pcow; )t +0; wail_l/ Q(Pcowi_l — Pcow; )l

The pressure equation may now be solved for oil pressures by using Gaussian elimination as we did in for one
phase flow.

IMPES saturation solution

Having obtained the oil pressures above, we need to solve for water saturations using either the oil equation or
the water equation. In the following we will use the oil equation for this purpose:
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Txcfy112(Poiyy = Po;) + Txol_y 5 (P = Po;) = 4,
= Cp()o;(Poi - Pof ) + vaoit(Swi —Swil), i=1,N

Since water saturation only appears as an unknown in the last term on the right side of the oil equation, we may
solve for it explicitly:

1
Swi = Swit +_'t[Txait+1/2(Poi+1 —Poi)+ Txoﬁ,l/z(Poi,l —Poi)— q,;l —Cpooﬁ(Poi —Po,{ )] s 1= 1,N

CS‘W{)

l

For grid blocks having pressure specified wells, we make appropriate modifications, as discussed previously:

1
Swl- = Swl-t + _C 7 [ Txu;_'_l/z (P0i+1 — Poi) + Txolr'_l/z (P‘)i—l — Pai)
SWo;
WG, .
—A—l'ltoi(Poi—Pbl;)—Cpooﬁ(Poi—Po;) ], l=1,N

l

Having obtained oil pressures and water saturations for a given time step, well rates or bottom hole pressures
may be computed, if needed, from the following expression for an injection well:

WC. | B..
Gri ZEXL[;&%:' +/1wi](P0i — Poiy),
i A

wi

and for a production well:

WC.
——L ) (Po; — Pbh
AAX ()l( 1 bh1)

i

Goi =
and

. WG
qwi = AAx Awi(PWi_thi)'

3

The surface production well water cut may now be computed as:
o

f w§ = o

qwi + i

Based on these, we make required adjustments in well rates and well pressures, if constrained by upper or lower
limits. Then all coefficients are updated before proceeding to the next time step.

Applicability of IMPES method

The approximations made in the IMPES method, namely the evaluation of coefficients at old time level when
solving for pressures and saturations at a new time level, puts restrictions on the solution which sometimes may
be severe. Obviously, the greatest implications are on the saturation dependent parameters, relative permeability
and capillary pressure. These change rapidly with changing saturation, and therefore IMPES may not be well
suited for problems where rapid variations take place.

IMPES is mainly used for simulation of field scale systems, with relatively large grid blocks and slow rates of
change. It is normally not suited for simulation of rapid changes close to wells, such as coning studies, or other
systems of rapid changes.

However, provided that time steps are kept small, IMPES provides accurate and stable solutions to a long range
of reservoir problems.
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